
*

b

ļ
1

F

1

i

AFinance Misc.

1

1



Sea, M. 18

I Rate of Return.
i

||

#

1. add in salvage value...
Redeemable bond.
a. Carter's method is better than ignoring.i= = + (²) ² -1*

P

Cap.Budgeting

h. Correct wethod

PIPO

=

ľ =

by omitening L

ojaP

trial tenor ,
Rt. side is programmable; : cam

by machine...

(4)

1 I

"

But avoid common error

True i =ist(Rt ) -

be solved by

of o'stating i



11 10/20/83

Topics in finance,

Replacement timmig
Turnover , payback, capital recovery,
toluing for YOTM & IRR

Defining races,
Normalizuig
Borrowing & leverage

advancung deductions

Valuation

||

Log scales, use of

imputation
Continuous intWHAT

not covered, onjust barely scratilhed

k

Risk

Carl Flan Curalys's

mear recovery

Annualization as a " time - average

Depreciation & depletion

Economizing on "K ..sething internifyning it une

payback couted

time

through



T[

1.

2.

Annuity formular

Value cr.f. what

Lim
iso

Test on calls,

When iso,

E.g. i = .05
crf 5). =8

|14

1,05
. 10
05·

as average through time,

1-114114

1 = 0

orf >

Thus max. a and s

=

Yn

07...
0

Isn r

"

slag,Fund

ér

K₁-crf
·DCF.crf

1

[Sky, fined form. <+ )

3.11-||. This solver problem of opt. life. DCE mine forever.
DCF

||

n

Recover P + int.

№

Just recover P, wint



J

||

4.

guing from.
-spreading"I cout over time

curability
long production

tion runs

Puts limit on

Alt. Method:
Hteliudadadesalvage value of s

sum . BLE

s(lti)

to
ALF, mux sum

1

But then, must add so to ku ?

3

)



"Time - avenge "
||

How much
west egy ofJoe's bagud mother han a

V100,000 for retivement. Air 15k/gr. In 10 yrs.11

liperyn How is an orr
p.}. if no inst.
rii , if no invasion ofprincip .

if bothp. ·[ -u

100.000

100k

})

100k ..09 =

.09

1-1,09

10k

qk

= look .09

1- .422

how will

= look~ 156 = 15,600
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Eu, 162

1.# Itemize Tues points ; at samme tiure, recap, aurd illustrate

a, Growing anumityï

I

from

a
1 = ===1

li

H

||

Corrollary:
;) Pi= a t

AP bes. each passning year you begin
=

lyIg
P₁

g highe, and each term is raised by g.
a is cash

pida,

Jiv) i and
ea, other,

same fractionfraction amount.
"

Cumpl

neg cash flow
income.

ii) a is taxabler by is silent, but
lange. Domination many mikts. & decisions.

iii) Income basis of prop, aunt, ignores g.

hence

leverage each other.
unden they change big

v) & may be real; ong

!

inflationary.



i

Į

1

1

Cf. Reagan v. Mondiale debate

beagan said i.v. tow has fallen.
Mondale real sir. has risen .

How to find real vir.?
I is a sign real it. has risen .

b . Periodic payments , un cycles.
i) Periodic puut. Or yield.

P
1- I

a

OY a

1fn = 1

F
ť -|

P
I - 1

I

4/-~

["-|

PI4 stļ
F

If I falls,

they

(1)

Faustmann

N

(2)

(1)

( 2)



..: U

¡

5

20

40

i

:-)

L.V , Mult , sample values

104

26

5.6

3.1
1,8

1.3

d.) Finding I

!

Depreciated calc.
Distrib, sheet

08

ii. The pust.need not be strictly pipo.PIPO.
do . You gather

for
or ende(for regnings of cycles (fm ())

(2)).

Any repeating cycle will de
f

13.5

3.1

169

1,3

1,05

}



e) Depre

Į

ļ

neen & Amorty.

3.

Ŀ I ~ I

)

(^-^) _] ~T

2. Depreca
I-u

It's nice how all the pieces fit together.1

π

|- Pi = 1 = 1 + I

n -1

D))

4. If c.f. decays. deprecu, is greater.
-b

n'a

Net loss is [b I

-4

90.

ab

I" J-„.‚³I

++++

+ a I
H

na

[on_I 9 - my_I

= (2-6)I ²² + 62-²₂b I

4

(1-1)2. I

["



i

1

g . Maturity +t
1

alt. solutions.

Max SI
447 Max sĩ

1) Max.S.
Max s/n

11 Tues
TUMS.

3

is

·n
-"

1- I

Go over
Exam

as mgul. solutions

1) 5² = 0

● "

L
n

replacement
SI

1- I
I

s

AtatThR

5²/5 = i
5'/s = log duiv. of

¡ I'
[ " -(

AUGU

3

si
# >

[ "-/

6 MM X

t also



1

qu ļ

"

H# ¼/n and toand to į

Iti Ju
n = 1, 1- I'm

cost of time

Fig._ Mows how the migul,exterion relates toHit .

- [ -4

1+1-1
Tri

hi u

- it is always higher than either
for low 4, 4MCE → u- u MIT

for hi ĪM.IT -

n

1987



Wanning for ungus.(or a firm)

||

gove ugency
free capt,

|| USES. user to. "Good forestry". Hume
move for privatizu. "Mal ".

" Product champions " in a
are

always lookut, for

But also in put. forest indy. Mar & Blo,
frester , e.g. Mqr, has to hold wich typer in check.

The secret of Arnaldson Brown ,
Otherwise, product champions love to secure

Once secured, stops appearing infree.K.
budget

8



1

†

1- [ -4

s' . Si
1- [""

|| interest
Technique: Subtract andwindd one to num.,

4I
|_ [ " =(

si =

Purpose: to factor out Si, to see what is the
other element on which we are earring

thus factor our one.
Siif [ 1] = {1 +++]']

[ " -| E |
[ "\

= Si ti

but

Si I"

["-1

S

["

this Satik

["-1

is land value

9

5²= Mi[5 + 2]

!

I



9.

p. 19

Installment #3 for &c. 162.t. F84, by M.G.

Practical infernces, (cont.)

c. Depreciation and Amortization, level ununity

How much of annual payment is depreciation
of asser ? tame formule iliows amortization
of principal of debt.

Three approaches..
I

1)0.8 (-1" - 1-2-(4-1)
= i

(1

I1-n

[
™"

I'"(I-1)
in I'"

(19)

2) Payment is divided between interest
and amortization. Lamentization to the
debtor means repayment of principal. He is unhapping
because it is so slow. But the credito is

Be
also unhappy it is slow. to the creditor

it means recovery of his capital.
to look at this from both sider.)

ready



laterat is due at each passing year on
the unrecovered principal Pu , where u is
the number of year of life remainnis(that is neither the original u nor tile
number of years that have passed.).

|utuest =

Deprec =

"

Pi

|-Pi

3) Graphically:

{1- I "ri

I-"

p.2.0

shaded column is deprec. when it is it.I -h

remaining

---/ - In

(20)

It is
when it is the number of year of life

:

Fig.6:

Repreciation



:

10

top

appreciation : PV of a rising cash flow

181 +.L|+g) + ((tg)² + ... +Let C.F.. =

There PV =

sum the series.

PU =. =" |_5"̂( 1 +y)1-5" ( ltg) I -1 -g² = x-g
I

I²̂² +. I`"((tg) +. I`'(1+g)"+...+(1+2)

(Huerefter,

solving ( 21) for Pi :

Pi= 1 + Pg
1

use I alove for PV)

be rewritten :

p.s

+ (1+₂)

(22)

liveIf is AP, (by Avious inference from the
this page, the definition of cash flow.)

Pi = a + AP

(21)

I stands for a, any initial C.F. (22) may

(22A)



sumThis Pi equals the son of current cf.
plus cument appreciation. Note the symmetry
and consistency of this with (20).

11. Periodic payments and repeating cycles.
Solve (11) for a/i

(23)

in

a as we have discussed in class, is
the n-year annuity corresponding to P.

dividing a by i "capitalizes " it
It gives the present value ofpresent value of a perpetual flow of a.(see (1), p. 11.)

purpituity

(

i 1- I

Thus the right side of (23) is the
prevent value of a perpetual succession of P

received every 4 years.
Label it E.

If the P repeats, but not forever, we
adjust Σ by subtracting the discounted value

portion of Σ contributed by the laterof The



12

}

the onesyears
the same technique we

find ( 11).

Let x = WO,

{ =
P

1- I

that me out off. This is
we used on p. 13 to

just want
it can be done,you

of rep.s of P.
-xuPI

| I'm (24)

You weed not "memorize " ( 24) for cury exam.1 to see that and how

]

Then:
L

-8K

But Land lasts forever,

1 I
1~ [ ""

Positive NPV and Land Value

If investments
net present valuer , NPV, after deducting the
initial capital cost,

7-3

normallynormally yield portive

that sounds too good
to be time for long, and it is. 2't

creater demand for the land on which
there happy results can be achieved.
Heuce Land Value, which rise to soak

up The surplus.
so it's value touks

ī
!



:

!

the value of notup just the first cycle of
invertiment and return, but all succeeding
cycles as well.

The NPV of
investment and recov

a succession
own

of

at the time the initial outday is made. We
have called this the "present" when dealing

cycle, alove. In dealing with
Generations, each :P has it's

with one

of
future date .

L =

There are called " Genuations "

one Gommation ( 6) on cycle
is summarized as P

P

1- I'

a string of future pP be summed upmay
as a

sting of periodic payments, as in ( 23).

cycle repeats (in "phpetusity) :2f a

(23 A)

Take out

recovery

:: when L = Land Value

24

1

i- gin from that and1- I
we have the "Land Value Multiplien ".
see Table 6 .

I



Table bi Land Value Multipliers

:

n

{

W

140

04

26.00

5.62

3,08

1.84

1.26

.08

13,50

3,13

1.86

real interest rate

1.27

1.05

.12

9.33

2.31

1.47
1.12
1.01

To find Land Value, multiply I from
Guration #1 by the appropriate figune.

use aTo adjust for cruticipated inflation ,i... subtract the inflation
rate from the nominal ir. Thus, .04 or .08
is more realistic than .12 .

13. Maturity and Replacement

1²₁2$ S

SI

n

n

Fig. 1; Growth of Stumpras Discounted Stummies & LindValu..



somag va qonun va ser modieke tapety na

=SE Stumpage, the market value of
on the stump", " before cutting.

alternative maximizing solutions.
1) Max. 5
•Max

3) Mar

4) Max S.I "
1- [²2I

Land Value, L.

Cleaning the fraction:
S

I'-(L=

S/n , " Mean Arequal Increment."
PV of G₁SI

PV of all G same as

as shown on

‡

Fig .1

a tree

. ( 25)

The economic solution is to mac L,
Faustmann's Formula.

This advanver The date of maturity over the
other 3 uiteria of maturity .

using 125), known as

* Solutives to the archleen " When to with the tree?

:

¡

:

;



[In ( 25) we have left unspokion the implicit
assumption that all costs and revenues in

The cycle
are made commansmatte with..

5 by compounding them forward to year y
See p. 24, 'first full para.. first sentence.]

Every maximizing criterion is also a
marginal criterion. Let us see what marginal
conditions correspond to the 4 maximizing
solutions.

(5⁰ is shachand for ds/da,
1) 5'= 0s'

or annual growth.)

2) 5/5 ň

3) %/
*) %/

|(I^ -1),

¡ ["
eg

i

log derivative of the drunninator,

The log derivative is:

į

3

27

N

}

;
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L

Boy

_Leverage

qo

3.

qu

growth rate of I" is

growth rate of I"-|

2. a) Costs
tubu

Net Gain =

Range/tales =

1
1.1

-il to 3

(b) . Sudes

Costs

Range/Net kain .

Gay

,2

4

El

==

*)=

is its

1

.90 5.05

["-1

1./ ( [ ") -1-|

a il rise of salesI

is II[ "~(

.9 to 1.3

= .364

4

or

e.q.

.90 ¥ (1.05)

2-1

#A).:)1-1

2,2 %/

||

:

1

1.2

becomesprive

Before rejoicing, though, what is this in
a .2 vise of gain.



(RR ?

Leverage

s)

2

5

50

(3) 4

.414

-149▼

072
.014

2

Depends on y .
(2-²) 4

.483

.111

.082
016



H 7

Midterm , Ec . 162A , October 30 , 1984

Answer any 5

1. Mom lends Sonny $ 10,000 at 8 % amortized over 7 years .
a . In year one ( the first year ) how much is the principalreduced ?

b . How much is it reduced in year 6 ?

c . After 7 years , what is Mom's capital recovery as a share ofall the payments made?

2. a . Beginning from the PV formula , show how to find the PV of a
perpetual succession of repeating cycles of investment andrecovery .

b . In the above , what is the land value multiplier ? What doesit do explain .

c . In ( a ) , where does the initial capital cost appearthe investment that begins each cycle?

3. In the case of tree growth :

a . Show why maximizing SI - n , discounted present value of
stumpage , corresponds to the marginal condition that S '/S = 1 .

i.e.

b . FOR DOUBLE CREDIT , THIS PART IS OPTIONAL . Show why
maximizing S/( 1-1 ) corresponds to the marginal condition that
S ' /S = 1 / ( 1-1-" ) .

4. What is the value of land yielding cash flow of $ 1 :

a . At 8 %

b . At 8 % if cash flow is to rise at 3 % per year
C. If you borrow to buy the land at its correct PV , and pay 8%

on the loan , how much will you owe the bank after one year ? After
10 years ?



5. Find the PV of a 25 year cash flow that begins with $23.53
and declines at 4.658 %/year . Discount at 7.452 % . Make your answer
accurate to 3 places .

6. You have to choose between two processes in your plant . The
Red Process costs $ 4m and lasts 5 years ; its GPV over that time is
$ 6m , discounting at 13 % . The Yellow Process costs $ 7m and lasts 11
years . Its GPV over that time is $ 8m . Which process makes better
use of the plant ? Give a numerical answer and show your work.

7. It costs $ 125/acre to reforest cutover timberland to yield
stumpage of $ 14k after 55 years , in constant $ . What monthly rent
from grazing would be of equal value , using a nominal interest
rate of 15 % . You forecast inflation over the period at 11 %/year.

a

P

Pi
a

l

Toa

Pi

IVE

in I

[ -yI

I

Ł

-n lu I



}

t

do

018

Auswus, Michtuun #1

4 P = 10k

i = .08
n = 7

a . a =

c .

1.08

a •

tot a

.08

1 - 1,08

-1

1.08

b . a I

PV
"

-1

Par

Jouk["7 P

2

10,000

7.4

:
t

=

L.

1.08-6

58

1

1120,

08

1920.

1-1.08
10.08

#10k = 10k - 19 = 1920.

1.08

12

1 .

A

= 10,000 .

72

-

"] = 10k

10,000

13,445 .

1121

2.801 -,-89²T 201 =

1120.

5,206
1

.8573 = 1646.70
Bot = 1210-se

= 2438

11- 1,08"

= .7438

72

72

=
1120,72



2

a .

3. a ,

b

b.

c.

.08

c .

b +-- I -4

0/10

{

108.03

08

}}

=

seducted from P

Ratio of log derivatives. Same
A(I"-1) = _iI"same
I"-( ["-1

12.5

You owe

20

na

20-1 = 6
20 tob

as E

l ľ

J



F

I

Land of
Yr,

Year

1

Begin
You

0

1

2

a
1

X₂03

1,03
31,033

value,

cf,

THE.
Lib

1.648

P₂ etc.

lut

C.f.

-L0

New tren

6

1

B₁= a + Pg

P₁ù² = P₂ ( 1+g)iPo

1.83

In caseyr. youi in 10

Cum.
dekt

20⁰

& Ling)

.6

.618

Cum, low

you. your

20

?ut -cit. New

sebe

New debt.

20

17.03.20 .= 1.6

1

20

6

tut. cf.
1.6 1

Cum.
Deft

must bonor. P₁i -a₂ =

20
20,6

Pag
debt will = the new

10

20 1,03 = 20 × 1.344 = 26,88



I

1

a =$23.53

I'm

p =

p = a

Red

Yellow

ņF

!
T

1-1.12110

|-(1-11)
itd

1,04

: 12110

1.04

L =

1

25

!

1-13

in coust. $.

1

L = -7 +8

-21

7: real i = 15- .11 = .04

F = 14k - 125-1.04

-4mit bm

1 - 1.13 ")

}} -

1-1.13"

= ax 7,78367 =

1 -.05032
• 12110

55

- 14k - 1,081 = 12, 919

1 - .05740
12110

$183.1498

= 184.5249

= 47.84211

= 2.2,181 = 4.374 m

= 1· 1,353 = 1,353 m

4

= 14k - 125-8.65

= 12,91900523 = 67.58
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1. Comp, int..
Disc.2.11H

3. ||- Capu .
4

5 tubet.
6 crf.

7
H

#
||
Il

some elements of cap. thyfor pramming

Topics, Cap. The Summary

Doubling time.

PV.of amunity'
Sum of geom, progu.
Cupply to

Confirm by ali
Graphically K

S

Degreen .

8. A.7.if

-||
#

lustalment

lut,
Recov.
Morah:

Growth of

payment.
a (1-evin)

-in

Ace ithing qui .
anu, at

Shep vs. free

r

a Time- ave

i.
a e

a). Limited gains from spreading
B) Is cost

comp

}

Semi- log scale.

int.

Capsefor a years.

Debt service. fined cap- cort.

of mring cap. to repl. labor for a yes,
~-head our time.



3. See noter from Hauke seminar
uclu comme

4 Topics

a. Opt. life

apprec

Depres

b. Normalizing

cupp.
Sep

e

Factor

-3

w I w/o land

( TMJAN)

proper.
d. Treat C as vble , too

( Use
my

how much

Upp, on Intensity)(?)

Deprecen. & deplu. (8 appreen ?)

;) Effect of shorter future life - s.f.
Deriv. of p.u.; chop off terminal RIMS

year; see

ii) . Depm, for tax ; II. depr. for inquit,deps. for inquit, to know
have to

you replace, & what assets ere,your



A.

B.

C.

j

a =

NV
Cap.

Morals:

F

M.

^ .̂..17A ZA

P

sheep

a

i
| -e -in

D. a F

→ Pi as u > 40

-2

ine

i

ein -l

VS. treen.

or so.

cumulative cunit.
formante

ticking fund



7. Replacement rules

A. Appreiz Capl.
I= (C +₁) e"" - S

i ( Cts)eindI.
du

luv.

= i (Ets)

grows

As long

each

- 3

year by

as wood

B. Depreig K.

i

This ungul rule also maks.

grows facter, is unripe.
Its

challenger & Defender

I felle
to 0

ACZ , in pers



Mae S.

S =
CoeRo- C₂ e im

eim el

As a mugul

-4

solution

em ( siRm

t Rue
i(man)

means renew.



Better, 1st rum is (iti)"Litiju

so litij" +hini)`? fit (iki)

1- ( 1+1)

Note: formula

i a

2/7/
7-1

at end of

S = e-i

-2

te

one year.
Cum 1 handle e-i as v ?

1

S= S

"
fitijs =

presupposes

zi

in

1- ( 1+i) ="

Iti -l

1st

-ki

$e du = ""n= 1 -i

te ni

1

not. ThisNo, not
Wd. have to use integral.

way

-"

payment is due

e
ci al

1- ( 1+i)

+ C = C____e
i

took up integral, give thin as ?
To evaluat Ċ let n = ∞0₁c Isoption

then (==

y
1



Cap. Thy, summary of math.

Sum of geom, proquesion

1 + r + r5$ = 1+
+5 =

S- +5 = 1 .
5 = 1= +"

S =

2. PV of anmuity

5-1=

4

tr

1

tt

{ = 1 + (1+i) ¹ + (1+i)̀ ² ++

x = (1 +i)='

1-(+)"

limmsy

-1

Iti

i
( 1+i) (1- (1+i)"") -i

1 - (1+ i )̀ " - i (1+i)""

4.1

| - ( 1+i)
Itill

1- ( 1+i)"(m-1)

¡

nul tr n

(( ti)
-(n-1)

~ = (1+₁) !- ( (+i)=4

l- lltija? ti - ilirijua

| - ( 1+i)"' '( I +i)
i

-1
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H

Degrees

-11

||

Purposes:
To monitor Manger in

Taxu

a

b. To evaluate

Numerical erg

your
rux depun. rules.

To allocate cf. between int. & depreen.
farm M.

Mineral timme unṣensitive to i.r.
AT

Replint. pol. & opt life.~

vk. 75smy.

wealth



h

1

dmthororo

10

MPION LIFE NC 636CH

12

|

1

begin

(2) ( 3)
on(R-C) (4)+ (2) (3)/1.1 Depan Int.or Dit Int, & dein

(4)n(4)n+1
= (2)$ DCFn

q
10
10

8
6
4

2
1

earlyyears of ney. c.f.,

Noten if

2.91
1.0.

1

+

c.f.₁, -c

( 4)(4) (5)

.00

(5) (6) ( 7) (8) (9) 10/1

J

.91

1

-you begin some provies from the beguirming is called
!

c.f. analysis. Figne int. on unrecovind balance!
1

|

I

1

1



A

4

Idear on

a =

" Time- average " - something

ER
m

a also

{[R₂c²(a )}e
ime

Cap.Thy.

909
11/10,0

9 9

when i> o

100

-1

1

i

{[R₂c^]Rue

+
1,1

-ime

to

i

.909
11./10.0

+ Change R to (R - C)₂

Handy to treat cap, costs separately
as K₂

Show some

Higher ķ means higher R (8/or longer Ru) .

fas., by tables or graples, to show tradeoffs.

TOO

WABOU .



1

Pul
at opt. In

Max pulk

- 2

Max. (PV-K)

b 1-0-im

- Ko Terim (not commens. w.

•Ky required for given life

K6

-K

.m

te
PVd b6

PVof

1

K

lumpsum)



di
di

nein

c

15}}

ar

-3

iso

neº

as iso, above becomes

Ban

- Š

Ce

·Ce'

K
PV at opt, m

+ af

Ceo + an

Ceu

K



I= ( Crs)ein -s
in

_dI__ = i (Crs) e"
du

When n = 0
d I
dn

d I.
du

to :

-4

i(Crs) = il + a

Ci = a

Cert

n



1

Opt. life of KK.

This is

something

a =

"-e - im

1

di

1

to lim

where idea of time- ave. is useful.
to max , :

Rm

di ( -e- im)

1

ľ

cim

oo

-5

(-ai) = -1/-₂² ) .me

him as iso

st

it "a ².

1

ilm
{[( Ru - C₂)e:(m_e)]

=

same as

useful. Giver you

me

for e

.im

i'm
11

eimal

: me' = m



Is

Ist

ī
2

3

4

5

10

20

40

80

100

Time - averager

.
.50

333

250

200

.100

.050

.025

•

.0125

ein-|

010

= ,01

1.0

.50
.33

.25

,20

↓ 10

.05

102

.01

}

i= ,05

1.0

.49

.32

23

,18

,08

,03

lo '

10^ = "?

(

e -in

1.01
5075

3400

.2562

2060

1055

.0554

.0304

.0182

.0159

./̀ = 8 05

1.05

.538

.367

.282
.231

130

.081

.058



1

If a

J5

a =

ļ

If b = k₁ then

PV = b

n

1. e -im

PV----

remains const.

bu is the

and keys growing

then

mgul. A;

Ber of future cycles,

Ber of hi KK costs,

a isis const. so

a

crf.

is the ave.

u

a is not court.

long as 6

a is also mgul. cost

a



H

AF

- ||

{[(Ra - ca)eit

K₂

]

a

1-e

i
l- e - im

MC of time.

1

m



1

H

-|| ₁

H

Admin, 200

The Culvert Paradox

Zen

Floud

ac

Vol,

MC

C of capacity

Wartout ends life of culvert

so i. what is life? Capacity adds tois

probability Flood Vol.

But that's partof values. Langer culvent protects both load
and itself. Value of that is B, cost of opg lower

plus replacing wad & culver itself. But as culvet.
gets layer, replaing same costs inore, reducing net gain.

life.

no. of you.

Capas.for the p-year flood willwork out every
(pri) years. to life is (1 +1)



Ane engiveening fallacy wd. be to
include in benefion (averted danger) the
costof the layer culvet.

AC & AB approach avoids Hür.His

AB = PV of damage (A) averted.

DV=
D

1

-in
but whatis u ?

Larger culvent adds to its own

Ag fu.of lost?

life, two So D is an



I.

Log-lag paper

k A

Logy

y
logy = logk + d

Blogk

equating
in

any
at that).

4 .

On the log scale, constant distancer
so when AA 44 x x %

A

useful for many purposes.
se ales

a

90
X ;

1. Elast, of produ..
2.
3. Valuation, max.

ratio whose

Elasticition of all kinds in econ.
They

bestore.
They show my several places:

as above

Elect, of demand

you

w. respect to denom. = 1.

(if denom. is

logA

X

can

=y=kA²

Lag A

constant

no t

ration of To changes. They

analyzed, graphically,

P.V., by selecting opt. life, usually involves maig
+ fus. of life. You find the mac

This is not anTo Mhanges of num. I denom , te the
num. I denom.

simple seme, bes, denom, is
But say

To As, Show this by doubling.

L

Citit", then god = icirith,

au

lag-log

by

elasticity,
life but a fr. of life ( exponential

the PV is max when clactic of num.

when AL = 1_ )



|
144

II.
If it is a rather than A that varies, an in compounding,

then (such as 1) , always giver same
This is best shownThis is not

given absolute saany given

by

an

au

Logy

dLogy = logle + & logA

Every

problems, logA = (.)

•Ay

elasticity relationships

III In Cobb- Douglas,
How about

they

approach.
show that.

time 1α =1, lozy

TloyA

Logy = lugk

> qua inputs

a
y =ks"

ta

Mus,
a is elast.of produs, w.r.t. A..

a +B ? since the increasesthe increases of the two are
commensurablethus made huge advantage of the Yo

a + ß must be the elast, of prodir, response to all imports.

R

increases by log A,

a + B > (₂ļ

a

-lagA +B log B

a const.

% in

If I slogt by 1, and A logß by 1, then 1.4 LagyA
and thed.+ B . 16 I i. A lazy by >1,

2

semi- long....

(In invierase

I

ofy.



II. There

Why not just
But clon't try to define its quantity

There

I.

There is an(alleged)problem of measuring capt. input.

1).

so far, ornal, has been timeless or simul.
ne circ. capl.

3

ww.reality. Esply.
Over the life of any product, it is circ, capt, whore retter is

2+residual ":" other impets, what they get is
JA

reamingfully
The popular wordthen product.

to dispersion of

max.

umnsre it by it's cort?

max.
costs

cart? Weigle

other problems with capital, late ..

'profit ' conveys this, but is oventated by failing to deduct implicitretum
costs, usually land rent, quam rem on. fixed capt, return of fixed expl, wagesof

might and other ownen labor, and int. on
cire.

owner capt.

wanner in
These implicit costs are valued at o.c., interpreted in most liberat

possible every dimension. (In s.r.. ficed cape, has a s.r.o.c. on salvage
value for felow l.r.o.c., so s.t. profic, gross of copl. service, > b.r. profect. Ea . def. has its uses. )

Having done that,

this in
i.e. stay away from ingul. mots. ?

cash flow &

2) dispersion of net cash over costs, as a %o of net.
grosi

go

avoiding mugul, mets.
ther

as det, by its output.
Weigh. its cost vs. its output.

pays
Capt, camions the product then time.

avoid
How do we then behave to word "risk" ? Min. The circ. capl. input,

Two meanings of 'risk': p =
A

not reduced by avoiding ingut, its.;
This is reduced by

% of costs be

Lends element of

But this doesn't work either, bes.

to where

land & durable capl.

you are underving other assets you pay for, shooting for less than
retum to them.
to this brings

user costs ar

3

We were before: to min. risk, let
vtale. costs; let min- to be fixed



owncomes via credit rationing, when youThe confusion

allets outright, cost becomes implicit; and fixed assets an
to the risk of fuch trouble . by

fixed
collateral.
fixed assets.

This the
resources

greatest social risk
T

1

get mis allocated,

I



H:

1... Review math of fuch, marming

HF
-||--
H

||
H

Admin 203, Monday,
March 14. 1971

H

$

Co

ha <g

b. Max. Ae-in

gi

g

Ae -in

upt

Max, A not. It, bes:1) we're not discounting it.

2)

Se in

Exam

Fri, Munde 18, 5:30 P

1) A= g_le"g - lein

teA₁²"² = 1
e

A

night, bes.

Is same as

z - c

"n

maxig Jue
This is independent of C, i.e. replacement

on replant cost.||Replacement policy std. élepend

H

Is same as g' =gi..

cort

Dren't cover rent.

I



==

#

·11·

H
#

C₂

#

Right

Convent A to annuity, max.
a =

-2

F

$

answer

repeated in perpetuity,
to compareit is „A AV

way
wival plain that have different lives. Süngle-cycle

HACZ is not.

in
" - |

Since the an
annuity

Se by simple capu:

can..

that

be

since amunity is perpetual, can convert to
( The time of= 1

p

A
PV formale en 2-400). S ====S₂∞

thebat

* i^ = 2; or n = 7
in

re-in



F

#-11

- ||

|---
||same,

#
#

# ₁
11.

#
H

"

2

||
||

Mickem

When n

(ii) -L
į

litiz

ei

For most caus, they

A
uta

↑
Mux

A.......

-3

-

large, the two maxima are about the

1/[( (+₁) ^- 1]
Vi'/(2+i)i

↑
Muc

Ae-in

are

|

very different: wine cattle,

|
Max A

Aé
A



#

#

3A

Max a visually
I=

Inventory value = Geist a

i=0

C.C. is so small afd., to gi

in-

that cuai isn't affected)



#++
41
#

||

# ₁

H

S= Ae-in + Ae

Also find Se

A
lut

Ae-in

cau

1- e
-in

This is the

be

I
H
rigul, land

where

-4

Se ar sum of series

te -zies-Lin

T
A

t

e

t

Li
K= e'te²²²+t

in

generalized.
Is right approach to inventory contralpolicy.

right approach to Replacement Policy

& 1st tenu is Ae-in

a. One tree of every age.
No. of tees = n .

m =l
e

e
ni

-1



skip

11

C

-||

r= e²

||

Exf10 of1 )Treni
= ¢ e

|| --
|

#

|-+"___

lur

th

Holding cost =

Cach flow

Ki

eui

of n

-5 =

= ∞0

Ki

nie

| -e-ai ,

same on umple cyclesingle
as

e

Te

ui

an

-

share = 100 %

increasingfr. of "fu



Ec. 162,
Dedicated to Priscilla Dougles, who asked the rightquestion.

Meno, Nov. 10, 1981,Nov. 10, 1981, by M.Halimy

mine serious students who wantThis is for

really and fully to undustand replacement
planning, and valuation of durable propertyothe basic math. tools .weeded.

1...An overiimplified model of a typical

We are considering buying
structive to generate cash flow

S =

a annual cash flow
( Cark flow
und of life|| =

C = Capital cost time zers.
G₁ = Generation #I
$ =

6₁ = - + = 1-4+²1²G a i

PV

Site Value in perpetuity

"[T-LIHT="](Iti)

-C
1- (Itilon

t.

or

a
6

asset

builching

and

a
a site we own.

you receipts less running costs.)

( 1)

( 2)



2

if

of≤
The trouble with this overnimplified model is

with G₁ alone, viz., it has usIt just says
n. that
indefinitely, then the

the same

finite maximum w.r.t.
if a will run on
ten oftere

we
run on indefinitely.
replace, the better.

for this, wethis, we modify the
model and let cash flow decilure , "decay",

To correct for

with n .

a simple but adequate model of a typical
with decaying cash flow.asset

decay factor much that

cash flow = a[Tra + (ind)= +..+(²²]t .Itd (led)" (Ird)

d =

G₁ = -C + a

-c
s= Fulltiť"

t

| - [( 1 +i)(1 +d)]"

dri(1 +d)

a 1 -{[(1 +i)(( +a)]]
d+ ili+a) | -6/+i)""

(3)

(4)

2



3.

a skrilled mathematician could inspect (4)
probably see rising to a

Howeven,
S

carefully, and probably

max and then falling, with ".
let us wail it down fimer.

Finding the mac

It is intuitive,

yourself that
humeraton grows

ratio.

by a larger to than the

denoussinator; and stops growning when the two
grows by

to charger
the same.

u

d

Rememón

ere
3/3

Ratio constant when:

duye

dx

of

and can demonstrate
you

a ratio rises in value when the

a vatio

a ratio.

dydx
V

du
dx

Unally you find.
alook up the derivative ofa

(6)V

(5)

dv.u
dX



But we
may

confirms (5).
dubudy

4. Maximizing S

dv
dn

V

This may make
you feel better. Our intuitive

device is just implified differential calculus.

}}

rewrite (6) so it immediateit
immediately

dv%."/dx

}}

using (4a)

(4a)

down = drillta)[ -[lltillva)]"[&+:[[+0]}]}]du

(8)

11

To maximize S, solve

-Cra
S=

il (til

updue
u

solve (5),

a ( 1 +i)( 1+d )]
-4

1- [(l+i)(/+d)]
drillta)

1- (1+i)="

de] (7)

4

(9)



dydn
u

a[(1+i)(1 +x)]
-C + a

a

a
}}

|- ((1 + i)(1 +2 )]]
dri(ltd)

(/ til " -|
[[ [mi)(Ita)]]
| ~ [( 1 +i )( 1 +y )] = ^

dri(ltd)

lory
when V = D ,

duan
V

"

6

-C

M

{}

as the left side is
and for

}}

a

that, as it grows slowly.
wust peak and fall, because:

V

(1+d)"

The left side represents
dubadn and Conce

U

the denommator yo) the derivative is positivesi. It clearly
i

reach of n -valuer quater than
But then it clearly

7

when

illtil -n

1- (1 +i)=" (1+i)"-|

(10)

5

So.

asymptote on constant value

and keeps smaller.
getting



5. a simples, marginal view of how toview of how to max w.v.I.

The tangle of (10) can become suddenly
clear and wident when we reamange terms in such

to make it clear that the conditiona as
way that

when the decaying cash flow
says

interest on sité válue.
G, should be replaced in the

The denominator of (10) on the leftside is
G₁ . Substituting,

a (1tit"-1
(im)"(IND)"

a

(1+d)"

}}

ľ

G₁
G₁

1- (1+i)="

year
ceases to eum

to what most peop.

= i.s

In ( 12) , the condition for
a requirement that the curent cach

(!!)

the left side, just cover interest on the site ,
This maker intuitive sease in its own right,

max.S is seen

flow,

(12)

6

people do (if they think this

1

I



t
through at all) is to figure they will demolish +
replace capital where its call flow no longer

This is apays interest on the value of 5.
utiful rule of thumb to remember.

6. The ultimate need to max 5 w.v.t.

The trouble is logically it is circular, because
5 is unknown, it is what we are determining.
Most people just take market value for 5, and
make out all right, but someone has to

do the original thinking for other to follow.
person carus extra income, by being first.

the or he can spot bargains, avoid turkeys, vor.
This emus

etc.

This leads us back to (10) . We need to
is to set upwaysolve it for 1 . The but

some standand tables, based on typical parameter
values. Let:

‡

i =
C = 100

a

7

a = 20
d = .08

.05

Now we figme left side as fruction of a

thring
low

or real rate of interact has thesame

rise annually due to cullation . There are alternative adimtments for inflatio

effect an letting
a



:
n

22 2.925
23 3.012

24 3, 225

.24.5 3.305

at

S =

Here,

1.05 "

so s is

A

-100

-100

(1.05 + 1.08)" u v

as a
Wmax 5,

15.90

18.03

20.45

21.18

max

+ 20

1

+ 20

1.303

1

at

3.305

.95

.134.

2.42 39.87

40.98

41.96

42.40

2.30

2.18

2.12

.134
21.19.

fe

n = 24.5

Q
S=C= (ITA)(18d)"

60.8.05 = 3,040

20 (1.08)- 24.50 = 3.035

ľ .0607
0561

.0519

.0499

check, recall from 45, above, that

(12)

42.4
.691

8

= 60.8



:

That's petty close, considering rounding and
...other approximal

approximationsimations used here.

?...Sensitivity analysis : how is optimal replaseerment

time ( u ) affected by changes in parcumeters

( a, C, i, and d ) ?

sensitivities.
(10) on a
quickly by trial &amor.
experience of

find

2
I appund some reedimentary

I did this by profecummunig
HP 38E , so I couldso I could proced

With pruutise
t

+ better algebra, no cont't we could
an easier way.

much

d.
The outstanding finding
more sensitive to alc

14 c. finfin noms,

is

tubles
covering

all the caresttime of making invertiment & replaces

one could work up a
would neet

that u is
than to į n

you
replacement

a set of

eccent decisions.

9

in a life
f

1



CareAn 2/c
1

3₂

}

C.

e

4a

i

● 20

25

.30
.30

30

30

AL'

2.30

į
105

.05

.05

.04

,0 )
.02
,01

.or

le

d
108

.10

.15
15
:18
./1
.15″

.15
14t

+13
%

} } *

.10

.08.

.07

.06

"

24+

12

14
13
13

15.4

15.3**

15.2
:5.2
: 5.3

:5.5
: 5.8

9.
11.5

01

Sensitivity Audyss

;



Case

5a
%

.30
, 28
26

.24
22

the 2 .
20

.05

d
015

ComeMuxian.. u is

but highly sensitive to

15.4
17
iqt
2.2

29

41

insemitive to it.d
%/ .

11 36

(But when _2 > !itd), u becomes semestin's to i&a itd)

1
!



(

Prof. Mares

Ciess noter. Wird. for. 28, 1981.
Pays'back time, (onclaroid).

curissions, and clantication,

Exvors, in notes of Jan. it.
An omission, Pušas

heading

B.

į An error ,

Thi

Ú

Th

K=[(1+i)

A = 0
-

Installment

Installwent # 4

p . 3. {g. (2), should read:

( 2)te

became the first timer of the
than ( Iti).1 ratke

forrents from which we derived the result :

5 1 t r t pht + p(4-1)

sa

progression
Résémber the

We have to watch the end points of
to avoid perty minor errors.

1 is to amie
at

The object of tequiming with
the simplest ponsible final four.possible final forms. If we havefor want to beguinbegin with liti), however, we

andjust by mathiphy , ( 2) by (1+i). Oh, we
add [Citi!" - 1], which gives the same result

progressions



Paybach time (concluded),
This is mainly of interest toparists & recomicians, and Premjer

nothing of importance .
Likewise, Eq. (3) should read:C²

1

K = { (1 +i)" etc (3 )
We are now valuing capital at the hequinning (not the end ) of
each week. For cohort #1, the value is 1, nor ((ti ) ; etc ..

d. Clarification of Egn. ( 4)
A

When we divide

(and nor V = ( 1+g)").
in elas, but some

e.

0

show
Wave

K by V₁ the V = L(+;)"
1 mentioned Huis
have missent it .

on
as the divisori

p 7, Eq.

a

colourMore

imary

2

( tales)
"V " (Volume) men

consistency,

2. A second approute to showing that Payboucts Period
Capital = "Volume ( P = "K/V)LATVIAN

in

change

1 use "5 "
the same eng

Po

On Jun. Li we used a "going
this. You might aste,

m ?going consum

This is
(4) and (7)
s to Vin ( 9).

"going concer

from Westment to liquidation.

6.

what if
to let's look at

brookers going through it's

moved to
we dorit

7

jurí
cycle



To avoid imposing
we'll

you just
"Installment # 4.do

( Point - input, Point Output).
only to
Concentrated

u amme

be

period
tess

a

We have seen

Isses of capital inputs each year on umpend
interest We'll keep the

how

inputs other
at

is plowed backs.
"Pito" to remind W

make

1 }

tham v

3

Eq
we
the best colum

PIL

a lot of detail on
case 1, on p . 3 of

This is called " PIPO
The neume

picture

M

of easy
the mistake of thinking the perybaste

when really it is curage1

refers

Ihan capital, which are
one point of time, when n =1
that there are also regretar

will help:

(13

(

( 1 +i)
ông

n

p. 3

it would

Fig.

2.12² is the sum of the columus under
we divided this sumIn [q. '4) by

(the right side of the last column,



to be exact ,
of K/U

is the
The summer of the cu'umiins

the area vinder the curve.
also be calculated as

$

I

Was

under the curve, where each bar
impart times it's respective paybacka period,in

WJ D( the subscript ";" here is
it means

one.

13

( Itil"?) We said this ratio:)
the

average gayback period.

only
-hey correct

a

the sum of borizontal bur
is one dose

the individual unit.

al v nềndaề mm ən

under the curve
This area

(1 32 13

out the

kin
the istnut val

I have left they
too clove together to dian , except for the very
bottom [The little triangle in the top right is
excinded, because our summation its values capitalcause our sumeration formula values

the beginning ofeach

for

[ {++)"

the first few bans

trekk

N

one

each year. în integral calculiarLean

this minor macimary . Here, we



1

accept the approximation based on columns
it is plenty

accurati
squared .It's tops
for mort purposes.]

Now observe that the area under the
i`s the sum of the horizontal bars,

whye ľ½ ki ni

capital, and vi is it's midwidual payback time.
W wheady know the area under the wore, so
WO have :

{(kx)= (ing "]

We can also Ale

height of the last column , which

is the date of each close of

(ii) is

win's

13

Σ ki = Cl +g'si)

that Eki

is thethe sum

(10)

( 10) of payback personer weighted

The common of upital with that period.
the sum of all capital. Dividing

is the

we know is (Iti)(1 +i) 's

(1₁)



3.

(10)
period

(10)
( 11)

{(kin.)
ki

(which is thesen

(1) A therefore gives the
all the capital :

BANDA DE de

Obam

shorter period

↑Figis (1+i)
In the

q

PIPO

13(1 +i)¹3 -

D

theweights)

Wie

illtil

But (12) is the same an (4), Q.E.A

The average pospacks prive equals the capitol!parpada
output ratio , K

13

average paybacka

5131- (1+;)"""
i

in Eq. (1), p.3 , Installment #4 ; and
3 Installment # 5, we see that output

Mon - intesive .

(14)

generally (Iti) ".
care, labor is applied once,
and is equal

when K to}

Lubon's share of output is therefore

$ 1 in value.



Wage Bill

Output

lu

the same

M

with
rises.

Capital's shame is:

(1+i) -1
((+)

young

ņ

~
!

(IA)

concern model, the result is
Capital's share in

K² = (14)_= ₁/² = 1= LingV ( 1+i)"

•This is
interest change :

We can

$1

because capital addr
of output us {q~aime

Note that capital's share
tabor's share failsfaits

JA

1- (1 +0)

now

rises.

viercases

4

as

not because the rater of wages

they don't

perceive the

LA

(4)

It is
higher share of the

(15)

poucer of



shortparybeste periods to implay the labo
ways!in two

enderanced bry

a) Mhorter parybautothe same capital;

labor-intresive.
h) shorter paughaite

Log

4 Effect of higher ratione rete.
payback periods.

Scale

The interest rate
on discipline

is
that marken

capital when it is suence.
It'agrams illustrate how this works,
discuss them in class.

7 di's
came

means more payrolla ine

2

means productio

10% discount

choice

the economic consticni

onun economize
The following

1.45
n

Mate

We will

strous ellet of higher & Mower:

Fig. 3



Lug
seale

1.

1.05 "

S

Fig.

shows effect of higher wage rates

$
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||

Mard. Ecs.

ni ((+:)"

5°
3

4

107

5

.01

109

closer.

1.31

1,40

1.40

.01
109

101

Ru Ce

1,31

1.40

1.40

262.
Liter 100

288.

294 .

Spacnis is another factor.
This increases

100 =

300

300

300

100

E.g. Growning Hybrid Poplar for energy

Eosing from
c to a

no. in create in Ru

top
51.8

37,0 -1 = 1670.

To Fet.This
11 there be in AC..
H

mis gam

E
1.31

·100

100
90

80

Cycle 1,
ACE

100

105.7

110

L.V.

129.
124.3

134,3

409,5

358.0

312.5

factor. SpaceSpace the short rotations

Co ; avoids the drop in ku.

u

Rent

tr

528,2

420.9

454,8

28.66

25,05

26.01

pulp.

37,0

29,5

31,8

25% AC, andmeans

but an increase in nemt of

1

yam all in one number,let
as entire gain sprows in I'vent



1

S

n

4

i (/ti)"

4
8
16

107 1-31

1

Levenge
leverage
profic and rent.

1,200

1,31

1.72

2.95€

300

330

360

300

600

nes
lu

1200

10

9,1

C PV, 21¡Vi

Interputation needed !

100

100

100

129

152 17.8

175 15.0

is main thing shown here. Note that
not just related to deft, but to basicis... U

L.V. 2.4

528,"
622,4 17,
716.6

8

15.1

2

|29.9 528,"

248.8 93 %20 580. 9.8%

306,5 2390 454,9 -21.6 %

1



1

H

No
•HB Jou sinks the "/m_when a credit wunche luits.

but the Mafin juice mum will lend to

Wony,wys jou myfor

41H one.
him... Not to ausers

must beas great.Is ever ! What adjustment wer
when his payback time irrelches outwake when

10

H

H.

H

A "Cost accents may look at ful dite, but
lender lock/ut.piul. dists. " Can you explum ?

+1
#

withti
-||
+₁

eu

5 mei ?

F
a coullflom enral. looks soi
y

Amrecor. Cay,
K in

acc. cap.

dola

10

Ilus on

-j.Call flow

-j.Umec.balance 14

41

H

1
0

"
5

16
lub

0

17.6

2
17,6

0
17,6

1.76

2.16

16.₁.6

3
16,6

16.6

1.66

Ý

13.26

13.26 18,59

13.26 10,5-4

1.326 1.06

4

10.59

M
2,78 (W) lom_

3

8,64

6
8.64

8.64

.86
2
7.57

complete the table.
Is it consistent w. the logic of fuck with ?
What is MV:
when wd. rabular cf. cum. be better ?

5

1
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maxes11

31-√

242.51

717.d

in I

Li

!

+

=

#

you]

(P -K) out

J

4.-/!
ALE

17+ »1-185

H

|



1

1

1. as Total Solution|

1

H

1

#

Muc
DCF =

ii ale

I

ACF. + LI
GPV - K

muk GPV

T

-n

+ LI "1

-K

1

L



Thus. Missing

ACE + LI

VotK
ACF

ACE :- I

Link from Tues.

| NCF +LE" = $10({+ E-) = $1²(+̄{[̂;{")ACE ACE
I

DCF(
1

I“

t

Why is this opt? as a rises, PV of ALF keeps

· xising but PU d lank salvage heers falling.
Max of the sum giver opt. y.

E.g., let ACF :

ACE
1-5-4[

1- ( ) "
I lti - ltd

I

-d
["

DCF
1-[-uI

|_(L-1))
1- 1- d

Iti

(
1-1)"

15th

n

T

t
-d

-HIti
Ind

t

Iti
lud

itd

(1-d)__

Lizak



1 .

#

F

ACE

2.1-1

-(11 )1

(ind) (1 - tri)
"

1



f

1

Merginal solution (3) is intuitively meaningful
out Itin an

of time is
the marginal cost

the cash foregone by
holding the ement timber for one more year.
solution ( 4) has a

way.
Si, interect on

comparable interpretation.
We can show that (4) says that the marginal
cost of time is (S +L)i!

Rewriting ( ):

s' = si 1 I

says

Pumpore: to factorutor out Si, to identify
the other element on which solution 4 requires
us to earn interent.

to and fromMethod: add and subtract I`" to and

the unmurator, letting us factor out. "1 ".

5²= 5; ²- "*+ 4̂² = Si(1+£̂"̂-+ S:) =
Si t Sit

1- I'm

= i(5 +₂({//-)I"

1-1
sin
I"-(



1

1

S

hust =====I " -1
is Land Value, L.

so solution ( 4) boils down to this:

5² = ;(5 +2)

s' is the marginal product of time
yearly growth of

the

thei(5 + L) is the merginal cost of time

foregove gain of tiring up the Stumpage and the
These have anLand for another year.

opportunity cost.
for cach, and reinvested,
it could be put to it's next use yielding
annual rent of the amount a. But
a = Si,

The Stumpage could be liquidated
as to the land,

an.



bo
25

d = 102

d = ,05

d = 10

d = .20

i = 105

(1)
[ -d
Iti

} 933

1905

.851

.762

u = 25

(2 )

frind

P- ?

.930

.900

1850

.750

}

(3) (4) ( 6 ) ( 7)
25

['tito (TriXIED) ((*)/(1 )"" (1) (2)
935

.909

.870

.800

1934

.901

998 '

(-5)

194

1,010

1,065

1.286

2.715

1.034

1,127

1.433

914

.816

1

.811

.675



1

1

}

P

7

F

F

If more workning (1 to land + Kgues pay
there is less for labor; and/or not enough for
full empl. g. Marx, Mh.II cu . VIIBk .

P



n

42

30
Lo

Value of i to make PV = =

PV =

62 2.6
50 3,1

3.9

5,2
1.1

100 L

15.12 .

07

15,9
5 22.5
1 13.2

X24

K

2

be

8
16

32

64

ī
sja

1.910

3.902

7,652

i =

01.02.
9.90 .980

47,10

Table of PV as we double i and u.

I

1- Z-".

35.92

2(1- I-")
n

104

.962

1.94 .1.94 ~ 1.886 1.183

3.808 1.630 3.312

7,325 6.733 5.147

913

22.97 12.41

.16 32
862.758

1.605 L.331

2.798 2.096

4.344 2.186

6.25 3.12



1

A.

B.

FVF und points.

1st prut at end of I yo ; draws int for u -I you
Last put chews us int

wo. of puuts.4. =

D.

Basic case

INTI

E₂ = I²+ I' Fl
= 1.21 FILH

C. add a

1st punt at beginning of you tame me ofputs;

IĘ₂ Ï³ + I² + I = 3,641

'd a prut.
Fu =

prut to A ; add a year

[ ³ + Iº +
+= 1,331 + libb

= 3.31

4

I pl
1,1

3
F = I² +I ' + I² + I +

pl = 4.641

Odd case : squeese you
into 3

1st puit. ut begriming of yo ; also und_put_at end

same as F

"

= 4,64



1

1,

Frozen

Uses of FUE

Long

--Um

recorred
K

Ec. 162

n

1

SOFT

sond fucg, it all becomes funded debt.
Vallen EVE (1st purt

7

19

"
28

35`

42

constru. pals., cap's interest. "Cashflow unclyper"

Pub, Works

Nuclear plants
luc.Utility rate buses cwip". Inc. reporting. The

Constru, lowns, High it. -Phontou quca.

i
.08

8,92

24,21

50.42

95,34

172,32

304,24

.10

1

9.49

27.99

12

32,39

is at und of yo

.. !4....
l

37,58

16

1

racing.

- no mit.)

43.67
I
I

I

I

I
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Į

du

I " -(

~
d I i I
du

Growth is

fimil'

Cost of Melay

1

I"

+ 1

Cast

= I

–

"

Oven run

T 1

1

1



$

n

1

1

144

21

28

35
42

( =į
FV

8.92
24,2

50,4

95,3

112, }

304,2

soS

Values of FVF and.

But

sunk cust

Cumentiunt= I"
That in

EV

1,73

u

in = 7....andwhen

investment is capdl. int.

is

.6.4.
1,21 H

.10

F-V FV

=

L
9.49/1.361

18,21

28.0 2.00

64.0 3.05

134 , 4.74

11 / 7,74

538 14.8

A

X

FV/u
12

FV IEVA

10
.

1.44

32.4 2,31

81.7 3.89

6.81191

1

and i = 12i

432

964 123

12

2,2 | - ( = 1.21

1 j
of AK is int

.1.4

FIEL

10.1 1.53

37,6 2.68

104.81 4.99

9.75

19,82

41.6

cument basis, the growth of you .
mostly int

44 % of your

43.7

1. is coment .ovuum .
55 %0.

16

ļ

|F/4

3.12

| 75,1



Hidung mistaken

Ways to hide this int. bunden: make it implicit.
1.e., plon in captive funch, Marge us wit.

A. Pay int. from current implan..
1. Corps- plow back profer.
2. PUB - change uit on

ratepayus, veuse vates..

a
Before come on Mine. This

uwe got acced. for to -until I demanded at. They wereready
to hide it, it us me asked, after came on line , but cost
more than other sources.
Is nwe acerd. fra

E.g. San Oudhe

13 %

CWIP to cuent

lowest siv. can put over.
one !

...This excers is also a cup cost.
-i.e. the true value of power,

ar when they do acct.. for it, use the
Cf. SF, where they une higher

In this came thing whit 4 = 14, iir, was up to
1₁13 14 = 5.53m.M.SU

cruent...uit... was 4.43 x conut www.run.
D

tapering off. Stalling turti...
Trouble is lust Love took 2 more year..

Eccept was higher, bes.. comment spending was
SONGS I is 99 % complete".

~



Thus we were adding 14.90

still came to $1 mm/mm, ! ?/m/mo

acknowluckedNowK is up to

*
cover
2

up

get

U you to the cases K, just by standing

Mgr. who goof like that want desperately to
Hive same promotus...." Tall me ajuni.k

16

$ 1.30 m .

su discouraged.

(Note how little of the u... thum created maker john.,

B3. Capture pension fund
B.C. Hydro
U.S. Govt. capture of Soc..Sec. funds.

C. Borrow from U.S.

1

I



u

10

20

30

40

SEE a...

a. Uses prepare for a big expense
or college.E.g. replacement.

L'usul tobe more common...Now that uit. is
tarable & deductible, is more common to fly now, pay
later.)

De commission
issimming.

Sheep vs. trees.

6. Sensitivity to

Value of a in %

į .05 .08

8.0
3.0

1.5

0.8

6.9

2.V

10 % and 40

7.
0.9

0.4

a =

Buck moved from
yu....

u andi

, !U

10,000 x 12
= $1.341.1260-1

6.3

1.7

0.6

10.2

../.2

5.7
1.4

0.4 .
0.1

.14.

5,"
1.1

0.3

0.07

16

4.7

0.9
0.2
0.04

8. %0... and 20
Then cut this expense to

20 years to

1



|

1

i

if you know this with you can see how they are
Mading things, see behind the bufflegals, see motives..

1

4

1

1

1
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Do

Summary Rule of 12

W.

21.0

į. Fo

1,01

= 18; most acc mate

For i 2.08, gives to high an y
H

= 2.041
1.02 2.040.
1.07 10.29 = 2.006
1.08 1.9990
1.09

1.1

36

1.14

So

8

1,4

=

i

:
=

where u is doubling

1.992
1.986

= 1. 7

1.16 = 1.95

over

sudu 390
del 5%

11 %

12 %

15 %

time :

or 2.35 %0 too hight
2.0 %

une 20

Use 21
Whe 13

14
15

S
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L

Rule of 12".
Money

where

n.=

05
10

15⁰°
.20

~

Rule is approximate, for low value ofI,
below about 1510940.

roughly
doubler in a number of years equal to:

.72
L

i = intuent rate (as a decimal)
100% = (m u (070)

Table 1: Acuracy of Rule of 72
Correct u1
Est, n

72
100 i

12.0

14,4
1.20
4.80

3.60

Correct
4 ~

69.7
14.2

7,27

4.96
3.80

From (1; A) , p.2

.97

..99
1.01

1.03

1.06

Est. "
correctn

1.03

1,01

.99

197

.94

at.Table 1.. shows est. I is 3 % too high

i= ₁01 ; very close to the mark between i =₁04

1 and 1 = 12 ; and increasingly too low for highten

values of !.
i =

l



G

1

1

i
..01

A

Busis of Rule of 12

1

solve for "

.05

n
(1 + i)² = 2

...10

15

20

u lu (1 +i)

n =

The trick have is that lu (1 +i) = i .
Lu (1 +i) is called

But
Table 2

hin
in (1 +i)

standand notation is breek who ,

(₁)

by taking lu. of both sides.
= M.2

f
.00995

693 ...
bu (1 +i)

104879

.09531

13976

.18.232

C.: p compened to i
P/is slightly ben than i.

.995
:976

.953
.932
..912

" the face of interest", and the
yr ""p".

1/₁
1.005
1.025
1.049
1.013

1.096

(1, A)

1

P.2



p.3

To compensate for this wwor The Rule of 72
raises 693.... to -7.2 DV by 3.990.
This is correct

for values around 8%...

Doubling Time at 14.4 %

The Rule

$14.490.

(Table 1). Accmately :

n =

up
at i = 8 %

double at

money

in ?2
in 1.144

It taky

says money
But we are into a vrange of 3.9 maccmacy:

1.144

take moremore than 5
14,4 % , 14 ľ

less than doubles :.

gem

}

1.9594

=

doubles in 5

and noughty...accurate

in 5 years at

5,1523.

for money
year at 14.4.20

1₁.9594....

years for

What. did with
you your

was equivalent to raising. ( 3)
6

56.595 ...

(2)

calculators
to the 6thto the

to

( 3)

power:

(4)



1

Hence
you got about. 57, instead of the 64

which . The Rule predicts. Small errors.
raised to the 6th be come langer mors.

on the outer limits

The Rule of 12. You Were.
up, and question it.1

power

My example was pushing
of the usefulmen of

shoup to pick this

Usefulues of Rule of 72

The Rule is useful for making quick
estimates, and for raising your consciousness

power of compound interest.about the

and use (1, A) ..But for accuracy, buy a hand calculation

The Rule also focuses you

So
fact that the product
(roughly) .
in half.

p. 4

nxi is

horseback

mund on the

doubling. I means
This rough ruler become

a... constant
cut u..you

an absolutely
accurate rule when compounding is continuous,
as in calculus, (and in some bank accounts )
But that's anothur_ vule for another day.L


