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10/12/82, 82. 1621,

leMe B.& P M₁2 Maig Value of Firm," deak w.
techniques..

A. Visualizing & de mystifying the rule of Max DV
Totals, aves. It iguls.
Rules of differential calc.

B.

C. Rules

IN

Ranking alt, inuts
A....Visualizing F. deumystifagorg

b... Tubulute

1.4 ways to dealw. functional relationships.
Algebra PV= {[̂²====]a,

F. de umptifying the Rule of Max . P.V.

Visualize graphically
Use call or

2. all of these me
holistic

approache
view.

- some intuitive understanding.

computer

useful to a
bird's -eye

a

of whide system you

uses on
View each graph

more

a

I

view. a

maxf...

comprehensive,
hod's eye

are running (or me

table as a partial view

Specified veniabler by making them
and leaves it implicit that other

being made... I will Now

You

that formeer
explicit

..optimizing adjustments are
how to make more of them explicit, as we

peroof).

go,
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may

renlind you.

bes, now it's soquieral.

forget that I have said this,but I will

move

This is one

1

of hendest things to get. We
master one model, then want to

It's Ark

one

struggle to

rest, cling to it, worship it.
in the flood.

Think of it rather as a
Don't greb it like a

on. steppingstone, helps you
chowning

man.

3, Visualize graphically,

PV L
($)

Separate out the big initial KK..
K₂

-Ex

{[11.640] = PV(Iti)*.
ť

2

Deduct other costs

as Expensen, E

Choose to invent in things that may PV- K₂

But how end life ?



a

problem.
typical optimnjuts

||

b. Find

PV+ PUS

opt.

is add landvalue to both input & ouipul

PV

life, I

Shrinking

!

K₂ + 3
PV PV + PVS

K₂

i. Life.
ii . Ke

You cut off life of G, to release land for Gr, etc.
"Land " cd, also mean o`'head, e.g. a bann w ,wilk cows.

ii. Alternatively, amundize Uwvellize " in HangzHerig-speak

PV(R -8) 1-(III)

1-617:1

==

(C.r.f. not covered in either text, explicitly, Is implicit in PV of annuity.)
c...Max. the excess , varying the parameter you

contud....

This is explicit, above..
This is implicit

3

-Cuit

Quality + nature of proven & product



Go to Disc, MP concept. Integrate w , produ

read.

useful techniques,"
To make the implicit explicit, there are

Add a Id diem,
Autist's

2. Use a code for 3d dum.
Nos.
Color

Ways of drawing lives,

3. Use a mut. Mut. concupt.
E.g.. for call life there it, be

K₂

& diaftsmen love this, but hand to

2It is implictt

t
4. Extend the net product concept.

We are

ecs.

then4

All there are calc. to extend

14

diff. opt. K₂

already mring it int (R-E).
But that RS is adjusted optimally

of comprehension & control

related variables together, to opt. u...total mult.

your powers

to adjult many



B. Torals, Aves. + Mguli.

Output

}

Quiz : Find MP from al

Input
115
12

13

14

up
30

29

28

27

TP

2.

3₁ MP/UP

AP/AX

P/x

330
348

364

378

1. Slopes & product!.
avear repz

MP.

Al/P
AX/X

18

16

14

ap

MP

% 41

9₁ AX

I

TP

TP from up + MP
elast...

Input

5
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C. Ruber of diff. cale.
Bt8, pp. 41.ff., give you
Mathi, proofs

L

a .

Power rular.
y=x"
dy/dx

b.

1

2

1

dy

specialists.
so we comWe want intuitive or "hemistic "proofs,

be confident the
Us

math specialists brown what they
are doing & muit making food of Then

we can leave them to split the hairs while we
move on to bigger things

can use there as
tools....

})

= x

T

X

$ 0.

there arbiturity
good, but mainly for

(4-6)
nx

=€ /
= dx

a few

6

A coust. down''t change.
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ALLAANTAR

}

asas
T

X

AB= 2x

1

= X

//ta

3

3x²

-7

~

I

2x. (actually

1

X

T
T

X•AX = X

·X

[Leave to the math. Majors

AX = 1

(actually 2x +1. E.g. 81-64 = 8+8 + 1
4-1 = 1 + 1 + |

X ·AX = X

Add to each of 3 faces, add a slab to us.e .
Ea shak is X

7

( actually g² = 3x² + 3x +1)



Econ/Admin St 162A
Managerial Economics.

1 .

3 .

n

(Know two proofs of that ; if you are good at integral calculus , know a third
one , too . )

0

Basic formula :

To make that simpler to read , I will make a substitution .

Let ( 1 + i ) = I. Now (1) becomes :

1

8

P = a

or

LIST OF MAJOR INFERENCES DRAWN BY INSPECTING THE FORMULA

FOR PRESENT VALUE OF AN ANNU ITY

P

Al

0

Values of P for benchmark values of i and n . Let a = 1 , to simplify . (This
gives you a general factor which you can multiply times any given value of a .)

1
1 + i

jande | fond

1
1

1 i
-n

P a

If i 0 , P = n .

a .
b .
C.

1 (1 + i) ™¹i

2. Most of value in P comes from earlier years .
Table 1 : Values of P for different n

By graphical intuition
By l'Hôpital's Rule , for calculus whizzes .
By your calculator . Solve for P as i → 0 , but doesn't
quite get there . Watch P → n .

d( ln n) > 8 ( ln P ) .)dn Sn

E.g. in Table 1 , at i
(5.93/4.83 ) - 1 = 23% .

ni =

10
20

% of value from years 1-10

.01

9.47
18.05

Fall Quarter 1983.
Mason Gaffney

52%

.08

Elasticity of P w.r.t. n

a) An X% An yields AP of less than X% . ( In math notation ,

68%

6.71 4.83
9.82 5.93

.16

81%

An
n

(1)

.16 , the 100 % An causes a AP/P of

2/2

(1)

> AP



Econ/AS 162A--List of...
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3. b) The sensitivity ( or elasticity ) of P w.r.t. n is a decreasing function of
n (i.e. declines with n ) .

4 .

In Table 2 , n increases by doubling , i.e. in steps of 100% .
the elasticity ( since An/n = 1 ) .

n

1
2
4
8

16
32
64

128

Table 2 : Elasticity ( e) of P w.r.t. n

i = .05

Let cash flow

Al

=

P

.95
1.86
3.55
6.146

10.84
15.80
19.12
19.96
20.00

Share of interest in cash flow .

AP/P

$1/yr . for n years .

Share of interest in cash flow is

n P

.96

.91

.82

.68

.46

.21

.04

n 1

Ale

P

Duplicate Table 2 using your own calculator . Remember the examples of
shoes and houses , and Rolls Royces. Think up some more .

n

n
n

= 1

P

1
ni

Al

P

.91
1.74
3.17
5.33
7.82
9.53
9.98

I n

i

9.99995
10.00000

•10

(remember : I = (1 + i) )

Duplicate the graph used in class to illustrate (2).

AP/P

.91

.82

.68

.47

.22

.05

.002

AP/P is thus

(2)
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5.

6 .

7.

Table 3 : Share of interest in cash flow

Demonstrate .

ni
5

10
20
40
80

Depreciation

.05 .10 .15

.33

.50

.69

.20

.40

.58

.76

An operation is "capital- intensive " when a high share of cash flow goes to
feed the banker or investor . That occurs when payments are long- deferred , or
strung out in the future . Normally , that occurs when capital is durable , heavy
and expensive , like a Rolls Royce ( life = 40 or 50 years ; P = $ 95,000 + tax .
Is it worth it ?) .

.13 .24
•23 .39
.38 .57
.57 .76 .83 .88
.76 .88 .92 .94

The increase of P w.r.t. n is a decreasing function of life (n) .

a) Explain .
b)

A manager can control the ratio of capital to labor in his investments , and
does , in response to changing wage and interest rates . Explain how .

What operations are more sensitive to interest rates? To wage rates?

Depreciation , interest , and capital recovery for recycling .

Normally , "in equilibrium , " depreciation = capital recovery .
" In equilibrium " means market forces always push in this direction--not
that they always get there . You as a manager want your capital recovery
to exceed depreciation. If you can do so , good for you--but that makes
you one of the market forces pushing toward equilibrium .

Duplicate the graphic demonstration in class that depreciation of an
asset yielding a level cash flow of $ 1 is :

Depreciation AP = In (3)

(Your last Reminder : I = ( 1 + i))

(Remember that depreciation is a negative change in P , expressed as a
positive number . This lets us omit the minus sign . )

+ When you are repaying a debt , the decline in the balance due is called
" amortization . The math is the same .
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7. A. Depreciation ( continued)

Algebraic proof of (3):

B.

But

AP P.

Calculus proof of (3 ) :

Interest

Pn-1

Il-n I™ªi

SP
8P = 0 [on on

1n I 1i

Therefore I¯n

=

1 i

:

1

ITI

i
I™IIn

1¹(1+1-1)i

1 I-(n-1)

]

Pi = 1 I¯n

1

Bada

Interest 1 I™ n

i

I™n

The calculus answer is less exact because it is designed for continuous
functions , and we are dealing with a step- function , where interest is compounded
yearly. Calculus is more accurate when interest is compounded continuously .
For most management decisions the difference is negligible--you have bigger
worries .

ln I. In
i

(7) also comes directly from ( 1 ) , by solving for Pi :

Knowing depreciation , we also know interest , because cash flow is
divided between the two . Interest is the complement of depreciation :

(4)

(a = 1)

(5)

(6 )

(7)

(1.A)



Econ/AS 162A--List of ...
Fall Quarter 1982
Page 5

7. B. Interest ( continued )

This is how banks tell you each year how much of what you paid on your
loan was interest (which is deductible from taxable income ) and how much
was repayment of principle (which is not ) .

C.

In the early years of a long loan , repayment is shockingly small .
E.g. at 11.5% , with a loan amortized over 40 years , what % of the debt is
repaid in year one?

AP
P 1

I`n
I¯ni

11

i .115
In 1 76.8

.0015 (8)

On a debt of $ 100,000 , you've worked it down by $ 150 . Pretty slow
going ! You've paid them $ 11,650 ; all but $ 150 was interest .

Capital Recovery for Recycling

But look at it from the banker's viewpoint . He has only recovered.
$ 150 of his loan . The rest is committed to you--you're using his money .
Assuming that the interest rate is fair , and the bank has to pay to attract
money , and interest in general is either just or inevitable , then he cannot
treat the interest portion as capital recovery. It is income , and in law ,
custom and logic it has a prior claim on cash flow . Recovery is just
what's left over after paying interest .

Why should you as a manager worry about the banker's viewpoint? You
might be managing a bank , but otherwise , every manager supervises investments .
That's what it's all about . You're throwing down nickels and picking up
dimes--later , and you hope not much later . Throwing down those nickels is
the motive force that drives our economy , and any economy , so it's important
socially , too .

Your investment in real capital is like the banker's investment in a
loan to you . He must recover the principal before he can relend it ; you
must recover your capital before you can recycle it by reinvesting it .
That recycled capital is most of what managers have to work with . It is
" the ready . " It is what lets you "get there firstest with the mostest"
( in Stonewall Jackson's egregious English ) and seize prizes before
equilibrium sets in . It is what keeps your organization going without
infusion of outside capital , and without any new saving .
you achieve high volume without having a lot of assets .
capital . Treasure it , nurture it , recycle it , it's what keeps you alive .

It's what lets
It is your working
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7.

8.

pw

C. Capital Recovery for Recycling ( continued )

But if you bury it in assets with 40-year recovery periods , you won't
remobilize most of it for a long time ; half your life , perhaps .

You might think you recover 1/40 of it , or 2-1/2 % , each year , which
would be slow enough . That is "straight-line" depreciation. But we saw
in (8) you recover only .15% , which is 6 % of 2-1/2%.

Discounted Cash Flow (DCF ) and marginal analysis .

DCF is the bottom line after forecasting revenues and then :

Revenue Expenses Cash Flowa)
b) Cash Flow - Interest = DCF

DCF is the most you can pay a contractor to build a thing , turnkey basis .

Marginal DCF is the discounted marginal product from adding inputs at time 0 .
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Compound internet, growth of money at a rate of

n = number of years from deposit of money

bank, or other investmenti =

ituut .

M

I

L

3

YOU ARE

In

E =

=

8)

P₁

Rule:

interest rate per year
Fictive valuer, after lapse of a years
Present value (or Principal)

-1279

1

That is

it
(liti) +i(1+i) = (1+i)Ll+i) = ((1 +i)²
(1 +i)" tillti)² = (14)"((A)= (IA)?f

you see the repeating pathim(lrijen tilltifan = Clri)"""Lirit =

þ

»t

Fa

IN

THE

BEAUTY

Fx = P. ( 1+i) "

A

Doubling time.
Rule: Doubling time =

i

72

The Compound Inteuer Formule.

3

(Iti)"

(1
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i

(This is derived by setting ( 1+i)" =2
solving for 4.

c) Semini- loy seale

On a
straight line.

log

CL

in = =n
lu (tti)

coutaut
(alternatiedy

sens-log sedle

We well

: 12

a

a

(1+i)"

constout to growth rate is

"

on

growth rate is a straight

lu[( 1 + i) "̂] = n lullti) = ni

In(1+i)"

common scale, the logofa
straighet trive, as below:

A

and

semi- los scale here

(2)

)



On either side, the slope of the curve

Discounting the opposite of compounding.
From (1)

F₂ = P₁ (1·+6)"...

1₁ =
Fu

"(1+i)"

= i

dividing by the compound interest, expression is
i called " discounting". It gives you

which would grow , at i compounded.
ofte lause of in years.

the present value
to

The"finnctions look like this:"
log!(1+i)"

(3)

equal Fu

By compounding and discounting (Iti)"
the nate of exchange between point in time.
It maken values commensurable, when they
Leave different dater

(Iti) "

.is

196



The compounding curve shows exponential growon ';
the discount curve shows "rxponential decay ".

Po in ( 3) is also called PV, for Parent Value. A su
of PVs from a flow of futures

sirana is
DCE, for Briscousted

Caire Ilow.
3.1; Capitalization

$100

$150.

äa dollar in the bank

yieldi $100.i

Therefore,

Genmally,

NU

an in
income of

les

a = P₁ · iP.

f= 1²

(5) is called "capitalizing".
of cash into a
( 5)

$iyields i per year,
at 59⁰, that is

$ 5

modify it,
applier only to a

a = annual income.

and
that is $5.

per year.is worth

fund of capital.
It converts a

on below.

(4)

( s)

floss

perpetual flow. For finit flom
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Capicalizung for an years : the PV formule
a) insiple deurvations

If a cours flow ends efter lape of n years
a/i less the discounted value ofthe PV is

a/i after 4 years :
a a

NV= = = ² (1+1)""

(Note: ((ti) " in Mortheardfor ( irija )
That the

you get
love the rest of it after that.

timplifizing,

perpetunity for

PV = =[1- ( 1+i)^ ]̂ = a 11~

for KA( ba) capitalizes,capitalizes, un mumi

called the PV formada. Memorize it.
ty

ebre derives from it .

more

in year,

6) Perioration as sum of progression(Your may skip this ifsucked, but it adds to your unductanding.)
;) PV is the sum d a

each one discounted one.

(6)

linis(100)" (6₂)(bi)

yees. It is
Everything

casts series

am

then

series of

alternative dessivation

of payments
yeur. Let thefint



1

and al
payment he effter lague of one year, then:

(1+i).""PV = (1 +i)"' + (1+i)*2

( 7) is a geometric progression, where fine term
is (IKI) aird whose rate is (Iti)

ii) tinn of sexis formula, denivation

5 = 1 tv pro the to+
+ 5 =

1: 55 = 1 cop"

S

+ 2.11417

HAP

"

jo jo te for vorþ

44 ~1

iii) Cipplying (8)
= Livi)"

(8) to (7)

5 = ( 1 +i)"

+-11417-1

SUOMAL

tev

! - (1+₁) !

nolia 17-1

11

( 1)

(8)

4.5:²417--1

1- 341

661
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COLIZE

·(1 +i)""
PETA NAŠE MĀyek 2

lastes

The PU crve is the sum of the strated meas under
the (1+i) curve, for cury value of n .anyany

4

PV is the currulative total; Litil " is
merginal increment as a grows.Mappa

how do
you

and depreciation ?

very years,
perify thing

what he debe!)
bex.

have ann

APROANEIMILA PRAMUK, SUSAMO GOZDN

d) luturnt and depreciation (prelimiciany)

If you for which you paid
divide its cash flow between interest

( 66 ) givenNIE.

PV= !=(+ ""

Tuttar is

an asset

is the

the capital.capital, and/or

our eavy answer,(Er bar & ke
miet

Moiz 1- Clea)"

*PL

(6,0)
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VÖREKKE MELKUNG MATanemai potica

flow

Spunction is (14) , the complemen

Note how the depensation path follows the des
pl.s Docurver : backwards unductand?

you
Think about it.

kết và
q (JUSTICIAS QUEALZARAZPYTimə med avanevaRY,BRE

Ce simpler notation for facture

It can be shown that:

(1+i) " = ein

ure

(9)

= 2,11828 /828 ... the bave of retinal
1

This technically implies this interme isthat
but we are not here

where e
logs.
computed " continuouchy,

We areconcerned with this
aspect. merely

concerned with a notatione easier to write and read;
with its we.also to requaint you(The right side of ( 9) is actually so thrifle highen

thom the left. To make them absolutely equal,
required on the right,rewallen note of interent would be

called the " fore I intent')

1

I

I

:
I

1

- - - --- - - .

I

I

I.



For those interested in math proof:

e= timlin

Lesff frequency of

conversionper year le.g, if interent is compounded monthly, faiz
f#=

Lina
Limf-ros

With our

PV = a

m

(1+=1)m

a

}

(1+/-) live (1+i)+ ikim

6. Capital Recovery Factor CRF.

Luggore we

where fis

new notation,

l-e-in

LAPORA

we knows the PV owned want

PV Tein1

?

Now

Hfind the corresponding aumeity for 4 years.
Alive (6,2) for a :

= ei

( 6, d)

(10)

Thefunctionsin theinfatement planpogresno; and

piration
is the " CRE " It is also called

payment:



Merah:

1.
the community whose PV = (!"

mb

CALFARA

It converts an occasional brang capitaloutlay
equivalent annual amount, compounable to other

outlays:
It varies from n = 1;

whenI down to i
clow to į

a value of (1+i) when
h = 00:

For values of n > 30 and i ) .08
that the difference is trifting.

The function looks56*
50 .

it is so

it
a) Mcking something last longer has been called

spreading the overhead through time". Note that this



*

ceases to help much after a few years.

6) For a given income stream, whether and how

fret you recover principal depends mainly on the
rate of interest.

E.9

.

1 recoup

-11

E: at 50

8.29⁰ of principal, you
ein 8 % rate of interent.

8.0 % of P₁ you
fürgoes forto when invertors say they

It all interest.

if
&your cash flow

But if the calls flow is
year

at

They may.
leaving

years,
Alcover

awni't able to
ki double talk .then investments, it may

be figuring 10 % interest off the toy,
nothing for amortization. Be skeptical

and annalytical. Get the facts, and firen the

recover no i atI at all, ever.
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"..") linking fund formula, and "tereporal mean"values."

1

sind

then

a

a z

if

6

a =

FV
in

three to ustière ins

year:

PV.TheN

since e'in baklei

FU = PV ein

Thas a tree to be harvested

is worth the same as an annuity of

Reo

¡
l-e -in

072
8

2 -1

in the futuresA year
and annuity of a from

every 10 years at 7.2 %

80 years isn't worth much

ane would

FV

R₂0 _DH ,000 282Rgo

goeld

R₂0 2.072

FIList.

( 11).

a

(11)

più

$

1000. after 80 years, that



is no better than sheep whore owner will rent the
alre

lund for the per year.

!

interest.

a

284
80 450

U

$1,000 /80ľ +true annual rest is only ##. 284

bicean .

The mean annual increment of the trees is
$12.50 Bist the

per

AS

= $ 22.54

The sinking find formate
temporal mean

Limigo

dilidi

a

ŷ,To pretion 5,

year.

The next is compound

is a new kind of avirajo,
if i = 0, it is a simple

to ein-/

indeterminats, by l'Hospital's kile, but ist ,

Thims ( 11) becomes

-15

P

"This is not

(11) becomes a simple meone when i=0.
( 11) is less then t .

(12)
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11

in playing investments of variable life, a is

something to maximize, 1.e, select the life that
maximizes a..

Since the denominator keeps growing with time, the
numinator mest grow facter to justify extending life.

This formula, slightly modified, is the
plan the lives of all Alpecting investments.
Not just trees.
compound it forward to k

Ű

A

way to

Take each year's cash flow, and
theyear ofyear of cred of life..the

(13).
{[Reice-n)] i

eild

Alternatively, divide througle
bottom), discounting all

{[lneî] _lue
1

il i top andĈ
by

time 0 and apply CRE:

D (14)
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Graphically, a typical pattern is:

>

a) If ln < a,

6) You

meone" net yield

K₂
I (opt.)

Lower live shows spreading capital cost over time.
Upper live shows tirngoral mean riverier

Asa marginal solution since thepattern
repeats, no marginal year is good if it grildi

may see the wrongeun of lettinglive Haan I Lir

Rn fall filow a in tun ways:

can start a

-im
("],

yirth is a.

it will lower a

n •andI

new cycle any time, whose
There is is weed to""temporal

accept any year where yield is lower (inless it leads

to and is an integral part of
grild Zu)

www cycle where overall
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Returning
R.La

There

with lower a
Basically, because

-16 .

changed.
income anfrom
that increases two things at one :

(a) , p.15, how do we know that

.:
a =

The simplet

{[R₁e - in] = RR de

vira Pinta

DC7 ; and ii) The number of years over which
the sum is spread tho tempound meas.
1n

finding a
get the

the temporal mesa
+here tus increases

offict each other; and if 'Ra = a ; they excortly offret caule
Terku.

you squeese
old, wearly depreciated building

R₂ = c will leave 32

came is when

il

& l-e-id

1-6-12

To hold a cratsent, we

▬▬▬▬▬▬▬▬

jo

R

more year's service and

machine,

othing R =a.

If we couted hold & constante in perpetuity
Nowvelly. If Por elleCOUNCE

un -

i) The suin of

k is constant for all .

(15)

We w



Returning to (6), the opporturing cost of holding hand
in an old me is the annued value of the land in
the succeeding usw. The "annud value of land" is

fixed yearly paymest. beciulan simple a

invest capital to improve it, and
There is a

T

seldown anything
to we livedläred you
then recover the capital plus interest.
cycle of investment and liquidation, which one
must évaluate as a whole and smoothe out.

what our formeulas de.
The way commonly

perceive this principle is in terms of making a retum
on the value of their investment.

since a
receive it in perpetuvly.
the DCF or lip

that decision-makers more

S =

is from a repeating cycle, you may
may therefore find

um equivalent by equitalizung

You

i in perpetitity. (dee pit, #3) . Aute value, S, is:
1

01.0

and ..
sii

can flow required

wire comu

a is the cash

This is

(16)

to earn i on S.



8.
1

to Rn < a you are not earningif
the value of your invertwent in land.

cur but doWhat to do when cycles

Commonly, We expect proquaiive improvement in

techniques and becordedge and materials and strites, so

future real costs are lower. Equally

for

more important,
renewable resoumea

thewe expect increasing demand
( landa) and their products.

recur

The simple rule of
when a) Giles reput

the first.Acome as

but do not repent.

In some cher

higher demand further lowers worth by allowing for
econonnies of scale.

& actuma on

vraxi wazuimizing a hold good

and b) Fate guter

when future gets
ladtwo other rules to

the
čeka te ofrent,

Pork of themthes are

are also good when furtun cycles

thug
ou mutually consistent.

Awizarávizoud would regard them as two ways ofregul
the wine thing.)

an istentiel -1.6ar

a good in all incuentanas.AW

( lubid A
and they
mecburetinal



:

RuleA: End fint cycle LG₁ , for Generation #1)
when writy eng Rr of G₁ falls below

Do this even tho

-14

the short time.
R.

a

a is still rising.

Rule A is a marginal wave, andmerginal sove, and especially useful in
Graphically:

ar ( of G₁).

attarumble ai

SD

D -date, the clate to terminate .G. for G₁.

"attainable an
The difficulty with Rule A is that of chtermining

The difficulty is that an will
also have to be foushortened writ lituly because
of the coming of as from G₂ ; and so on.

# This meis cury Pa afte G, is over the hang ofin
excely excitruction phrase of rightive cache plane.



J

"|

1

How important this is depends
dealing withgenerations we ou

about the longest cycle going, and even in freeting it
heas some weight. Getting down to hoys, cattle;
chailen, Christwas then, winning stood, and other .
common item of growing capital, it kean mule weight.
With commercial buildings of short life it is weighty.stent

With repidly evolving technology like computers, the
sucureding generations come very fact. Likurise with

fabrics, and military handware. You may supply
own additional examples.Iyour

J
To determise an, we must looks alread to

We
may often decide that the.
we will choose to ship one

Q we may

Q3, Qui 951 ete.231

on the length
Tree are

generations come so fact.
in order to reduce capital outlays. On we
slip in TIL -

Mlip, feat
fact-food franchise

are interim une

crise or drive-in theatre.like a

2

To make this choice; we must

generations alucard.

Rule B : Maximize the

lite in perpetuity.

munt plan several
This leads us into :

the present value

of Lorind

of the i



3 It is an

perfect Avoices today,
detail.anyWe know we cannot really to so in

Fortmotly, discounting the factors also means that
remote firtime facts beur only lightlyfurtune

on cuneut
devices!

good forecasts of thego

general feel for the morenext few ye
it

remote justice, plus accurate motherseatical tools for
Telling in what kinds of thingsg)(

What we need there are

us, plusLas

overwhelming thought that, to wake
we need to look ahead forever.

Site vale, s

to foundit and 6) Treinslating them into munken for
cachent divisions .

PV =

The simplest rule, to get a feel for the
mutter, is derived by assuming
gesuction outpufiume G₁ by

that each succeeding
a constant pieceić

theprice on

OL

5= NU[1+

equials

Precent value of G₁
oso growth factor by which each PV surfaces

now

Harry
efrie

the

wele have

sain of

2(g -il)

of a series.

t ... te

Let:

(quil)



1

T

S= IV-LPV1--3-it

The effect of

maxivuizer S.

g in the

S →→∞.
requiring

(a) is algebraically

(6) follows become

a) To raise S
1).To chorten the value ofl (life) which

(from (8), p.6)

exponent in the cesquincerèn

brisus.

the denominator ,
the of growth rate of PV is higher.

(17)

g raises the to groth rate of
this causing 5 to thang out when

This is wident if Iis really an high ini.->Then when I = 1; the denominator 0, so
This is in hard act to follow then 1 = 2,s growig.lave rise of PV to keep

to understand and therefore

I

9 How much do succeaching generations add to value ?

It is tempting to close the simplit policy
and therefore to ignoreignore future egiter



1
J

!

Let's see

of reverval and reinvestment.
change things?

}

S - PV

S

$ = 1V²₁-12-²2-il

W

If l = 1,
If i = 105,
This is

The shace of 5 clerived from generations after thefirst
one is:

u

first what they add to site value,valice.

= | - |//|= | - (1 - e-i l̂) = ce-ilPV

il

1

How much do they

-to

{1} .

. 95 .

95 70 share.

Iti

(18)

For longer lives, the share falls. When itc.14.il
the share is t ; and so

Now revall that an alteration LACAGE

1



||

:

1

1 the replacement date is when

i

1

If futive questions add 50% on

then driously they

more to s
laye impact onhave a

the date of optimal replacement. You should not

ignore them.

replaning

all later generations by

- 24

What the math is telling us in that by
year earlier, you are also advancing

year. If each

many off

a

one

generation is show, there are

when he ? s.i. (pp. 19.

coming in the next, say 50 year
cumulative value is material.

og > 0₁
Note ther (18); p. 25, assumer g = 0.

repeating the same stipe. shows

et-ilS- PV

S
:

19-18).

bem

to the

16
that:

( 19)

langu, and pertraps much lenger figue.



↓

10. Application to growing capital, where the equited is
also the prosent (like cattle, tres, muturing chreuse and

liquous, poultry, inventories.).
Inventories fit the gattine because they adávalor

occupyown storage space. "Growth

do not became
grouend for the patterns,

the site is not
see later

normally renewable. "(However,we will
lot of resemblance between virgin tinker

and unives, and convise the wine and tanker models

to haville old-growth hawesting.)

white being held, wind
need not be plupical.

Minerals in the

a

Growing capital is a simple model called PIPO
(poist- import, point-output.) Intermectiate revenues

discounting, so
and costs can all be moved to the beginning by

good wurded for sin
easily make it insisendal.
if get a

care wi can

reverse in

!

We

From ( 11), p.12, the annual value of a
la is :year u

(1)a =
i



1

from ( 13), p.14, capital costs in year
and subtraited:

compounded forward to y

a = (k₂- ( ~̂²)Çe ?) ię

the value of that maximizes a.
divide

isOptimal life
I

you
This is the same as maitinigingmaitiniging a/i
both sides by I: this is capitalizing in perpetuity.)

It helps to visualize their graphically. First,
visualize it algebraically. Finding optimal u is

as į vises,
the

of i20) rise,
second to lower 2 .
¡forces separately

0 are

our

forces

"the solution is to find the best balance.

•ptimizning process, which weision two contrary
you let nau at work as let y increase andn

(20)

We will

fotk. the numeration and denominator

finst tending to

For simpler vocation let:

raise a the1

Ru - Cein = A(n)

graphe these two

(4₁)



.....

Co

A v₁ $vi

maywarris in

11

e

A=0

ti
:2

-1

-27 .

A(n)

+1.

- Max.S

The payoff is finding
lax 1

.f(n)

Se

M

-A(+)

Acri - S

above .



J

As a marginal condition, this maximemm is
pose where amonal growth, R , egurals interest on

R plus s..

To their this, weshow

equal to zero.
ds__ (c² _̂ )̂ (R²- C₁₂¹ ) -(R= C₂^ )̂(ie¹ )

(e""_ )̂"
din

find d5/dm and set

2²(1-6²¹) -Ligh +(i = Ri-Git-fizin

R's (R-C)

Rit

ci
= R₁ + R[==1+ ²]- Crie

| -e -in

= Rinki+ki Li1

to lay

[Ri -Cirih]

Thus, we max. 5

is it yields I on

Ri si

it

(22

Q.E.O.

by letting the capital grow.( +5), better
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In the same simultaneous

the value of S.

This gets

process,

If there are intermediate revenues on coses, we
handle them as in (13), p. 14. Use the Σ sign.S

a

and3 or
little lengthy but can all be done with

4 columns on one sheet of tabulating prayzer,
facter on a programmable calculator, wering the keyever facter.

m
memory.

11. Other applications. There notes will be exten'd
to inclide at least the following.next year

We iletennie

marked "tum", which camulates in a

bezire.
whics to develog, and how

a. Mines. Optimal life; optimal times to

6. Ripersing suburtan land

intensively;
c. Vormelizing or steppening -how toshiftfrom

periodic modeh, like there wid so for, to simultaneous

mode's where replacements are staggered.
what bute, so COM

d. Capital conservations how to loscact capital

needs and get along

always meet the bestpay,
you

next will.
Factor proportions.- how mucle of theprocess

you

is really going for intertel, payroll, and rent?
it are the shares changed ?



-JU

1

f. Depreciation (and depletion and obsolerewas)
How fact is your wealth declining? How much
need you set aside to offict the declive ?

How does inflation affect this?

Taxation , Taxier defensedg.
What does this imply for public policy
neutral tax system .

one taxes denied.
how to creats a

What does this imply for private policy
planning.

#h.hi Rish

of
Risk cinclysis and time.

at290 cunnual chance of flood or fire?

i. Cair flow analysis

- the

and time. What is the PV

*



Returning to (a), p.15, how do we know that
will lower a ? A

Basically because
When

·R₂La

-16

a

you squeese one more year's service and

an old, nearly depreciated building
n machine,

i) .The sum ofat once :

1

Ru

income
changed.

from
that increases two things&

DC7 ; and ii) The number of years over which
the sum is spread to get the temporal mean.

these two increases

a =

In finding a the temporal mean

offret each other; and if 'Ra = a , they exactly offeer each
other.

= a will leave

The simplest

Theme &[R₂₂ ] = 14-6-2

case is when

vide
ne

aid
R 1-0-1l

1 -e -il
}}

To hold a constant, we go on

I is courtant

R

un

adding

for all u.

R =a.

(15)

we needIf we could hold I constant in perpetucty.
never replace. Normally, of course, 'I' dwindles down

(just do in """Sept-cruber Song. ")the
days



holding
cost

Returning to (6), the
opportunity

→

in an old me is the annual value of the land in
The "annual value of landthe succeeding uuse

on

because
seldown anything as simple fixed yearly payment,
to me land

you invest capital to improve it, and
then recover the capital plus interest. There is a

~cycle of investment and liquidation, which one
This ismust evaluate as a whole and smooth out.

what our formulas de.

-11

The commonlyway
perceive this principle is in terms of making a return

the value of their investment.
since a is from a repeating cycle, you may

therefore findJoureceive it in perpetuity.
the DC7 or

in perpeticity.
S= a

a =

and ..

a

that decision- makers more comm

of land

lump-sum equivalent by capitalizing
4, # 3). Site value; S, is:( tee

S.i .:

a is the cash flow required
to eam

(16)

on s.



1

8.

you are not earningSo if Rn < a
the value of your investment in land.

-18

wizard
the same thing.)

}

*

What to do when cycles

Commonly, We expect progressive improvement in

techniques and knowledge and materials and skills, so

future real costs are lower Equally
or more importirut,

We expect increasing demand for renewable resources

( lands) and their products. In some cares the
higher dessand further lowers costs by allowing for
economnies of scale.

the
The simple rule of maximizing a holl's good

when a) Cycles repect and 6) Future excler
same as the first.
there are

1.4.
When future cycles are different,

two other rules to follow. Book of them
are also good when futur cycleswhen festure cycles are identical

an good in all circumstances.
are mustually consistent,
they ( Indeed,

would them as two

a retuur on

recar but do not repeat.

regard

A
and they
matematical

ways of intyging



RuleA: End fint cycle (G₁ ,fint cycle LG,, for Generation.It#₁)
en of G₁ falls below an ( of G₂).when cry..honey
Rn

theDo this wen

the short rum.
R₂

IL

Rule A is a

$

is

-19 .

ą is still rising.
in

marginal uile, and especially useful
Graphically:

B attainable ar

n
D

D - date, the date to terminate G, for G₂ .

"atterinable an "? will
The difficulty with Rule A is that of cetermining

"The difficulty is that as
also have to be foreshortened, most likely because

of the coming as from G₂ ; and so on.

* This meam cury Ru after G, is over the humap ofits

evely construction phase of negative cash flow .



}

TH

How important this is depends

of generations we are dealing with

about the longest cycle going, and even in
hears some weight.
chicken, Christmas treen, wiring stock, and other.
common iterm of growing capital, it bean much weight.
With commercial buildings of short life it is weighty.
With rapidly evolving technology like computers, the
succeeding generations come very fact. Likewise with

fabrics, and military hardware. You may supply
your ownown additional examples.

-20

azı

on the length
Trees are

fricting

Getting down to hogs, cattle,

To determine an, we must look allead to
We

may ofter decide that the.
we will choose to strip one

genenerations allead.

Rule B :

lite in perpetuity.

A3193, 94, 95, etc.

generations come so fact.
in order to reduce capital outlays. Or we

aŭ interim uneslip in a cheap, fast one

fact-food franchise
dive-in theatre.like a

To make this choice, we

it

muutplan several
This leads us into :

Maxivrize the present value of

imiy
of land

the

1

1

I

i
P

t

!

I
I

A

{



3

It is an overwhelming thought that to make

we need to look ahead forever.
any.cannot really do so in "detail.

Fortunately, discounting the future also means that
remote future fait bear only lightly. on current.

an

choices.1

perfect choices today.
We know we

-21

What we need them are good forecasts of the
next five years, plus a general feel for the more
remote furtune, plus accurate mathematical tools for

a) Telling in what kinds of things we have

to forecast and b) Troinelating them into number for
cument decisions.

The simplest rule, to get a feel for the
matter is derived by assuming that each succeeding

generation outperforms G by a constant percent
age.

Site value S

g=
the prior one.

a

how

PV = Present value of G
07.

equals the sum of a series.

te
S= PV[1+HEREITequil+ e²lg-if)5=

growth factor by which each PV sumpser

Let:

a (g-il)]t...te

VAA

s
ja

va

}



is:

S= PVl -ed-il

The effect of g

22

maximizes S.

W

20

Then when I = 1,ļ
S → ∞ .

requiring a

the

a) To raise. S

b) To shorten the value ofl (life) which

(from (8), p.6)

(a) is algebraically bvious.
(6) follows because

exponent in the denominator

J raises the % growth rate

the denominator , then causing s to top out when

the of growth rate of PV is higher.
This is evident if gis nearly

= (, the denominator

2

(17)

This is a hard act to

laye rise of PV to keep s

of

high ini.
0,

follow when 1 =2,
growing.

9 How much do succeeding generations and to value ?

It is tempting to choose the simplest policy

to understand, and therefore ignore future cycles



1

~

- 23

of reserval and reinvectment
cliau hin ?

How much do they



P

S

-24

the replacement date, is when Ru ≤ 5.i. (pp. 17-18).

add 50 % or more to S
7

have
If future generations add 50% or

"then obviously they a laye impact on
the date of optimal replacement. You should not
ignore

"thein.

What the math is telling us in that by
earlier, are also advaningreplaring onee-year you

all later generations by one year. If each
generation is short, there are

coming in the next, say, 50 year,
cumulative value is material,

S-PV

S

Note that (18), p. 25, assumes g = 0.
gro, repeating the same steps shows &

et-il

many of them
so the

= ef

a largur, and perhaps much langer figure

If



10
Application to growing capital, where the capital is

also theproduct (like cattle, trees, maturing cheese and

liguous, poultry, inventories.)
Inventories fit the pattern because they addvalue

while being held, and occupy storage space.
need not be plupical.
the site is

Minerals in the ground do not fit the patterns,
normally renewable. (However,

lot of resemblance between virgin timber

"(However, we willnot

see later

and mines, and combine the mine and tanker models

to handle old-growth hawesting.)

a

Browing capital is a simple model called
(point- insput, point-output.)

revenue in

-.25

emned costs can all be moved to the beginning by
discounting, so if we get a good model for

easily make it univcase we can

From (11), p.12 , the annual value
kn is :year n

a = R.
e

A

i

S

1

-

"Growth."

PIPO.
4 Intermediate revenues

BA

because.



S

-26

From ( 13), p.14, capital costs in year
compounded forward to in and subharted:

a "(R₁- (₂₂²̂)(en)

O are

(20)

the value"Optimal life is of a that maximizes a
This is the same as maximizing a/i (you divide
both sides by i : this is capitalizingcapitalizing in perpectuity.)

As n rises,
of ( 20) rise, the fines tending
second to lower a.
forces separately;

For simpler notation, let:

Eu

It helps to visualize this graphically. First,
visualize it algebraically. -Finding optimal u is
an

optimizing process, which means two contrary

youfacer
are at work as let n increase, and

the solution is to find the best balance.

Ru - Cjein = Acu)

bork the numeration and denominator

to raise a the
We will graph there two

(2)

.
1



A

t
JA

S

$

hero

ZAS

Co

A=0

ein

iħ
ein=2

-27

A(n)

Max.S

The payoff is frisching
C

2₁
ein

R(n)

So

Alul
-1

"

max. 5 , as above .

-A(u)

=S

C

......

Cazam k

cực hay , phim và độ dài củatinh ấmgia thiết bị nghi thi đ



4

As a marginal condition, this maximum

equalifears where imunal growth, R', equch mienne

R plus S₂
To show this

equal to zero..

-28

15 =ds
du

=

we

Rit

(ê ^ -1)(R'²- Ciein) -(R-C₂₁^) (ien)
(e^"-1)"

2

R '(1-0"'") -fieth + Ci = Ri-fight

R²= (R-C) ==-_-_²₂² = R₁-Rithe- -CiR '= 1-6 1-0°

find d.5/da and

-in

R[==[̀ -| | ^] - CL
ciriè

-e -in
in-e

in
Ri + /R₁/Ri[R₁ = (₁o¹h] = Ri

Cie
e "(

Thus we max.
so loy is it yields

S

and set it

Rit+ Si

A

0

by letting the capital grow
** on ( R +S), or better

(22)



In the same simultaneous

the value of..S..

-29

This gets
3 or 4 columns on

If there are intermediate revenues or costs we
handle them as in (13), p. 14. the the Σ sign...E

little lengthy but can all be done with
one sheet of tabulating paper.mus on one

GY

a

11. Other applications,
year

next

intensively;
e.

process,

There notes will be extended

to include at least the following.
a. Mines... Optimal life; optimal time to begin.
b. Ripening suburban land

alwayse.

we determine

d. Capital conservation

needs and get along
..

Vormelizing on steggiring - how tochifefrom
for, to simultaneousperiodic models like those wed to

models where replacements are staggered.

when to develop, and how

on what
how to forecast capital

have, so canFyou you
meet the next payroll.
Factor proportions.

is really going for interest, payroll and rent?
is are the shares changed ?

how much of theproductHow

:



f.- Depreciation (and depletion and obsolescence.)
How fact is your wealth declining?

set aside to offret the decline
How much

need

"Mor loses inflationsaffect, this?
you

How

-30

g Taxation Taxes deferred are taxes denied .
What does this imply for public policy. - how to create a
nential tax systern !

planning.
What does this imply for private policy

g
of a 290

Risk analysis and time. What is the PV

unal! chance of flood or fire ?
em WA

tux

Pod

Bo

y

componenten

van

hovACED



Mi 12-29 are a super jul, cuticle on
Home elements of capital theory for
by M. Gaffney, 6/29

use in

1... a)
intrust.

H

bank,

=l

2

3.

u.

rate ofCompound interent, growth of money at a rate

in
n = number of years from deposit of money

or other investment
i-= interest rate per year
Fu

Po

>

:
Futume value, after lapse of a year
Present value Lor Principal)

Fu

1

Rule:

uplacement tripurning
planning.

Iti 2
( 1 +i) +i(1 +i) = ( 1+i)(1+i) = (1 +i)²
(/ti)" tillti)²= (1 +il"(( ti) = ( 1+i) ³2 3

You see the repeating patter((ti)""' + illti)*" =" (Iti)"""Citi)

Fu = Po ( 1 +i)

The Compound Interest Formula."That is AL

1.6) Doubling time.

Rule: Doubling time =

.72

((ti)"

(1)



23

(.This is derived by setting (1+i)² = 2
solving for n. 69 .69

c) Semi- loy seale·log

F

H

4
-+

inn
li ( 1+i)

a straight line.
log

-2

0

On a semi- log scale,

(alternationly on

countant growth rate is a

bullti) ===
72

la[( 1+i)") =

a

and
69 i
i in(14))

( 2)

~ .69(1.04)
ľ

.??

constant. To growth rate isa

(1 + i)"

i in(iti)

"

seale, the logofa
below:

common se

straight live, as
**

abu(1+i) = ni lah sruizuilu lụcn

whine 8= ln(1+i)= 1
lu(1+i)

n

We will use servi- log.4- log seale here.



1

On either seale, the slope of the curve
" needed)

-3

2....Discounting the opposite of compounding.

From (1)
Fu

·1 =

0

P. (1 +i)"

F₂
(1 +i)"

called " discounting".
which would grow , at i compounded,
after lapse of in years.

dividing by the compound interest expression is
It gives you

the valuepresent
to equal Fu

mijn

n

= i. (Dan .

- || By compounding and discounting, Liti)" is
the rate of exchange between points in time
It makes values commensumable, when

have different dates.
they

The"functions look like this:
(Iti)" log!

(3)

(Iti)

cirija



1

The compoundingpounding curve shows "exponential growthe

the discount curve shows "exponential"decay ":"

Po in ( 3) is also called PV, for Present Value. A sum

of PVs from a flow of futime DCE, for Discountedsums is
Cash Flow,

3. Capitalization

- 4

a dollar in the bank

$100.
em

$100 yields

Therefore,
$100.

Genwally, les

a = pi
!

*)..

yieldsat
income of

TAį per year,
5 % that is

$5
$5.

per year is worthe

a = annual income.

(5) is called "capitalizing".
fund of capital.of cash inte

(5) applies only to a
modify it, as below !We

and

It converts a

(4)

( 5)

flow

perpetual flow. For finite flows,



4. Capitalizing for an years : the PV formula
a) simple dervation

-5

If a cash flow ends after lape of u year
ali less. the discounted value ofthe PV is

a/i- after n year :
a

PV= = = ² (1 +₁)-²

(Note: ( Iti)." is shorthandfor čirija )n

IF

That is, you get
the

love the rest of it after that.

timplifying

perpetuity for

a
PV= = [1 = (1+i) "̂"] = ₁a

for
-.t

( ba) capitalizes an ammin

called the PV formule. Memorize it.
else derives from it .

In year,

more year.

(6)

lulitis " (62)i
n years.

then

au

It is

Everything

6) Derivation as sum of progression(You
may skip this ifruched, but it adds to your understanding.)

;) PV is the sum of cadas series of payments
a

Let the firsteach one discounted one

alternative derivation,



payment he after lapse of

PV = ((+₁)."' + (1+₁) ²̂ + ...(Iti ) t

S = 1.++

(.7) is a geometric progresion, whose first term
is litijro and whose rate is _(( ti)""

1tr xpht
+ S =

₁: S -x5 = 1 -r"

ii) turn of series formula, derivation

s.

-6

lur".
1

iii)
Applywig

r =

tr

1

one year,

(8)

t

to

and a =1₁

then:

(1+i)="

- Litil "

+

(7)

·(/+i)."'
5 = (1 +₁)"" 1 - 6/ tigan

i)
1 - (1+i)=1

4-1tr
t the form

||

( 1)

(8)

1- ( 1+i)="

Iti -1

(66).



c) Graphics

||

The PV formular looks

-Ultijon
TALLET

-7

The PU curve is the sum of
the (Iti) " curve, for any value of n.

how do
you

and depreciation ?

But.

looks so

n
marginal increment as ŉ grows.

enry year,
to justify tiping
interest on debt.)

Interent is

PV =

PV is the cumulative total; Liti)." is

up

(Iti)

of the shaded arear under

d) Internt and depreciation (prelimuany)
If have for whichan asset.

you you paid & PV,
divide its cash flow between intense

( 66 ) giver
PV!i.

_

n

the capital, andfor

PV₁i=
1-(1+i)
on is the

foran easy ansiver(it has to be

to meet

(6₁0)

1



5.

Recall that cash

41

flow =1

i depreciation is (Iti) ", the complement.

Note how the depreciation path follows the two
p.7.carver backwards Do undartand ?

you
Think about it.

a simpler notation for future

It can be shown that:

(1+i)" = e
1

use.

in (9)

where 2,118281828 ... the base of natural1

logs. This technically implies that interent is
computed " continuously, but we

concerned with this aspect.

are not here

We are merely

concerned with a notation easier to write and read;
also to acquaint you with its une.

H

(The right side of (9) is actually a trifle higher
than the left. to make them absolutely equal,

a

smaller rate of interest would be required on the right,
interest ").called the " force

of



#

For those interested in math proof:

(1 + =1)me= lim..

-9

Letff# where if is frequency of

convention per year (e.g, if interent is compounded monthly, f= 12)

(1+/-)²* =ling (1++)+¹4 = éf= .i
e1-000Lim f-roaf→→∞

M →→→→ ∞0

6. Capital Recovery Factor _CRF.

With our

PV = a

a=

new notation,

luering

Now we know the PV, and wantsuppose
to find the corresponding anmuity for a years.
solve (6, d) for a :

PV -²- e-in1

( 6, d)

The fractionfraction is the
"debt service "; the instalment

(10)

is the " CRE " It is also called

plan payment; and

I



Morals:

"the

-H₁

||

amunity

|F

into

current out lays
It varies from

down to į , when

-10

It converts an occasional limp capital outlay
equivalent annual amount, comparable to otheran

close to i

whose PV = 1.

1

For values of n > 30 and i > .08.
that the difference

is

a value of (1+i) when n = 1,
n = ∞.

The function look

#t

sum.

50 :

it is so
1

trifting

Affumpt

it
a) Making something last longer has been called

spreading the overhead through time". Note that this

¦



11

||

ceases to help much aftermuch

-11

6). For a given income stream, whether and how

fast you recover principal depends mainly
on the

+rate of interest,

||

after a few years.

ifE.g

.

at 50
years, your

8.2 %⁰ of principal, you recover pinis
an 8 % rate of interest.
8.0 %

It all

cash flow
50 years at

But if the cash flow is
1. at all, ever.of P, you recover no

goes for interest.
to when invertor say they

auni't able to

recoup their investments, it may be double talk,
They may be figuring 10 % interest off the top,
leaving nothing for anmortization. Be skeptical

Get the facts, and feed theand analytical.
formula.

|

I
I

I



1

2 linking

If
#

·||

then

fund formula, and."temporal mean "values.

PV.-
and

|| a =

a =

if

FV

e in

||

His worth the same as

a =

since ein doubler

tree to mature in

year:

Thus a tree to be hawverted

FU = PV ein

-12

·80

doubles eve

i
i-e -in

2

-in

.072
8

an aure would

-1

every
80 years

R80 "__#00+$1,000282

In year
1an annuity of a

gield

FU ine -|

R₂0

in the future
nom ( 11).from

10 years at 7.2 %

isn't worth much per

1072

512 -1
256

$1000. after 80 year,

( 11)

a

that



is no better than sheep whore owner will rent the
per arre per year.

$ 22.54
land for +4¢

28¢

The rest is compound.
interest....

284.
80 =BE

a

The mean emuual increment of the trees is
But the$ 1,000 / 80 = $12.50

year.
true annual rent is only ## 284

mean.
The rinking fund formate
"temporal mean ". if

ne

-13

di/di
on

This is not
Limito

|| indeterminate, by l'Hospital's Rule, but is:H

o

e

For positive 5,i,

a

in

}}

-1

a newnew kind of average,
If i = 0, it is a simple

is a

÷n

0

(12)

Thus, ( 11) becomes a simple meme when i=0.
(11) is less than +



1

1

H

In playing investments of variable life, a is

something to maximize. l.e. select the life that
maximizes a..

+

Since the denominator keeps growing with time, the
numerator must grow facter to justify extending life.

tothe

investment.This formula, slightly modified, is
plan the lives of all repeating'Not just trees. Take each

compound it forward to I, theyear of end of life.
and

year's cash flow,

(13)
HE

-14

a =

a (1

{[rneillon)]

Alternatively, divide througle
bottom ), discounting all to time

i
eil i

{[Rue-in] =
1 - e -il

by.

way

il (top ande

and apply CRE:

(14)



-||

1

Graphically, a typical patter is

Al

As a
norepeats,

less than 9.
Ru fall below a

- 15.

l(opt.)

Lower live shows spreading capital cost over time.
Upper live shows. temporal mean" revenues.

a) If ln < a,

6a

temporal mean" net

yield 2₂,zu)a

marginal solution since thepattern
marginal year is good if it gields.

You thesee
may wrongues. of letting

in two ways:

{[
en]v

Koi

-
e

I andI

it will lower a

6) You

yield is a.
accept any year where yield is lower (unless it leads
to and is an integral part of new cycle where overall

can start a new time,
cycle anyThere is no need to

whose



.

H

Returning

R₁₂La

changed.
income

will lower a ?

Basically, because
When

that increases

from
increases two things

-16

::

(a), p.15, how do we know that

To hold a

you squeeze
an old, nearly depreciated building

at once :

DC7 ; and ii) The number of years over which
temporal meanthe sum is spread toto get the

The simplest

+Then &[R₂ei"] = R 1-6-²{[Rue - in]
l- evil

a =

In finding -a, the tempord mean these two increases

offret each other; and if Ra = a , they exactly offiect each
other.

R₁ = a will leave a

care

days

RE e-id

one more year's service and

machine,

1 -e -il

is when...... Ris courtant

}}

constant, we on
go

o
i) The sum of

R

H

never replace. Normally; of counce,
the(just

u

adding R = a.

of we could hold I constant in perpetuity,

for all u.

do in " "September Song.")

( 15)

need

R dwindles down

We'



the succeeding use .
seldom anything

as

to use lared

Returning to (6), thethe
opportunity

cost of holding hand

in an old me is the annual value of the land in
The "annual value of land" is

fixed yearly payment,simple as a

invest capital to improve it, and
There is a

you
then recover the capital plus interest.
cycle of investment and liquidation, which one
must evaluate as a whole and smooth out.

what our formulas do.

-11

||

The
way

perceive this principle is in terms of maturing

on the value of thin investment.
since a

and...

that decision -makers more commomonly

in perpetuity.

a =

is from a repeating cycle, you may
may therefore find

lump-sum equivalent by capitalizing

receive it
the DC.7 or

You

.
in perpetuity. (see p. t. # 3). Site value, S, is:

+
S= ²

s.i

a is the cash flow

a

flow required

This is

to cam i

because

retum.

(16)

S.



H

-18

to Rn < a... you are not earningif
the value of your investment in land,

8. What to do when cycles

We expect progressive improvement inCommonly,
techniques and knowledge and materials and skills, so

future real corts are lown. Equally

We expect increasing demand
( lands) and their products.

or more important,
demand for renewable resources

In some cases. the

higher demand further lowers costs by allowing for
economies of scale.

a retuur on

recur but do not repeat.

-#
H

H

H The simple rule of maximizing a holds good

when a) Cycles repest and 6). Fatime cycles

same as the first. When future cycles

the
#f

des que

two other rules to follow.there are

are also good when futur cycles

they are good in all circumstances.
are mutually consistent, ( Indeed,
wizard would regard them as two
the same thing.)

are

one different,
Both of them

in
and theya mathematical

are identical

ways of saying



-||

||

#
--||

Do this

RuleA: End fint cycle (G₁ , for Generation #1)
when ... eng

even

IL

Rule A is a
the short run.

R₂

tho

Dis

a₁

-19

Rot of G₁ falls below as ( of G₂).Rn

a is still rising.

marginal mule, and especially useful in
Graphically:

attainable ar

u
D

D- date, the clate to terminate G. for G₂.

atteinable an
The difficulty with Ruke A is that of determining

The difficulty is that an will
also have to be foreshortened, most likely because

of the coming of as from G₂ ; andso on .Gzi

its# This means any Ru after G, isRu after G, is over the hump ofa

+early construction phase if negative cash flow.



||

How important this is depends

of generations we are dealing with

-20

about the longest cycle going, and even in
hear some weight.

on

chicken, Christmas treen, warning stock, and other
common iteram of growing capital, it bean much weight.
With commercial buildings of short life it is weighty.
With rapidly evolving technology like computers, the
succeeding generations come very fact. Likewise with

fabrics, and military hardware. You may supply
own additional examples.your

generations ahead.

the lengthe
Trees are

freetry it
Getting down to hogs, cattle,

To determine an, we must look ahead to..
We may oftere decide that the.

we will choose to strip onefact.
951. etc ..azı ayı 951.

generations come so

slip in a
in order to reduce capital outlays. Or we

cheap, fart
like a fact-food franchise

one an interim une

drive in theatre.

site in

Rule B : Maximize the

perperuity.

To make this choice, we must planmust plan several
This leads us into :

present

way
of land

value of the



overwhelming thought that to make

we need to look ahead forever.
cannot really do so, in any detail.

Fortunately, discounting the future also means that
remote futive facts bear only lightly on current

Moices!

-21.

It is an

perfect choices today.
We know we

next few years, plus
the morea

general feel
good forecasts of the

for the

remote future, plus accurate mathematical took for
cos a) Telling in what kinds of things

to forecast and b) Translating them into number for
havewe

cument decisions.

What we need then

The simplest rule, to get
matter, is derived by assuming

generation outperforms G₁ " by

age.
Site value, 5, now

them are

PV

J
the prior one.

a
Piment value of G₁

%.

equals the sum

S= PV[! + High efrie
equil

feel for the
that each succeeding
a constant percent

of

te

growth factor by which each PV surpauer

2(g-il)

a series. Let:

teo (g-il)]t... t



22

is :

S= PV=!l - et -il.

The effect of g

- 22 .

maximizes S.

~H requiring

in the

a) To raise S
b) To shorten the value ofl (life),which

(a) is algebraically lovious

(6) follows became
then

a.

(from (8), p. 6)

exponent in the decomincetor

(17)

J
the denominator, causing

the %% growth rate of PV is higher.
This is evident if Iis nearly high an i .

→Then when I = 1, the denominator 0, so
hard act to follow when b =2,s

growing.
S → ∞. This is a

lage rise of PV to keep

raises the % growth rate of
S to top out when

as

9. How much do succeeding generations add to value ?

It is tempting to choose the simplest poling
to understand, and therefore ignore future cycles



of renewal and reinvestiment.
change things?

Let's see fint

S = PVT!e

S - PV

S

- 23

If l = 1

16

This is

ì

The share of 5 clerived from generations after the first
one is:

= /

first what they add to site value.

= ,05,

u

-il

PV.
S

-il

= 1-(1 -e't) = e-il1- (| -e-il

-1%

How much do they

↓
Iti

95 %0 share...

311

: .95...

AIti

(18)

For longer lives, the shore falls. When it =. 12,
the share is 1/2 ; and so on.

Now recall that an alternative way of defining



The replacement date is when Ru≤ s.i. (pp.1111-18).

-24

orIf future generations and 50 % on

then obviously they have a
the date of optimal replacement.
igriore them.

one

what the math is telling
replaning -year earlier, you
all later generations by one year. If each

is. short, there aregeneration is short, them

coming

g>o

cumulative value is material.

more to S

lage impact on
You should not

many of
in the next say. 50 year, so the1

S - PV = eq-il
S

us is that by
are also advancing

Note that (18), p. 25, assumes g = 0.
o, repeating the same steps shows & hat :

If

(19)

a large and perhaps much langer figure.

1



10 ... Application to growing capital, where the capital is

also theproduct (like cattle, trees, maturing cheese and
liquors, poultry, inventories.)

Inventories fit the patter because they add value

while being held, and occupy storage space.
need not be plupical.

Minerals in the ground do not fit thepatterns,patterns, because

the site is not

see later
normally renewable. "(However, we will

lot of resemblance between virgin tümber
and mines, and combine the mine and tamber models

to handle old-growth hawesting.)

- :25

a

revenue in

Growing capital is a simple
(point- insput, point-output.)

simple model called PIPO

4 Intermediate revenues

and costs_can all be moved to the beginning by.
get a good model for thisdiscounting, so if

case we can carily make it universal.

a

From ( 11), p. 12 ,
year n

(1

R.

we

"Growth "

i
ine

The annual value of
Rm. is:

a

(11)
I



|| -26

From ( 13), p.14, capital costs in
compounded forward to n

a = (R₁ - C₂ e^ )̂

and

suced

iyear

ein ī

of (20) rise,
second to lower a.
forces separately.

o

Optimal life
This is the same as maximizing

is the value of u that maximizes a.
(you divide

both sider by I : this is capitalizing in perpetuity.)
maximizing a/i

are

It helps to visualize this graphically. First,
visualize it algehaically. Finding optimal u is

optimizing process, which means two contraryan

forcer
are at work

you let in increase and
the solution is to find the best balance.

For simpler notation, let:

R₁ -C₂ ein

(20)

As a vises both the numeration and denommator

the first tending
raise a the

tendingthe
will

to

We will graphe there two

= A(n) (2₁)



$

ther
-4

Co

A in $

in numbers

A=0

e'n-|

it
ein= 2

CA
-21

A (n)

Max.S

The pegaff is finding

la
ein

R(n)

in

Gern

4

max. 5 , as

-A(~)

Acul = S
-(..

above.



As a maximum ismarginal condition, this

FernaHow where comunal growth, R2', egusts interest onequals

R.plus s.

H

equal to zero.

H

To Now this, we find d5/dm and let itshow

ds
du

-28

= Ri

(1

in

( e ^ " - 1) ( R'- Cieśn ) - (R - Ce 'in) (iein)
(e ^"-1)"

R '(1-2²î ) -Cieth + (i = Ri-Sight

R²= (R-C) =Ridi+R -CL

Thus

long

l-e -in

_in

+ 1[²-1-² ]--i rie
| -e -in

2

- RiRit Cie
R₁ +[R² =²²₂¹h] = R₁ + Si

S

ci
l -e -in

We max.
as it yields I

= 0.

1 -e -in

Q.E.O

by letting the capital grow( R +S), or

(22)

I

1

I



i Į

In the same simultaneous

the value of S.
-H -

-29

process,

We..If therethere are intermediate revenues or costs, we
the the Σ sign.Ehandle them as in (13), p. 14.

This gets
a little lengthy but can all be done with

3 or 4 columns on one sheet of tabulating paper, and

even farter. on a

marked "Sum", which cumulates in a memory.
11. Other applications,

next year

intensively.
e.

we determine

programmable calculator, using thekey

These notes will be extended

to include at least the following.
a. Mines. Optimal life; optimal time to

b...Ripening suburban land
begin.

when to develog, and how

Normalizing or staggering
periodic model, like those used so

models where replacements are staggered.

on
d...Capital conservation

needs and get alory

always meet the next payroll.
Factor proportions

e.

staspering -how to shiftfrom
for, to simultaneous

how to forecast capital
have, so canwhat

you you

how much of theproduct
Howr

is really going for interest payroll, and rent?
is are the shaves changed ?
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||

f. Depreciation (and depletion and obsolescence.)
How fact is your wealth declining? How much

set aside to offset the decline ?

How class inflation affect their ?
need

youresdoes

Taxation. Takes defenedg.
What does this imply for public policy
nential tax ryster!"

are taxes denied.
how to create a

What does this imply for private policy- tex
planning.

zh. Risk analysis and time.
of a 29⁰ cununal chance of floodof flood or fire?

i. Cash flow analysis

and time. What is the PV



#
1.|| Review, lone unds.

Max NPV

6₁. 162, Wed, 11/4/81

#
# a. Find y.

#

||

#

Pic -( ==( 1+i)"pi

T

IndutiFit-

vises,
#
11

+(bes.ti you
earu ini.4

-lu(4-1)
bat((Fi)

:)

P= x/-((+²)""a i

Im(! =-1)

4

1

4₁₁² = ₁If & iį, n

your(What netually happens is,

Payoff is negative.) _bu (1-0) = HiPof ů 'n =

in (1+i)

keep goingmust keep

no

(Iti)

-n

.4

another

= 1

mu ( 1

eu (1 +i)

pi
a

Di)

i no

debt, or "expounce","

No. of you
2 to

b. is .....muske. of how long Vi emilier.of it
mover

litied up,
bes.

you get wow

However, 25 % ör
H

so back in u/t you.
you only get 1990 - 25 %

11

is



H

15
25

||

b. IRR

-||--

i=

Pi - Ri((ti)"" = a [

7,5
7.5

P= a

ofa

a [{ -( ;'̂]
P - R ((ti) -"

of results w. Carter wutland,

i

H

1:1) Money

lilleil
ľ

relwence ...

+ (² ): 4.

u

5
30

matematicians

R

100

Ť R(leil

100

2 solutions ? Esoteric twaddlet

]

Unrekorned money

!RA ?.
14,95

0730,

a25+ [1- ( 1 +i) -"]

9

where

9 70

10

0 is always a solution, but notnot of

30

a

(H/P)F

rinverted at IRR ? No beaning
is what is earunig (deBe

{

:/

riddle for

of emry

5.9

4.1....

~

2



2. Max NPV

F.I

Fift

Ħ

-||
-||

#

a.

H
11 Note, Discounting isiii.

MØ

(11/4/81

net product?

Be sure it is Net.
lubtract costs

App des t or auges.
if Co. all at u =0₁
if Cu all at last you,
If intermediate, opr...Xi

fingul.
8.g.

Intwest cost.ut

p t
ľ

a

^
=
F

pi

Dise...products

Discount all to Pu
chiscount.no

yor., full discount,

way to subtract u..cost.
F
f-tti)

disc. X.yrs.x

F
di

to

Disc. net products takes care of all faction

+complete analysin . Max.,return to fixed import!
Be sure you

uplate an olyb+

DE

products are met of init- cort. A mno1.
remember to stick w.

3

analysis . Consider different intunities.
the exam qu on Xiven Tree intunity

great failing in migunt is to fail to integrate
ecs. To avoid this use

a
H#basic urgut? analysis ofprodu.

Disc. MP. Many say," If NPU YO, do it. " Even some books



+1

H

may this. This overlooks that the iwws, may be mutually exclusive
14

~) Put italltogether in a regular procedure.

||

H
-H

#
H

initial you follow+ kaple helps you picture the procedure

You need a set procedure for the confidence. Need to

-+ practise varying procedures for flexibility & Creativity)
Di Be sure consider the time periodyou

variable s
We have had

solve for L =

- Samme

Ş

-sonne as

OMP

of

F
llega

i
(F -Coliti)"

(1F ) " = 1 --

aps

(EL )

1

MPS

Liver different results.

MCO

r

$
= alo

y
ar a

where is litilTimijan



In mang PU, where y is variable, you get
#different results.
#

Ħ

H

10
H

#

y
2

++
7

||

#

E
100

150

300

500

lu
growth rates

# of denom. is

PU

91

4

130

"i(1 +i) "

(1+i) "

illki)"
M(Iti)"-1

186

193

a di
1000

714

100

71

49

geed this

D)
31. 314

# E.J.

+1
w in = i (1+i)" , wither case

d
du

this is his,
rates are =

491
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