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y=f(x)..

yo

angents

+

Ex. f(x) = x³
+

& Normals to curves

1
S
1

+

xa

+

Loomis - Nov. 19

Ellipse X + 2
2.X²

Q2

Tangbabaengnag
(xo,yo)
Dx

find ation of tangent at point (,, :)(7, 7)
We have now but to find .c) , Dx +³

sub.4 - y₁ = d.(x -xo)
J - 7 = +(x -2)g

"}|ko

,

yo)2x+ 2yDay = 0

yay₁=_= 1_(x = x₂)

ya-f(x) = c)(x-x₂)
set d= Dx f(x), evaluate at

x = x₂

Dey==b^Dx
azy

g you yo (X -X₂)
a²ygo- a²y₁² = −6²xx² +6?x=X

a?yoy

2

+ 6²xox = a²y₁² + b²x3

an implia't function.

6²x² + 6²y² = 9²6²

Xo X

a²

or 3.x2 = Z

goy+Hy = |

a²/²
since

= tionof ellipse.
e(Xoys) must satisfy



Ass. p. 48- 1,2,3,4,8

Limits

I lim sy A

AL
+
OV

Day = D₂U.T.DR.V

+
Limit of

We assomed all below..* + 4//
2) II → (A.B

3. X

Hika

lin
Ax to

[ T

+

Whatdo

sum . 2.som

* →A then (X + I) → (A +BI → B

→(4)

2.4 = 8 · 1

Ay
Ax

we mean.
lim -f(x) =-6..

3/6

2/3

X.Ja-Does not makesense to sayauble

= = =

+ Ax
Ax ~

of limits . We ain'tpronti't..

B = 0.

by f(x) = B as X+4

soyauble = limet.
on}

1



Loomis Nov.

-Differentiation of Implicit function
-ty. 9.²

x²-2xy +y5= 0
1

++

an't be solved for y,
y as a function of x implicitly.

H

moreBut you geta multiple valve function.
valuesfor
Over restricted ranges

bering of yy=

> x²√a -x.

than I value fory, soiti's

G
for values of x

= + √a²-x²

of

x.4(0 - x)
a + x² = 0

soit defines.

to
Thesse functions are

functions (if y =f(x)) special ones of a class Algebraic
(irreducible).

P(x,y) is apolynomial in x&y whichcannot be factored.
Then P (x,y) = 0. defines y as an algebraic functionatx,
Ex.

-√₂+ x=

can getunique

implicit functions
turnedinto algebraic.

can . always.be

If it can be factored you get 2 sep. = tions,_2 separate curves.



|tiss. p.38-8,12, 16
rec.

p . 43 - 1, 2, 6,8, 26, 27, 2916=0,neg-res

P(xx) =0

Ex.x²

-
Ex.

1
1. To find

Rxy differentiate the Ition asit stands.-D (x,yl = 0₁
+ -az

DA(X²³) + Dx(ŷ²) = Dx(ay)...
2x +(2y •Dxy. o

+ -again

Day y
x² - 2xy + y² = 0

again befive right across
3x²- 2 xD xy-2y + 5y+Pxy= 0

prod. wh

Day = 2y.
sy

{}

D₂y =De

Def
=D₁ f(xyfirl

,

1

y= x²₂
x

-DX(y ²) = D₁(x²)

2

4 X

3x_
life - 2x

-qy²1 ·Day = PxP-1zyz px

1:0 prove general rule for fractional exponents.
Dx (x") ="hx"-' we already know

y= f(x), algebrant function.inassume a

y

Dx y
an

9-1
8-1

Den. (x-²)²1 = x²(2-1)
!Dxy

XP
P

Ex. y=x+²Dxy!

is for
funefficile

algebraic fruction

• XP-/-p +

implicit f.

ta

I

-A

1

te
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no top

++++

+

+++

com

+

you

Plotting

find minimum.Ain at given vol.

Assume

Auxiliaryvbles....

3. HYTTK²

V = π² +²h
A = πr x²+ 2πrh

A = f.(r) , to show 1st it swoops

Dr A.= 2πpr.. + 2. π7(x Dah th)Drb

0.=.0 = πr(x² (Drh) + h2r)
Urh = - 24

I

n = f(r)

1.



A> 4xy
=

Compute point where A=0

-Dx A = 4(x Dxy+y)

+++++

-+

Now compute Payzapz
2x²4 2y Dxy=0

~y=f(x)

DayNow sub.
1

D₁ A = 4(-² +y) = 0Dx y
x²+

+
4-55. p .48

X

=y

-o
x.²

F+
x =Jty , but everything

positive so.

y

x=y
48-6,10

p . 51- 2
p.54- 2,1

for (2), implicit function rule.

ļ

ļ

in this physical problem musibe

interral.
1st show thatit has a maximum, in the

use auxiliary vbles .



Loomis
Define & normals to...curve .

[ fold itup to make a box. Problem , toget
-greatest volume.

x(3-2x)²

tangents3.59.

3--2X

1. We cald plot _vas f(x).

+

_V =

Re

X

d = 0

+ In limit of physical meaning...
But this doesnot give precise valve, anditis tough....

2. Do it by calculus.
Takes_P₁ V. = x2 (3.2x)(2x +1)Px

Dx,V = d = o._ at maximum

$ (3-2x)( -2x +1) = 0
20X =

-x = 2²²

or it c
can be otherway around. Wanted at boxof

given volume, with what minimum of tim can itbe made.

Method of Auxiliary variable

FR₂0,

SO

Find dimensions ofinscribed.. rectangle|_ =_=_= _havingto largest.atarea.rz (1)
such that 4xy is maximum.(2)

Considery as fix) in. (1).



1

64

729

y

(3-9/1

(3

of

729

64
729

2
4

2

B32

==
4 = 2

N/
-32
32
64

9.6
024

1024
8.1

12

811024

-18

214

++++
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-Ass..

ð

Use analytic geometryhelps in differentiation.Using achiliary
EX. 68-4 - inscribe

++

p/m
"1

que

P = √x² +(a_y)²R =₁A = πrx √x² +(â y)²]

58P.

Diferentiate, solve for Dxy = c), make = tion, solve for
intercepts, use distance Permula..

$ h778² = vol.ofcome= htrr²

a
(b .a)

come ina sphen....1.

Diferentiale right across,
a terrific problem.

y=
h == o

sub

√x² +₁²= Q²

A

by

2²1
oflateral surface ofcome

= πrl
& the slant height

Day

answer- you

for one in other

2,5
10_.(discuss the -you'll find 2 answers, tell

what itmeans & why&whichiseight,Igress)
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[

i1 Marhus,Dec. 1(crit)

thefellingaythatbrownwolinyon,dirtywrongedlayon.
Ha
as Green tertlaye

minimum for thed.
+Pt. Whered istaps increasing&starts decreasingis a rel.max.for

Ex.

-Test for pointofinflection[If "D₁² f(x)]= 0[
√x= x₂

d.
me can use same tests.Some

[Dx²³fcx)]=!
if [√x²³f(x)]= = 0,Xe

+

y=x²=_=4x²Dx
D₁² = 12 x²
Dx³ = 24x_3

Curve tracing - when
shape.

pa

If y=xs, theyall fail.

67-1,4,12·p.j . 70-1, 4, 5

dan

me

1

have a

the test fails.

up

pt.

-tests won't fail.

you only

-pt.of inflection . Find d -first).
1

want to know general

of inflection.

Dx

Dx

Dx³
3

for
When Dx³ = 0, Dx² haspt. of.

inflection



1

+

+

1

If Ox²= tan T₁= 0, it's a pt. of inflection
SO2 4

}



at

T

1

+

=+ ==+=1Q²

L

+
XoXX=- + yv₂ = 1a²

a

Loomis, Dec. 1

take intercepts.
an , 0)

(0%)
A ==/2/2

yo
a²6²
xoyo

go-4₁ ²1 |
Beba Day =

9²6
DxA = + (+ Day2 x

B

use auxiliary ubales.

Day = tazy

4=√2/
Terminology - Interval,

+

= tion of tangent. to ellipse at toyo

-(-y~)Day

+y(²++)=0

[x(by)-y] = 0.2

+²62 a²y²;
rewrite first Stion, & wub, & solve

²x²6² + a²y²=x = a a²b²

Finite intervals - all the no.s between 2 fixed no.s.
all x such that a < x < b
Infinite intervals

1.) All no.s.
2). all x such that ex.<a

_.")_ x >a



Thelimiting a &6 are the end- be points

Open Intervals

Endpts. notincluded a< x <b
closed Intervatas

Endpls. included.
a≤ x ≤ bS =

Continuous functions.
Det fcx) is cont. at we if there is

intaining limf(x)
Xo in which f(x) is defined, and

lim f(x) = f(x₂)

apoint

anan apen interval.

+
x

(ie., it graph f(x) is"smooth" at xo )
Ex_ f(x) not continuousat X= 0

not defined at x=0
EX. fcx) = 1, if x = 0, BAZO.

fcx) = 0; if x TO
Is
T
1

It's not true, then, that if lim f(x) = fxo
x →→x.where xo = o .

Def. fcx) is cont. at an internal if itis cont. at every
-pt. in the interval.

Themiftio
2/3 are cont..

A Pational function is continues everywhere exceptwherethe denominator vanishes
Them.

Them If f(x) is cont. at pt. xo, &it f(x) #0, then there is
an open containing to in which f(x) +0interval containing

y= f(x)

max. for
interval:

Relative maximum

to is a relativ max. if f(x)
neighborhood ofto .

Relative minimeris.
F

Pelative maximum

it f(ks) > any value of fex) in the



I)
Loomis, Dec. 1, (cont.)

If Xo is rel, max. for f(x), then Daf(x) =0
at xo

If Dx fcxl 70 in an interval, then fex) is increasing.
in that interval.

decreasing
< o

3) If Dx²= f(x) >0 in an internal, then fex) is concore up20
in that interval.

downTO
4)* ff xo is a pt. of inflection, for graph offcx), then

Dx²fcx). at x = x..
+ None of these statements have you e converses.·p. 59-14.

p. 63-6,7
P.64--13, 15

-tp

Loomis, Dec. 3.
If f(x) has relative max. at x= xo , then Dxf(x)=min .1.

+atx = x₁₁Xo

2. If Daf(x)>O in an interval, then f(x) is increasing in that
asinty

0

3. If D₂² fx. 20 in an intervals then fcx) is concave up< O dain
in that

interval

4. If f.cx/ has a pt. ofinflection at x=xo, Then Px² fex) =0 at
X = X.

Converses not true.+
The problem- to make them work theother

Tests
A

way....

1st set Day=01. If curve in that interval is concave down. 1.9.,.it_



4

whenever. Dxfcx/ =0 ax=xo

DxDx²f(x)<o at x=xo

Dx² fcx) < 0
if at that point DXO, then for smallinterval about

thatpt. corve is concave down, itis q vel.mot..
Test for a relative maximum.
[xf(x)]
[Dx=f(x)]x

T

x = x*

X = XO

= 0

< 03
Test for a relative minimum[Dx R(x)] x²xo then[Dx-f(x)]._x_]xə

ban

o
2

Dx

[Dxf(x) = 0]x=₂

so .X = 2

When weitherofabove is true,-+

[√x f (x)] = 0

then xo isa relative maximum.

it is a reppl.max.

to

([[₁²f(x)] =0), the testfails. (itstillmayberol.min. or mais
[{[Dx

max.).Ex.: x²- 4x + 3 = _ f(x).
f(x) = 2x-4

Converse notfive.

is a relative minimum.

[D₁=f(x)]= 27 everywhere, &;; at x=2.& ,i
x= anythinga vel.. min.

ipt. ofinflection

/- Calculate Oxfcx) & find pts whereit vanishes .(Dxfcx)=0)2.
DarificaDx=f(x) & evaluate itat forthis same set ofofpts.

+ ›
Now atest for pt. ofinflection, thatworks theother way

increasing of.
+

decreasing f.
Pt. where I stops decreasing & starts in creasing isa rel



Ass. p.59-11, 13

p. 63-3,5
p. 64 - 9,12

1. Find tangents 2 Find maxima &minima
3. Find shape of curves.

y= f(x)___y=

Increasing f(x)

fcx) is an
as

+

x increases...
f.(x)y=

These dreoff are for
L

y=f(x)

increasing function if fex/increaseses

decreasing fix)

Ika

y=x³
Day= 3x²

X

1. Restriction of x to some
+². Algebraic increase & decrease.2.

x in certain intervals

-algebraically, x-is

k

f(x) increasing when
f.cx) decreasing when

do when I is increasing () <0 when f. is decreasing.f
slope

creasing

interval

as Derivative positive
M

negative

K70 save X = 0 ,
So it's an fi_increasing



y= f(n)
Xy = Px fCN

Px (Px f(x)) = Dx ²³ f(x)

ex.

concare down because it's always turning thatway. ney. Land D

concaveup pos.2and D.

+

+
Dx-f(x)=
3x²-3

ex

f(x) = x³ = 3x

D₁₂² Pcx) = 6 xA

Slope is decreasingf.
Dx ( _negative.
w +_ Dxd = D x² f(x) negative

We can tell...by just differentiating Lice
Slope = Day

Increase - defcrease shoum by Ox..?_
So use double f.

x²_1./ i8 -1≤x≤1. _thin x²-1.< 0, first
Pir_decreasing

:>!( f(x) decreasing

300

siends
Toy.

X

from y = x²- 3x
Day = 1x²-3.
D₂y = 6x

the+When Wand Diszero,we have pt. of inflection._(Where Dx f(x) = 0 at such apoint.
Converse notalways true.

1



#4/~

H

in't t

+
Ju

ork by

y=(x-1)²³ (x+2)³²

new method

3
Oxy = (x-1)³(2x 2₂(x+²) + (x+2j².3 (x-1)²

= (x -1 )²(x+₂)(2x= 2-13x16]+ p

5+_+4
x= 1 , no charge of sight, neitherg

b) x= -2, it changes

-9 x= -4/²

P. 52₁ - 6
.p.59, -7

(Dec. 5, cont.)

from & to - Rel, max.
+ changes sign, from- to t ; rel. min .

lubr:

Ass. By these methods . just rel, min,&max.
2

1) x²- 6x²+ 1²x+ 4

2) (x- 1)4 (x+2)³

~By sign -change metlied, only for rel. min.&man.5

2 = X

171, £.
X< 1, f : +

+ ·+ ·+
t . +



Similarly for pt. of inflection .

A necessary& sufficiens can

s that Dx²fr change sign at x

3x²

D₁²y = 6x₁ test fails

Ex

Ei

y=x³ D₁x3 Di

hão

But
3x2 70 if x< Ò

coif

Pxy= 4

ply other test; Kan take Dy

Dx?

Dx³4y = 6 # 0 at origin,

But apply other test any

·Dxzy changes sign

4x5

>o if x >0

Dxy= x²1 Day
Everything to

Jones

Apply ofher best to mybin D.

frem

sit

pt. ofinflection.
1

o

x is neither a rel. min. ner

go es

capt, ofinstection forf(x)
(anyway)

Olutorigin

chang'exti

cariot che rige sign

any way.
at x = 0, afinflection

Dray
He
= 0

12x²1 D₁²y = 24x; Daty - 241Dasy= 0
varnishesat Abyzo

X = 0

apt

rel, max.

it is a

to +; so since 4x3 <0

o > x.o>

O 2

x = 0

O < x.

rel, min

}



L

Are cessary
& Sufficient conditions

1- A necessary condition, thatacondition thataquadn'`lateral be a
is that opp, sides atte 11.

Not sufficient. spora

2- Sufficient condition
is thatit is a square

not necessary
&sufficient condition - 4ks bert. Ls.&sufficient condition3-

NecessaryC
1.- Anecessory condition thatxex. dearel, max. of f(x) is thatDa

Not sufficient. thatDafacil

Not necessary

Loomis, Dec.5

2- A necessary condition that x= xo beapt. of inflection off(x) is that
Dx²=f(x)/x=0Not sufficient

3aj- A sufficient condition that x=xbe a rel.max. for fix) is that
1) Dx f(x)/x==0

2) Dif(x)/x=₂50

>>
3b/- Rel. min . Dxz fox)|20xaJy

1. Dxf(x||1=0010

fc

rectangle

2.Slope to left pos.
right neg.

to is a rel. max.
Necessory & sufficient

Dxf(x) changes sign from + to
& min the other way

CAS

=
1X=X5

X crosses point X

O



Therefore, the other integral is called the indefinite
+ integral:

We write it

ta18

1· 11 ++

SLOW
f(x) dx = FCbj -F(w where F(x)

is
any integralof fcx)...

area theorem

Area under fcx) between lines x=a &x=b
is the definite integral from a tob of f(x).y=+

f(x) dx

+

Indefinite integralis functionofx.a mmber

Now we can restate

e
If curve is under x-axis, callarea negative.

suppose. curves, & theywe have 2 curves, cross..

miles
insteadlo

facrosAss.
1. Find pts. of intersection. 2. Find 2 areas, 3. Subtract.

-7.228,---5
p. 234 , 8, 11, 13, 14



Queershapes of curvesIf
A
x

Problem

cune

F(x) is an integral of term fcx
Most general. A is

1. Kim Given f(x), find F(x)

has

Desired Area =c
-

max. in interval, take bothsides.

2. Then we want particular F(X)particular F(x) = F(a) = 0#(x), the dresited particular integral.
So we Get

chrose ( so that F₁ ( a) e XC = 0
Thatis F (x) = F (X) + C

wat a

F(x)+.C

suppose (x)FiCN & F₂ CM) areany de integrals offix2
Thin F, (b)- F₁ (a) = F₂ (b) - F₂ (a)

Pleason

F₂ (a))
F₁ (b) - F₁(a) = F(b)

is F₂ (b)
of fcx).

2nd Integralcandifor atmatby a constant.
F₂ (x) has the form F₁(x) + e
Evaluate the difference.

T

F₂ (b)- Fz (a)=[Fick) +c_ - [ F,(a) +c]= F,C6]_F,(a)

Definitegem integral of fcx) from xea to xab
F(a) where FCX) is anyintegral

.

.



1Loomis, Jan.8
Ihre integral of fcx.

Suppose FCx) is an integral of fly
Every integral_isof the form F(X) +_ C

The integral of f(x) is FCW.TC

+

+

Analogy The

Area under

The equation for a stot. _limeis Antly

Prepresents no particular line, just.
F(x1 + C = The integralofPex)

+ C = 0
a strt.one.

Same with

a curre
moon only application ofintegration this term.
-ok y=f(x)

x-avis

,

find the area banded by y=f(x),
& 2 lines. 11 to of axis, x =a&x=b

function.

We discary

(0,0)
calculus. We must haveHave to use the

1. Make X }

2. Consider aka to left.. Gut & called Acx)of

some

arca_Let Acx). •bounded by curse y= f(x), thex -axis,&.
FB

nab

or F# (b)-lines.11 to y-ax's whose + -co - ordinates are a& x.3. Delived area is... FBring

This. I is one whose derivative is fex).
(Dx (x) = f (x)

F
(remomber

squeeze.play?).



Loomis- Jan. 7

Integration
1. Briefreview

If fcx=Dx-F(x), then . F(x) = an integral.ftf(x)
Then i it F(x) is an integrest of fex), then sois·F(X)FC
Then; it F (X) is an integrale & f(x), thenoverymary

integral of fcx) has the form FCx XC.J
FOUN

Then Them

++

cff•Sfew dx=[₁ fcndxc
1.cffex)dx = Se fex) dx + C

proof-just differentiate
wintigralof f(x)]
arbitrantSing fux)] = [angon intigrailofarbitrary

Ban& cf(x)] + C
Fx 3x² _i's integral 3(3)

Jake Dn[eftinsky-Sef(x) dx]dx

= P₁cfferida -Dr.Scter dr
= c Px ffex) dx- DxSc fex) dy

Dx cancels Sdx
f(x) = ( f(x = 0

So di frence has 0₂=0, soit is G



2and Them2
delarestartingngP[fex) +g(x)]dx =SLex dx+Sg(x) dx
otherdepends

41 FC
Pr[[@ = Sfdx- Sgóx]·+g).a

+
DxS(frg)dx= DxSfdx-Dx ³gdx

= (f+g)-f-g==0ifI "is the difference is constant
3rd Them

4

Sx√x" dx=_x²² + c (n = ~)# -1)
With these 3 we can handle allprodynamics

Ex. S(4x²+6x+2)dx = 54x²dx + Soxdx + S2d²
45x²³dx +6.5x dx + 2fidx te+(₁ =

-77

= 4 x³ +62 x² +² x + Cth



1

1

Practicalproblem
Find area undera curve

g y=P(x)

- Move x to

T

-

4. Askforarea between a&movingpt-X.
A (X).=crea undery ef(x)

area gets langer.
Area betreen_x=a &x=b₁- Acb)

à

Solution
Lake Dx of Arx)

yo,

to right,

Jo

I
yo1x<AA< Ax(yo tsy)
(AAL yo tsy

.X......

Let An to
-a) AA_

b) syto

A

→-DXA-(x) -def.

70 = Dx A because
yoI DxAC ≤40

from x=a to X=Xx=x

Now + Ax

1.e₁ PxA gets squeezed+7

1



À

.

Ass.p.234- 31/6

+ f(x) =D₁A(x)Dx

1 A( x) is an integral of f(x)
So to
+ to find areas undercuore, talkedintegral.

An integral of f chosen so that A1 =0Ala
Problem y=x²

++ +

7 +C1..Integrate fromle,frate Sx²dx=H

-+-+-+

A2.

2. Must day= 0 at 1

A=

X3

3

1/3/2=²++ 3 = 0
3

+ C = 0 when x=1

(= = =

3

jäx/m

1-7 = 33

3

+ -3 , evalvate at x=2

S

1



++++

+

+

General (x - 4)² + (y-B)² = x²

__x²+y² + An-+By + C =0
2

A²+ 13² - 4 C

4

++

Circle

++

2
$7

A²+ B3²-4c >0 ,
A ² + 0 ²-46 = 0,

d =

|x²+y²= +²|ty

C
/

(
2

+
40, + nothing

=8)
2²
==

fa

= Hon ofcircle

pr.

(2)

-angents (x - 4 )(x- d ) + (y₁-1³) (y -B) = x²(y,B3)



-

þ

++

+

+

++

+
+

++

+
+

+

+++

az + yy

11

7 tangentto ellipse.

X + ~ + Axt .By
find citch thru 3 points.

(forget orthogonality)

0 = 24+
!

:



+
4. Distance from pt. to line

_/Ax + By₁+c]
D VA² + B²

-4

+

+++

+ 3 pts

..+.

+

(fongestproof).Area of triangle
x3+=+[(y₁ -y₂)x₂ + (y₁-y₂) x₁ + (y₁-y) x₂/

forgetproof

3 lines on aa.pt.
on a line.
3 Medians ofa meetin a
"1 altitudes.
" Ibisectors "

these 3 pts.

Remember to choose axes skillfully

lie on a line

pt.



I

1

}

Easiest

Review - st. line & circle

Slope of a st. line tan

Distance beturen.2pts . √(xz -x)² + (yz -y,)
Mid point formula (-X1+*2 ).2 yıtyoutu

Know derivations & proofs (easier ones)

(vectors)

+
Harder
+
+
+

Straight line
4-4+ g) 2pt. form yuzy

Directed line segments

Proportional division of lineseyment.

+

in terms

6)pt. - slope form

General

y₂ -y₁
X₂₁ - x₁

11 &1 linesL

of 2 pts.

1₁ =====//

(***)
(y₂ + Y ;)(x₂+ x;)

gives =tion of lineX- X₁
X₂ -X,

+ c) slope - intercept form- y= dx.#b
form y+ d) double intercept

X = 1

+. e) x= c, y= c

you y -y₁= (x-x)

equation of 1st degree

Axt By
+ C = 0

lines 11 to axes

Fels

(A²+ B² >.0)

di dz. = -/- (0² +85 >0)



+++

+ ++

+

+

Dx (f(x) dx= f(x)

S[Dxf(x)]dx= f(x) + C



..

+++

i

Ifa function y =g (x) has derivative =

-[Dx g(x)= 0 Brall xo Brallx], thenthony=
Now appeal to geometric reasoning

So- F₁ (x)- F₂₂-(x) =

x² = ₂√²===+ C {
Exnti

Dx

integralTerminology.If Fex) is an

F(x) +C =(P(x) dx

Them 3;

by other curse must have

= C

S.cf(x) dx= c
Them 4:

dx.

f (x) dx.

to
1.5 dx mean

always
=0.

= C

S[tex) +g(x)] da = Sfor dx +
f(x) faxt +

is -ambiggemus

S=
5²²

pos, er neg.. d

af fix), then

- so what does Sdx=
If

an? Ihhechose an integral ofunesite it =
on

$

hot
the
differenti,k(gex).dk



+

|+x = (x- x³)³ (1-3x²) — (x-x³)³4
x5

=[x= ( 1-3x²) — 4 (x-x³)] ( x( X-X³)*

sx

11

=(1+x200/8×4²³²- 4x 2 ) ( x-x³) *

xr

-- 2³/3 × (x-x²) $

X5

1

_2¾(x-x³) ₺
to

.



,

{
Calculus

Chap !![ Applications
-1._Equation of tangent to a cureat(xo, yo)me is+

-y-yo-Day).(x- x₂)

+++

1
++.

++

1



Take 2 boats

Then compute diagonal.
de = (40-20€)² +(18+)

evaluate at anyvalue for tt =

Implicit of method
2 & Ded = 2 (40-20 )( -20) + 36=

= -600 + 800 € +-648 =
Dtd = 1448*1800 X 724-800

*√(40-20 €)² +(188)2

ds =

du_x4 (x-x³)³ (1-3X²)+

dx

mph

4⁰ N.

(40-20t) this leg

Tirmiş.h
(18+)

-a²d (a+c)²
(att/4

·(x-x³)*4x³

(20

+
6

1

-76
1724

When does hy.....ge1 smallest? at Det= 0, doser.alsowith avalue for +)
Book calls D. The " rate of increase " . If you have a -

inguterate of increases it's a decreasingf.
fit'sgetting langerorsmallerSign tells

2. Abs. valu tells how fast.
p . 78- 1,3,5

} sign

Scratch

___aª 2 # # d (a +t)
(a++)³
12

in means

-1. They'regetting

-a²2dt
(a +f)³



f

EXAM . next MON.
Rates

Py tx
↑

Usually like this, but always testend points..
Even ifit has several Day=0 in the interval, we can tell

which is greater

a
1. Ealculus - no analyt.18 rates•

Theory & application mostly
derivation of general procedure of differentiation

Rates
Suppose y = f( t)

+.Acorage rateof change from.

+

If oneuble. is__.f(time)

Calculus will
liate of & hangeof

m it tot+ A+²= f(t+se)-f(t)

give instantaneas time rate.time_t is the Derivativeyarat
_Def Dt.f (t) = rake of change at time t.

of the averageofThe limitas. At →.0₁.e O

Falling body,dropped from rest.
1

erate.

~ Drop at time
O

5= 16t²S

i

1

tv+ [Robject approaches point, ithas decreasingorney.If.
Vafter 1 second 3.2 ft. per second.

A



!

~1

f

Loomis, Jan.5

Differentially then integration
Definition y =f (x)

dy.
In particularf(x) = x

+

* dx= 4x_

rewrite original def. byvirtueof above

__dy =_df.cx) = Oxf(x)..dx+ du
du

Dx fcx)

Ass.

J

I

df(x) = _Dxf(x) •Ax

dx

P.

One main theorem. The equation dy = Dx P(x) dx holds-even when xis not the independentuble but is feta3rd.fof
__vkle, x= g(t), y= f(g(t))__=_ h (t)

f(x) = ((²++²)
3

½

df(t)= 2(E²+ (²) d(E²+OR)-3

Forget about infinitesimals.

103-6, 7,8,12,16,6,7,8,12,18,
19,20,21,23

[3€² d€ + 2 tdt]

24

di ferentials of higherorder

EF = An integral of fex/

Integration
Find Rofwhich givenof is derivative

Problem - Givenf(x) (to find F(x) such that
D₂F(x) = f(x)



E.X. An integrate 4x3
Dx.XI.

ex.

x²X

4x3
X² is an integral of 4x³

- Dx x4x³

3 =

nti
= D₁ _X"*" __[^ +-1)IntDx nt.l...

Why an integral
x4 t

Generally,
any

constant

x4 + c
Thecrem I ! (trivial)

are all integrals of 4x³

If F (X) is an integral of f(x), then so.is.F(x).+c..
Theorem II: ifif Fcx) is an integra!1 of f(x), then

every integral isofform F(x)+.C.
psendo -proof: Suppose

of f(x). Toprove that F₂ (x) = F₁ (x) + C
F₂(x) - F₁ (x)= C

hyp.[Dx Fi(x) = f(x)
20x F₂ (x) = f(x)

F. (X/₁ F₂ (x) are iniar

ofthedifference

D₁LF₂(N)- F₁ (x)] = 0₁ F₂ = D₂F₁ = f(x)=f(x)= 0

Thecatch- Now prove if I has D= 0 it is c.f
4

.

..



Ass. - p.99 ; 1,3,6,72,

Now use

youtur
multiplybyadx= Dxv . dx +Dxv dxd(u +v) = du + dr

samethe
d (cu) = cdu
d (uv) = udv + vdu.

vdu - udv

I.

p.105 ; 10, 11, 17,18,23, 25

Exactly
DaloyI

Iv dě#

diferential notation insteadof Derivativ
Dx(u +v) = D₁u + Dav

=

I α(²)= 0
VI 4(50) = axari dxd (fe)

definition of

(1

This makes differentiation easier. All trivial. Hold"d "

thing happens to all other whos.

find & (u).y= ³² (x²-0²)* 6 (x²-8²)
dry) = _x²³_α (x²-a²)² −(x² -a²)² dx³ =

3x²dx

(1²- ²)

F

We have +²(x²-0²) -(x²-0²)²3x²]dx_E

to

#2x dx

B

×
vide

Divista by dx = Day=[x²-3x² + 3â x̂²](x²- ²)+
duk

xo
3a² -2x

x4
(x² -9²)=

Seep going till you get dx factorit out&divide byit.
g=(1+ x +x²)³² ; dy =" +{(1+* + x̂²)*} = = (1+*x̂²)=³ + (1+x+x²)

dy
Getdrout, & Divideby dx +4= Dny = +(1+x + x²) ³(1+2x)

x³-2xy +y²=0 + Implicit function, get dy(~ )+.dx(~~).=



3

Def if
Differentials

++.+1

Theorem ; f(x) =x then
df) = dx = 1·4x

+
++

Loomis - Dec. 17

t
Corollary If 4x = dx

f(x)
-T

P(x) then dy .= . Dxyy.=.y=

dy is a function of Zvariables.J=x³; dy = 3x² -4x3X

hie.

+ f(x) = dy = Dxy
•dx

dg(x) = sy = Dxy.dxdy

X.

sy

Ay= f(x + 3x) −f (x)..
dy = Day .Ox

[dy #Ay]

y=f(x)

Dxy ·Axl

holds ingeneral, for anyfile)

X>
x=g(t)
y≤ f(x) = f (g (x))_

..dy is

Ifxis independientuble, then
dx

Cor.

Functionof function. x=gt ;;.y f(x) = f(g(e))
Dey= Dry.Dex

evenKey.Theorom The equation to dy> Oxy. dx is the, eunit.y.8x...are both dependent variables,

Ax

Dxy = y ; by virtue of this medefinition

I def.
dy="Dey . HE = Dry.Dex.dt, these 2 bydef= dx so = pay.dx



.

the Corollary. The derivative of the sum ofany number of functions= the their derivatives.

1

7. III . The derivative of aproduct isgivenby the formula:
Dx (vv) = 0 DxV + v D₂ vX

Proof (typicalofall these theorems)
1. let V

2. then
J.

y
yo

= U₂Vo

(vo +Av)(vo tov) = MAN .Vouo +AUV, +Avu. +AuAvyot sy
subtract (2)

Ay = Au vo + Avvo.+AUAVs
AyAº = Vody turgy + SUAX

Thelast one drops out, because li'm suzo
The first 2 are VDxu & UDxV q.e.d.

Corollary. Dx(Uvw) =(vvu)(D₂U +D₂V +Dx~)
TV. The derivative ofaquotient is given bythe fermula :

Dx(~ ) =_v Dx~²= UDxVv2
Buy themanyDxx" = " x ^ -1 when

18. I. Ifu is expressed as a
a function ofx, then:

Dxu = Dyu ·Day
9. Differentiation ofimplicit algebraic functions. Do it.
10. D₂ x²² ļ= Xy

2gyz-ıqy

is aneg. integer.
function ofy, day in turn as

BryPxy = px²-1
PX²-1
qy²-̀ ; y = xk

Dxy.

nis

Dxy

= 1/2 x² -1
PXP

2(x+²)²-1 = £
teol

XPP-E = 1/2 X²²-²²-P+1



i

Calculus

ChapII- Diferentiation of algebraic functions.
Ay1. Thelimit which the ratio Au- approaches when

4x approaches 0 :
Jim ex of lim f(x₂+ 4x) -f(x₂)

4x 20 Ax

is called the derivative ofy withrespect to X.
denoted by Day+

2. Differentiation (determining derivative).
f.y = x

Xo.2.Yo = X₁²yo
3.yo +Dy .fitby

Subtract___(.~).
Ay =_ 2.x0 4x² +4x²_

Divide by Ax
44 = 2x₁ + 4x

x²

(xo tax)²
x₁² + 2 x 4x +Ax?

ilim ay = 2x
4x > 0

++

3.-Derivative of a constant.
4...... √x"(

T

Dxx." = n.xn -l

= 0
1

2√x

andis.

5. I. Limit of thesum of 2 ubles. =
their limits.

+ Thelimit of thesum ofany Axed numberofubles.
thesum of the limits ofthese.ubles.

Thesamot

-6-I. The derivative of the producto fa constant &a function
T

theproduct of the constant. & the derivative ofthe
anction ; D₂(CW) = c.Dxv

+ II. The derivative of thesum of 2 functions- the sum of their derivatives ; Daly + v)= Dxy+Dav



1:1

Another ex.
+

+

++

+

+

++1

+

H

150

:50²)- 150² - uble.
4(2 ) ft.sec.

4mph R
(250 wuble...

ground
How fast is cord...going a tatthatinstant.

val-cofdingandGet derivative as value o

|



Ass. - p. 79, - 8, 10,12

12.

10

ig

#
height ofof head

Next har review.
9. Three dimensions

same

4mph

8mph

as

d= √zi +r² =

100 +(22)²+

Ded= = √400 + 80(224)²

lamp...

4.23232323

823300

15 t

"x₁²+y² +2₁²tr

d= √400 + 64 (²2/7= c)²+16(² )² /
Vas

it = 180 seconds:

√
400+
80(
12/5)²



..

p. 79, no. 3.

How fast are

Ded.==—=/20

&HI

1/4 +9€²

9+

velocity • Des
spoed -|Des/

ref.(t).__
6

Derliper|104

J

:

AN

133+
1/2 t

they reparating? Differentiate.
9.20opellige

+ t= =

Senat
sign isto so f is increasing, distance getsgreater.

To find rate ofchange, differentiate of withrespect to.t .

DEA

d = √+ +9 €° /+ = =
4 *

=-√√√ 10 miles

1₁+ =.6 €₁ti
A = π =²

rate is time-derivative ofany function of time.
p. 79, no.7...

of
VOvio.

A[+=2)

πT36.tz
ine want

_m.p.h.....

DEA = 72πT t = 144π>

Mon
r=f (t)+
A = πtr² How fast does it change when rel

-Function of function situation.....
D₂A = D₂A · Der_=_2Thr :Der & sub.

DEA
+

= 277 · 4 · 6 = 48.77.

|



!

Restrict Ixk4 arbitrarily

the
X+ 2/< 6
Karls

Then if /x-2/.<8. = €6 e
6Then /x²-41 = |x -2 //x +2²|≤ ²²- 6= €

This isonly for single-valve Lomotionsfunctions.

f(x)
+g(x)
$(x)

+

AX

+

Ktm

g(x) →A,
8 (x) → B.

as x→a } hypothesesx → _aaI take (f(x) as somof those 2 functions[f(x) = g(x)+h (x)
Then _f(x) → (A + B) a x → a

take avalue of E. To find 8:/f(x) - (A+B)/< € whomoer/x-a/< s

Ta +6/ = /a/+ 16/

not function



1

Limits

+

Loomis Nov.

+

F(x) → L as x +a
LLim f(x)gr

I /fix-1| is as smallasne wish, if (x -a) is small-magh.
In particular! choose any smallino.;...E...

f(x)-L <€ if /x - a/ is small
live-e

True for picture :
given e : There is a & such that

wherever- /x -a)< 8, then [fcx) .P/< E
Def. ofa limitlas x + aeDef Mathematical

(im fcx) =

Alternate Daf.

enough.
when /x-a/< &
1.e., when'x lies in theinterval

about a of length 28
then f(x) lies in thegiven

interval about l
1.0₁, then /f(x)=1/< E

as ta at least one
is to mean. for every pas. E, thereisa pos. S

such that_./fcx) - /< 8 whenever /.x-a/<18

dthere is a function, g(E), such_That(f(x)-1]< E.Whenever /x -α/< g(E)__

Ex x² > 4__as X---+-2F ?
given E, to find a & such that /x²-4/< eS

whenever /.x=2/< 8. ?--1x²- 4/ = /x +2//× -2/< €+ Find a & such that (x -21 < 8 will give above ..



1

7. Be=San2

thit aQ² - . ?
+

shiliiplyby -2x!- Dy(x)

+hx
vy

2
V

Ass

+

55 p. 35- 8,12
-P.

+

L

H

+

=22-2x

4 steps
37- 1, 2, 3, 7, 9, 15, 20

fix prob . 2[x²+2x4x +4x² +px= PARTY]
[x² +px +₂][x²+p+*₂]

2x-201

1 21331

2(5+3)

(3 +4)(5 + 3) = 15+9
9

_10 +6__

16

20
12
56

x²³ + 3x²³²√x+ 3.x√√²x² +Ax²

x² +2x Ax +4x²

foff process

I

1



1

Find rule....+
1. Au butu refers either to yorx. I shouldn'tat all, but we must differentiale withespect toy

Av = fly+Ay) -fly45.
Ax

etJxx0 g(x+4x)=g(x)
8 sywill also to

AG 70 as AxAxto.

ny
or F(x)
or f(g(x)
DyF(x)

57

Dx U = Dy UDyu (Day)

AuAv . Ay = f(yTAY) - H(y)
GyAy

Example

or

__Dx (flgcx) = #Dy(f(y)Dxg(x).
where y= gix)

write without ambiguityl ifre
Dif(g( x) = F'(x) = f (g(x ) g'(x)|

+

ter y =

y=

Dy(f(y))

axx²
You 3 wehave.

nuk
U

x²az

u = √a²-x²

use

if

have a doublesequence,

DADDI

Day .Dx

• (Dxg(x))

can

Ait
-Ax

apply



Weaught to have 0 af firegardless.it uble

‡ f! f '() indicates derivative without vble

+

flor
How To evaluate Derivatie of H ) at 3x +4 ?

+Desar 1) f(3x+4) , clunisy & confusingor
Dyf(y)]

ly-sera-Torsy3x+4
inisted these, write

•£²(3x + 4) f ! = Dxf(___2.X

evaluate the derivative function of f at 3x +4

Example
LC
fi ( ) =3( ) ²

( 1³, then Dyf
wejust put. 3x+4 in theblank

f₁ (3x +4) = 3 (3x+4)²
Ifis a function.
Pleason- suppose you had 2 functions- U =

related in this way -u is a foncton of x.
U = F (x) = f(g(x)).

ex. letv=y³ ; y = 4x
_u = 4x²

3

eplace y by4th

How to differentiate it?.

Dx f(g(x)) = f (g(x₂)_g'(x)

--+

fy); y=g(x)

y³=f(y): 4x =g(x)_
!f(4x)y



+

Lamis

sinx( x3 )√=x² VX

Px.(x²/= nx

_let n be - :-+ * X

m.x.

Nov.14

~ =x=₂²
+7 =x²+*

/

=_Dx(x ²)===2

·m - 1

you

use quofpentruter
mul

P₂(x ^)= D₁(m)= X ™ D₂(1) - /.DiX™ -mxDx
m Dx Dx

Zna

when .nzo (&an integer)
now let's verityit fer

(m pos.)

tá

-

Dx 2 = = = √5

|_Dx(x²̂²)=== = X

-=[Dx(x²³²) = =+ X²₂²-11P

eacasier to use productrute.

replace -m byn =

Hules yet to go
Notation forfunctions+f( x)f(y)

Dx #(1), Dx +1 )+ agaill the same timin

nh

integers

= n -x
QED

yet to go. Easiest to write down,bardest to writedown..

same fiction, di firan jedespodentvariables.



1710
1694

16

1707
4579
4564

4576
$ 16.

_.5.17....

90.0032.77
67.23

+

2)
+

1492

19.40

3).

For Oct. 21
49°59 '

40'1'541776

foshg

'

28.46°

2320

1492

12,02

1.-

2105

256.1

291.3

11.34

-2.4576

251.6

-10.6 °

1161.540

(28.8 ~

36,05
3.998

3.3770-3
- 2.4576

F
tan 55.98° = 286.81/B2= logtan 55.98⁰- log 286.83.1707-3

ORR Oct 23

Trig. M.Mason GaffneyP. I

₁7131 -3 =
log Site ilog ta =

5,160,25
Jan 67.23 =

286.8 ; log AQ = logtan 67.23°-Jog286.8

9194-3 = loglogAB = AQ - BQ
8,305.

8,305. X-5, 160 .
3,145, = AB

AB= 255.3.

!

I

I
I
I

!



2)a
a) X
386
2.5866
0.9488-1

5349

6)586 = cos 56,0

2,5866
.7476-1

3.3342-1 = log 215,9

x.s

|

logj

cos 27,4⁰ ;²x = log₁386 + log cos 27.4 °

t.

3) Tan 47.86⁰ = 1.105
-2, 105 log

1

watot

476 *

524 x

17765-3423 ~
;log x = log 386 + log cos 56.

log

- log2.105

log 111,4 750

47.6 % velocity pushes horizontally
Xvertically52.4 % JU

1167 = 555.05
= 611.951167

10.0000-10
,3232_

9.6768-10

FOR OCTOBER 28
1.). Many 1.46870.2732

8742 -2
2.616.1 -2
0.6161

783.1
865.3

0.8524
0.6193
4.9746
6.4463
2.4463

-4

101860

-4

10.6161-10

8.1698-10 = log 014783 X



October 28 homework, (cont.).
logo

2:) 2 + log 3.14.2 + 3 : (og 18,74 - 2 log 0.2617 ="IT
0.4972 1.2.728

+3.8184
T

1 2
.9944

2.8563-3
3.

-b) log .007183

.9944
3,8184
4.8128
0.8356-2 X
3.9712 +2 = log [948800])

3) a) log · 7183 = -log.It';'Mary
1+

3

c) log .071833
10.60.6188-1 = log

d) __log.

-3= = loglog [19205]1.19205 ~

M. Mason GaffneyP. 2

000 7!!?

·log IT;

0.4178-1
2

0.8356 2

Fa
= 0.95.21-1 = log [.8.95.7

51,26

maga

0.8563-3
3

-0.2834-1

logIT;- 0.8563-2 = 1,8563-3 =

[4158 ] 3
log it: 47.8563 -3.3 ..J .

2,6188-19 log 458 X08957



For Oct. 3.0
b 218.7+ Sint =sin8 ; Sin 36° 52!B

53.41
104.77
158.18

180.00

21.82

+

log b

2)

+log

+

a
sint

180.00
104.74 +
75.23

b =

a
Sin A

a
sint

+

·log 218.7- log sin 36° 52 ' + logsin .73 °9 '
2.3399
0,7780 1
1.5619 +1

9809-1
2.5428

C 218.7
Sin C.; Sin 36.52¹)Sin20²5. Jim (9.597)2(=Jsin 69 °59 !Jsin C
log 2.18.7

2.5619
0.9701 . - 1

3.5320-1....

2,1126
0.5341.
1.5785 +1
0.9854-1
2.5639

·log

6 129.6
Sin(180-13) 1 Sin 53.410

Sin 53.41⁰ + loglog b = log.129.6 log Sin 53.41.⁰

C

sinc

b

Sin 73091

log...
1129.6

Sin 53.41...

log [349. =6]b

log c = log 129.6

52! + logsinSin 36°521 + log sin 690591_

342.4

log|34.0.4. = c.]
b

Sin 75.230,
sin 75.230

366.3 feet. X 156.1|
= sin 28.182° angle C

log 129.6 - log Sin 53.41° + log sin 21.820



27,33
32,78
60.11

+

2.5785
+ 0.5702-1

3.1487-1

3) a) Find LBaj
+

|

For Oct. 30, (cont.)

SinA = sinB

-1

b) a

T

/

SinA.....

M. Mason

29.38
Sin 32°47'

logsin B = -log 29,38+ log sin 3 20471+ log 24,91
+ 2.3964-1
-1.4680

log. 11408|= c
24.91 .
SinB

19284-1
0,7336

-1.66.20 .2= legsin 27.33 %)= LB40

the c
Sin (180-1) ,

Gaffney3

log c .= log 29.38 + log Sin 60.11° #
14680
0.9380-1
2.4060-1
0,7336-1
1.6724 = log 4704 |==

Z C = 119.89 °

29.38 .
Sin 32 °47!

59..99 .

Sin 60.11 °

780
logsin 32mm

1



I forgot to take down the assignment for Nov. 4.
or something. Any I it...way.

Nov. 6For
-1₁ a² = b ²+ c² - 2 cb cos A

+ a²

2. b

a²
q²

++

+

6

b

= _43² + 46²- 2.46.43 cos 29°
= 505 ~= .22.47

a²+ c² + 2 ca cos180-13)
13² + 16~ +2 :13.16.čos 63°

613.852013
24.77

B. beb² = a² + c² 2ac Cos B
9 = 4 +16 - 16 cos B

11. =-cos B ==₁6875; 11 = 43.43°
1.6

(os C. =
a² +b²= c²

2 ab

Its negative,

3.2.0.7

4 + 9-16
12

A , GÅ

so The angleis obtuse, and

cos (180 - C) = 4 sout
L2 (180 -C) = Win 75.5 °
LC 104.5
LA

46.6°
3.

28.99

1.2

ilx

4



1.) _a-ba tb

&- a
+ cra

+

+

+

For Nor. 11

|

21.4
166.2

++

tan = (A - B)
tan = (A+B)

tan = (C - B)
tan ± (C_+ B) .

2) 180.00000⁰54.61.166°

1289 tan // C +.09 = tan / C - ,7247
-1814.7 .8711 tan ==/2..C

1.069

1.PEN
19/6/7

tan C tan = 71.87 °

tan = c + tan z 715870

tan //22 ( =

1250388340- LC
paren 27.3.05⁰.

22305

C 9.087
C + 9.087

2802

C

LA
MANAArt Fan (187.

youtH WAT HY JIBLA K
c-b
crb

=.C. = won 6.10
C
A =

9.462

L B

c = 9,08 = 728-2-+
72c

M.Masen Gaffneyp. 4

1.3.14_

12,2 °
95.930

€

6 = 9,087

Nmuis
tan ± ( 98.083 )
tan ± 152.693

1.382

tan = (C -B)
ran — (C +B)

15.12 .

60.40 °

47.74°

X

tan 49.0415
tan 76,346
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now.I

mie

f

11

p

12 2 3
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ftWM

T

1

Write Earty metast.

cosx

3152,22,38-399077-42-43I Pl_Ponells Carst. = 3254-325 :

Pruney towop-!-1

1 ta tan x + tany I think.

+315-317
kinder

4

+

Faxace Therease

excosy.I sinxsinycosx

_sin(x+y)= sinxcosy I cosasine

increase be followed by adecreasein demand,

S+xupp
X50) = (h+x)sos tanatsinx

a+2²=2²²²=13 6²
Sin³A +ros'´s = 1

+

71
LE

F
7
₂²₁ =C. OSOJ

tx

they!

ca

if!
P

sino

at

LIN

tano = b

?

q

GA

52

s

r= 1

7q

-cose =

sinG

b

cos -adj. " hyp.
sine opp. " hyp...

adjacen

t

|

app.

↑

procido - viet
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A

TH

+
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61216

H

i

Jun

H + p

AK
8

T

to!

en

*.

Q
x

Woges

966

1000

Ren



00

++ ++++

Ju = du ox

+

++ +

√₂
45°

3

xe

4 30° 45° 600 900

9

Tit

it

ast

+ du
dy

hp

r
sin 95°=√2
cas.950=√₂
tan = 1

sin 60°_=
y coscoº Ž

-tan 60° √3.
-sin 30⁰ = ½
cas.30.0
tam 300

sin(90°-=x)

Thurs-Mille habe

cos X

ET

√3

1

1
T!



11i.

b. Col₂ +_CH₂ C =0

ElF₂CEO

I Clemm
+

ALC132

+

1

Pd culi

·Colt,CHEC1t₂Cool

Cit₂Citz

US

çıt₂

AICH
^

eltzMyBr→

CH3

CHÍNH THE ENHOc..

ING3

+ H₂O + 2H

CitsNit₂& Getty NitzC 2000 NHqCl +

+ ->

No

Colt CCH₂CH₂COOH_

PC15² Colt Cit₂CH₂ CH₂ Coll

H₂0

"dilucl orp. NO₂Celty Vltz6

steam distillation

because of chrelate-ring. amp

ERG CHgNit₂ CH₂COL₂20 CH₂NHCOCH₂ + CH₂Coolt...

HENH COCH 3,HIS

40.

CH₂
-CH₂

ett₂
CH₂ OH.

0 +p NO₂Gitq Nitcocit,

1 .

NO₂CI NITZ 1 O. NH₂CHINA



+ Given *

If g(b) =0,

2

fy
+To find the limit of f(e) as 2+9,F(w) w →→b

and

f(z)

gB(w)

Fjcit

If gf(b)= 0₂ lim.ffz) ·f = f(a) ,it fé)=0g(w) 9(6) = 0

f ) \0₁ I'm does not exist.

If g(b)=0 and f(a) =0, I'm mayor+

2. I'm of f(z) + 9g₁(u)

may not exist.
common factorsemie commonTry to find some

which approaches 0, and divide thre
by it.

t

as_29, w~b
of (a) + 9(b)

even if both o.

}

}

I

I



.

I

|

final.
__f(b) f(a)

b-a

A

I b.
1

31
L

+

ith

t

2:

1. A transitional element in
-Group 39, 49, 5cf6a orla.

middle of EMF

fee log

((W)
-f(0)

f(0) O

f(h) = log(1th)

h

A trans element
in Group 16

bottom of EMF
1+X...

í
..log(ith).h.

17.0h

in sh

1

1+0h

1



17t. Inscribe

tast

+

84.

equations - y²
Parab.

t
(ex.,y₁)

idz

QL

2;0)

Hyperbola- joint

X

X₁

a is xintercept

noy -intercepty

2 =1y

ty.a -yo
Comic sections

Parabola - locus ofpoints in plane equidistant from point& line.
Ellipse - locusofpoints, sum etc. Loci
Hyperbola

constant

= ax
=2m x -positive x-axis

= -2mx
yz weg. x -ax's

Ellipse - 2=²+ 2== = 1a

dz2

I a-b = constant

fra
y
X₁

ZUNAKAN .

intercepts of ellipse

or define e'llipse like parábola with sing distance
distance

a,b arc

F

k

=y

mores so that difference betnom 2distances constant.
i

constant
< I



24:

27

+

Square of
distance tween2.

Loomis Oct.29th=(₁39 > G

Looming A₁A₂ +3₁73²₂2=26₁+ 26₂
+2x

1/8),(0,12 A== 2 ; B = 0 ; C= 0
X

centers =
BARAT TE

Sum of radiisquakes.som

X

x

A₁ +BytCByTA484₁₁ +0
10 + B₁

2x²+2y²- X

Purelya problem Exam
Siyon circles

{ x = =sy/₂ =0

EFFIX T.B₁A++9=0FyE
MyAfter +pyple=0zy A. B

(d, p.) (sli B.)|(tren)=(-40)
= -4C. A₂²+B₂

Z

+ A₂ = 0T
+A₁] = 0

2H² +B₂²A/1²-²
4

[(A₁ -A₂)² +(B -B₂)²=]-=-=-=[A²²+-Brat B₂²-46₁- 4C₂]Å 40,
___A₁A₂ + B₁B₂ = 2(₁ + 26₂

if 2 circles cut o

MA

fo

24,
A

B₁

"MAB
«V IT

X₂=X,

Loonis
Nothing about orthogenal circles.
Farger abat general yheory of 11: &L...|_Slope

2. Midjoint(XM4₁)(X₂Y₂) PM 2

==/2 -(/sub)

J

cut orthogenally

ZANI

AC

gigayer
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Calculus - Chap. II
Def. _A_function is a rule which assigns to every

object from a certain set ofobjects,
from a second set or the same.

unique object

Def. Given E arbitrarily, there is a corresponding small
number,&,such that whenever Ix-2K 8 then 9x²-4KE

+

aH



Proof

StepI y+ Ay = (U +AU)· (U +AV)X

Expand

Ay=
" II A

I
AY

11

-

Step I

11 #

~
Pxy

Rule for differentiating
Def f(x) = g(x) orya

IProof
·For Day = VAU=Uber

xV

# Ay14 x

I

= UAV + VAU + Au Av......
V 4A +

AX

Ass:

-Px (f) = h (x) Dx(g) -g Dx(h).
Cxp

Day

UV + JAV + .VAÚ + AuAv

Av
4 x
~ I

= _UDxv + V.Dx.U + O.DxV

p.
p.

y +Ay =

Manipulate Ay = ~ +AV
utAv

AV

+

ut Au
V TAV

= V.

=V0₂U
V²

su Av
AX↓

Ax

2

·√ (√.+ A.v)

u Dxv.
1

quotient

21.... 1,4 by 4 step rule
34- 1, 4, 5, 9, 11, 13

# = +VAU-OF- UAV

v(v + AV)

Let Axto

QED

1.

14, 5, 7, 11, 13 apply general.rules.



Diff(x)= cg(x)
NDX F(x)= (BD,3( 1)} re rive(2/Dx. O x CN S

2 x(y)=
y=

2)8x(y)= c Dxu

StepI#
"(

Y +Ay
Au

SHE A

Dx y

A
"1 IV Let 4x =0 , A4 →Dxy by def.Ax

=

f(x+4x) = cg(x+4x) = c(U +AU)
CAU -just subffact from 2you arc

y +sy
ysy

11 II Let AXIV
~

DxY

AU
AX

cDx.U

Function = sum of 2 functions
(If f(x) =g(x) + h (x)

Then Dx.f(x) = D₁ g(x) + Dxh (x)
or

Step

CAY → CDx UcDx

Au

remite in termsofshorter

AU TAV
~

AX

U + Au

+

K

DxU + DxV

III hat f(x) = g(x)+ h(x)xbet.

= uXvy=u
Pxy = Dx² + D₂ •v

+ v + AV

• UVy
Dr f(x)= g(x) Dxh(x) = D xg(x) h(x).

or. Day.
Proof

u x v t v Dx



1
MI

Loomis, Nov. 12
0

f(x)
Bef. Ay -f(x + 4x)=f(x)
+
-Then y + sy = f(x + 1x)t.
+Interms of abou, write down 4 step ruke of differentiation

7/given y = f(x)
Calculate

# Divide thr

function of 2 variables, x &.1x, butne keep
x. fixed.

II) Let Axa
Dx

Si=
JY

y+øy!= f(x +Ax)
findAy! Ay = f(x +4x) =f(x) {Manipulation

-
byAx :

x+f(x) = limto Ay
Example : f(x) = √X.
-I) y + Ay = √x +4x..

= √x +Ax- √äI) Ay =
Manipulate -multiply by (√xTAX +VX)(√XTAX TVX )7
√x +Ax + √x

TV LetAx 70
Da (y) ==== - ok to leave irrational.

Apply there rutes generally. General Plutes- g(x); v= h(x)
y+4y = f(x )

g(x TAX)._.
+Av = n(x +4x).

* + Bx for
√x+4x + √x

U =

Sif



¦

+++

+A

Figonometry

Stan A
LecotA

b

Sin .A cos (90 -A

(COSA.. = sin (90 - A).
cot ( 90 -A)

= tan ( 90-4)

RESCA
SseCA = csc (90-4)

= sec.(90 -A)

+++
C

ILaw of sines (AAS, SSAa
sinA

a

+
M).If

ort+

Sint = 180°13 =sinc
II) Law of cosines.

= sin 15

or, if B is obtuse
sin 15² = sinc

b-a
bra

Sin A
Cos A
tanA
cot.A
Sec A

csc A

a² = b ² + c² -2cb cosA
6² = a² ++ c²- Zac.cos B.

We define cos Cobtuse cos (180-c) ( -1)
When a< b, & angles aren't fixed, watch forambiguity.

With SSS, you don't know if his obtuse.
-a²+6²- c²

Cos C = -zab ; ifit is positive, okifit is negative, it is the
absolutevalve cos(180 -c)

you.have large numbers & SAS, alternative to law of
cosines is Law of Tan

a- 6 = tan ±(A -B) angents.
atb tan = (ATB)

0/0 0/08/109/04/2

→

tan = (B -A)
tan = (1 + A)

1.



IV

1
++

1. +

TA++tan = A =√(8 =6)(5-0) where2
s(s -a)

Best for SSS
S means semiperimeter.

1



ļ Chap.__/'/ - The circk
2

tion ofa circle .
3.
(₁ (x - 4)² + (y-e) ²= p² ;_ =tion ofa circle

X ²+y² +Ant By +C = 0;
co - ordinates are (-= A₁ - ±B), radius== =² √A²+8²-4C

4. Tangent to a circle = ( x - 4 )(x₁ - 4₂) + (y₁ - )(y-B)=p²
5. Circle thru 3 points- Solve 2 = tions simultaneously, sub in

3rd.
it

H

1.

I



Things which must be known

Chap. II
4 ;07 17 42=27; ²x²X -X,

x2-x
or

i
↑

a).If line passes thre Origin, P₁ :(0,0) 1
or xy₂ - x₂y= 0 X₂

Op
To plot line 2) Point-slope fam
from = tion,

use (3)(a), or
4).

progny -y
Q - 4₁

a) Slope intercept form (Pi )(Pi(x,y)
y - y₁ = dx + by=

= tion of

6). If line 11_s_xaxis, g₁ -y₁ = 0 , so (I) is out.But then
point stopolgiden

y, ory₂.
qe
d--;

3) The

+ x&y.

A

y=y₁
Yu -y₁-yı

+
x

The =tion
ofa line the

;
or

any2pts...

2-(y₁)

Comersely, The

every straight line is of the_1st degree in

= tion ofthefirst depice (Ax +By + ( =0)
always represents a straightlive_(A, B) + (0,0)

divide thehyit& which
by

+ I =0; y

gen,

a) the =case
At 0 ; X By yd &.b.is slope -intercept form where 1=-= & 6=-&

Therefore thegeneral ==tion of the 1st degree represents.
line with a = -4 & g-intercept

b) the case_B = 0
a

= 4
76 0

dr +

=thr

d)(x=x₁) = y =y₁

(4) In

Ax + ( = 0 !__ X =
_straight line 11 to y -akis. If C = 0 , it is theyou

may _=tion, determine x &y intercepts by setting
-x8y = to 0 alternately. Then draw line...( Entercepts)

.I the = tion ofa-A- 1

5) Intercept form of -tion of line. Pi (0,₁6), B:(a,0).
+ 7 = 1 bsy intercept

X a = x intercept

; or/ a



6. To be 11, 2 lines must have+7.
8. Distance of froma pt.

D =ALAX₁ + By₁ + C-1

VA²+B²

10.01.2 lines 11 if
b)
c)
d).

9. A area
+ ==+ { [(y₁ -y₂)x₂ + (y₂nys)x + (y₂ -yil xz]_or.sub.

k

+

t
||t

e)."

of

-slopes.
negative reciprocal slopes.

_line.a

/1
A

x,&y, are coordinates ofpt....
A,B & C are constants of line's ation.

can be written with A =A, B = B.

8 = 1²/4/20A
A Be

:

•subays focks.

=

identical "

But remember exceptions·lines point
hap. 112 11. 3. arconall it resultsofsolving 2 simultaneously willI fit the 3rd.

AN

A² = D/213₁

A₁:B₁; C₁ = A₂₁₂: B₂: (₂

Co
12. 3pts. lizona straightlineif =tion ofline the 2 isfittedbyco+ ordinates of 3 rd.

13. Medians, altituckes, &perp. bisectors ofsides of 4 go threapt.
14. 3 pts. determined above lie on stot. line.

1

-



Things which must be known
Chapter I (& introduction)

1. The sumof the chreated projections ofthe broken line
Ý Z(AB, BC.AZ.

2. trm The projections of 2 brokken directed lines with same
extremities

3 segments

are
Projections of directed line

Proj. of P₁PrP₁Pro -x -axis

= +theprojection of thedirected line

4. Distance twixt 2 points yn y₁
2 D² = (x₂ -x₁) ² +(y₂ -y₁)? (.rt. A setup)

&...

PR
PP₂₁₂

0.₁.if P₁P₂ is 11- x -axis, y₂==y₁ = 0
the

5 ()

6. To determine the midpoint of a line
x = x₁ = x₂ -x

x₂ + x,

on the axes
X₂ -X₁

D² =(x₂.-x₁)²₁_D = X₂ -Xi
y yi
X₂ - X,

7. Division of line segment in anymi ³X -X₁
·Xma

line segment.

U

m.
m₂

M₂X, + M₂ X₂
m₂ tm,

ratio_(=

)
C This formula derived with m, representing & determining

P₁P, so in making assigning valves to m,&me act
-comma+F= accordingly.

8. To find the pt. of intersection of 2 curves, solve theirati
simultaneously

End, Chapter. I
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Pread QuileryCaction deg

Playf/2/SolidSolid Analyticalhead
Introduction the Calculus
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y

1. Owillerlach / Ime fird fection lists
2.Hist...
3. Orford Dist. Co cack Graustein,I.111 7

Chrve plong
Points of intersedion!At durved
to find the co-fordinates of the pt. off intersection of

12of line ; clivertit equal tons, solve the faftleras
multaneous Ims in theunkiem qualities/x&

the methods off elfinelitang algebra
In

qy
no

V
Intercepts.

by cepts

am

V
Insteaddesing slope-interceptform of linear =tion

me&yours. Set x'ato, soke foryentake intercepts of
drawstraight

Zvicer

line.
Intercept form of line's = tion. When bot hinter

are known, have coordin lattes (a, 0) 8 (0,6) so
X -X₁ alanfaithu -u; X a i. 0 Th
x -te y y₁) -a0

--b -=-0.

He a
b . Ja a ch

Úví = a - Y
B

-Orgood!

ay-x)j
WW.ú

Jafgen
#sabood&

=07:
àa

+
Alon ofa curve-/simota)

ore

bx
y-b

by

stain

or 9-%
toayb

# 1
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I

Į

I. a/single - valued function the function, of a
TheIhave heardofit.___constant, I -suppore,.

byDerivative of the function_y=f(x) at x=xo, is
the limit thatAy approaches as x approches.→ us X-JA

f

ja

Xo

of Relative maximum is the greatest valueof a function in a certain interval.

d) P.t. of inflection is where a curve

being concare up toup. to being

changes from

concave down, orvice versa.

a:)y = ax² +bx+c
Dxy = a Dxx² +b Dxx =_2ax.+ b

b. Dxy= (m -x) Dx √m+x + √mrxkyDx(m-x).
let y= mtx

__then u = vy
~i. D₂ √mti

D₂v = Dgry. • Dx(m +x) = ₂√y

Day =(max)
2√max

2(mm )
2VmTx

-9//²₂x³-2xy +y²= 01/3
ry

4 =03x² −2(xDry +y) + 5y+. Dxy =
3x²- 2x Dxy -2y +5y + Dxy = 0

²1 zVmxx

m -3x
2√m +x



11

ļ

3x² -Dxy(2x -5y") -2y = 0
---Pry(2x-5y+) = 2y-3x²

==²y= 8x²zy
2x -5y+

4+
WE

D

- Day

Oxy

d)-y=
X*--

-Day ==

(x²-9²)³²
x3

x ²³ Dx(x²-a²³²) - (x²_a²)Dx x >

xo

+

3x² -2y
2x-5y4

+ = 2x² - 3x² + 3x²a²
xo6

3a²- x²
X4

2x²- 3x² +3a=__

Xhaf

__|||_ _f (x) = (x+3)² (x-2)³
a) Pxf( x) = (x + 3)²~ Dx(x -2)³ + (x- 2)³ Dx(x +3)²

25 = (x + 3)3(x -2)~ + (x-2)³ 2 (x+3)
= ( x + 3) (x -2)² [√(x+3) + 2(x-2)]
(x+3)(x -2)̂²√√x +5]

When this 7.0 , fax)is increasing.
LL "1 "TO ," de



When

v

when xX

+

x 5.2,
function is positive, increasingti7-3

+x 4xx -3
When x >X >

So...

x > 2
avrian

Jo!

x < -1,

apt. ofinflection.

+₁ +₁ ++₁_t₁_+_= +_ _fisin= t._fis increasing

fix).

fromtheleft.
£.(x) increases till
then increases . The

_t₁ +₁ + = £+

+ ,

|₁==3X

+₁_+.t
_+, +₁..$,..

ti

zew

ş
-3,3₁. decreases till-- 1)

·slope at...+2 is.only

Rel. maximum at -3, rel. minimmat
-1, meither at 2

function is decrcesI functions increck.
+ f. is increasingf is decreasing

c) substitute at_ x==3 & at x= 0 , see which
value is greater.= 0_;.f(x)| ==1x=0_

72,50 max is
at x == 3



b) (xFJ)(x-2)̂ [5x+5)
thafsRex) hasjelative (masingofmigrant

x = £8, 2₁ -1t
know that y at x = -3 is greater than

at [x
any pt. except those right of|x= -1. Of

these 1x =0__is the greatest, & if |x =- is——

max ....
17= -2 15 thgreaten 1x==3

Same is twe.of..

f(x))

17=4
ansa 7².2³ which is 10, so.

x= 4It is the max.

1
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}

1

|

will de

be

+

the

VIDA 4+ Thematic Area , when
small, and when

++

1
A= 6

x² = 1 - 6²

+

vory
Set. DxA==O to find this max.1

-1.) Dx A = b Dx x x xDxb = 0
12)Dx.x²~² = = Dx6² = 26. DxbX

(0,6)

Dx A = b + +² = 0
b= - *

den somethingwrong.
b = − 1 x-

bx...

very ais
very

small. Somenter in between isa max.

it's the
bax, & &
6²= =
b.= t

Dxb =

x is.

atthe

2x

6²= -X² , which aint possible,BeI've

b

X =7

11
very sma

Targe will

max.

reg. sideof the x -anis
6²+ x== 1

the -I drops at'(cause

t'd
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