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In amities from JithR. Hicks.

Hicks, ch . 17. Interest & the Production plan.

B-B's

a, Is a def.pd.of prod-n

b. Lower i lengthens it.

enor. Took
very exceptional examples, wine & trees, observed

Generalized fromthere.But they
not typical. -sup

(But I still think lower & Aim. in more durable goods; I
this is of utmost importance in cycles, & much in

late boom, lo i, →
factorpayments from inv. in durables not

as much - lower i changes

Hicks

way Hayek said:

mkt for long saysTime.) ( Hicks

production plan, shifts output forward & imput backward)

p. 226

dominatesforfuture. So little rolefor

not to come on

tilt' of

Int. too weak to much influence near future ; & risk
i. - unless risk notgreat.
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ffi = ln[R[1-6] + CE +5] - lu(CFS)
m

Ruxe)((-E) + CE FS

Ċ +5

If 5 =0; and fixen

mir REI-EFPE

P

x = ln[R({~E) > PE] - lutT
m

m

Xy if no Fux
R

P

Mr = ln R - lup

in R- luPr
M

1 When R = e

16 P = 0₁ tu P = ~ ∞ and r = 000 ;

So let P = 1 . Then in P =0₁
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Now let there be a yield

e mr

yar = n ln R = lutt-c) =-lup

Let P =1, and}

in (2-2) LO_₁}

mr

R(+-E) ___

P

Now let 5>0

e

eM

Levy yield Fux

mt =

luk + lu(1-2)F -intl-t)

tus, t .

-R+S
PPS

m

so numeratorgrowth is leveraged

1

$

-R (int) +5.
++

lu[R (1-1) + s] - lu (Prs)

The simplicity is gone.

1

by it.

2
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Approaches to solving for maturity
A Mar
2.. rev.
3. Max S

i._s fixed,
1.MaxA

2.

R + a

Prs

P
PE

& changesr
6. Mgul sol, never = F· V₁ + r s

this

fixed, S Munger
a hur s
b. Equate

way.be hand when r is vele...

(

Passe

"

Rev.Msit Vrai

When Vm = (P + s) emi-S
And solve for S.

Tusk Arax when find in to mue o when
R = (P + S) e²² - S.

mi
and then effect of taxes.

1.When S = 0 , procedureprocedure is to
and show that taxes make ram

mi

But this is probably

is to begin w. lown of eq. pourts,_
when i cout with m.

(Prs) emi -S = R
Peni

probably sameor

R (1-4)
Pemi(1-4)

(a)
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-(P +S).e^ ² = R (1-1)

mr -ALLFC) P.S.Pes
With sales tax, astax, as

0f.fsso Thatis,

+ S

above, I is les affected by_my_than

dš
dun

my

|

Z
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Working outline

a. Appreciating

C + s

C₂

Laber

A
M

getr

·l₂ -na

Fig.I

if 5 = 0, 2factors, shares}

Cap, gets
Ceimi

imce'm

e
Ce im

(cts)e -s= ₂ Ceign

repening capital. PIPO. Bldg block
cetslein

or

c
are:

im

= / -e-im- As fm. of

Telf.good n

This is basic.
>
It's genentity has been Mallenged.

bring generative, to bldgs & mines.also

It omits land,

InFor land use LILO.
the wire from Dave's

Ag-fu- of m.
m.

Alee it I will

I will include land

Refer to Fig .

1
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11_530,

on

Labor geti C
(Crs)eim-s

Cap.So Ilandgeti

(Crs)eim - s

( crs)eim

1 e
- (Crs)e!" -s

-S

1687-1997)
Kcbjj eVfmVVBl

M

rent.

Ï

Dividing between Cap. & land is tricky

-Ag. _7(m)

Land get... which is less than (Erstein-s - ceim

(= ski' _;)), bes, part of what landgets above Ceime is inti

defined

Si

an As 7(m)
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to land dan is

reacher max. when:

si
msi

msi
(ers)eim.s

( Crs) iein

(Crs)

eim ( 1 -mi)

Cap. shove is :

sirm³

im(Crs).c'm _s

_( crs)(xim___ mie im) = S

eim ( Crs) (( -mi) =5

S

m(Crs)iem

= cts ]
(Crs) ~¹m - s -c - msi

corsfeim -S.

Tcrmsi___

sami? (s+ ? )

and increasing & then

during f(m ),
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6. Effect of changes in wage and interest rates on durability .

Graphical demonstration .

im
Let e

ime
hme

discount rate = i .

eim

log

jm

1

³

Figure 1

be locus of future values having present value of unity at

At a lower rate , h < i , present values from the locus curve are

(i-h)m ,

= e (i -j )m

y-intercepts above unity .

At a higher rate , j > i , present values from locus curve are

ime

m

an increasing fn . of m ( i - h > 0 ) , shown by ascending

y-intercepts below unity .

a decreasing fn . of m (i-j < 0 ) , shown by descending>

So if capital is scarce ,

investments to look better .

interest rates rise , causing shorter

This speeds capital turnover , substituting

labor for capital (cf 2 , 3 ) and vice versa .

9.



rme

r

Log

P(1+g)

Figure 2 shows rise of wage rate with no change in value of product .
imPe is locus of values yielding interest of i when payroll cost is P.

Higher wage rates raise cost to P (1 + g ) . Dash lines show growth of

investment at internal rate of return . Higher slopes mean higher rates .

Let r

rm = im

i

P

internal rate

imPe

P(1+g )

en (1 + g )

Figure 2

m(1+g )
m

im
Pe

an increasing fn . of m .

10 .

So higher wage rates cause longer lives to be preferred , thus substituting

capital for labor ( cf 2 , 3 ) . And of course vice versa .

Thus lower wage rates and higher interest rates lead to full employment,

in a free market ( if we had one ) .

But it is the wage and interest rates as perceived and experienced by the

entrepreneur that are controlling . Here is where institutional bias intercedes .

Labor costs employers much more than labor takes home in pay . But capital

and land cost employers less , at least comparatively.
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Notes, N-1

10-29-69. Cepproach to org. of R.t.7. work

Spatial temporal, I macro.cc. aspects of space networks (& env. enhancement)

I. New Malthusianism ; new pessimism , about living standards, i . outlets,
eruplopment.

Raw until no limit
...as

-pop, s.o.l., iwt., empl...
sun short, new in. opp. in exploring, mining, etc.

Eur. quality, basis of new pessimism. Conservationists are
& v.v.

answer.
luvert.More resources in

There is analogam

Do we have the resources ?

people.
è demilitarinn.

Do we have the capt ?

We have the labor _by_def. of the problem

answer to fear of the unempl. by automation ..9s

HA 15eguesian.longer seem relevant.have been was heading.

•

quality.

# This shortage

threatening empt;

Now over commitment.
in opp. Shortage of disposable capl.
(Like Burnett & Morse capl. is the limit.)....

equilibrating Thermostat.
many faction logging

too

no. model

Always a great potencial_cap.formation__

1

models on which all murtured

many..

Ec. has

Problem is

-clogging the mechanism. Diagnou's goal is to identify.Public inv.

Hi in Plenty of
Baris for curent pessimisen.

can be absorbed adapted to.
will retum to that.
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there; policy goal to clear them away.
As integral part of policy goal, actieve eur.

least capt. input & retention .
geared to economice. spatial.I temporal aspects.

I. Equilibrating mechanism.
A. Real terms

1.
only

-N- 2

more

sharew.

- There are durable

can'tget1f. laber is. 5.9⁰ & capl. 9.5 %, capl. can't
to investors avoid there when hii.

products:...houses

quality
uner changes

will retum.
This involver user

If labe_gets_9540_ & capt. 5 % can raise caplis
min. decline of wage bill.

There are

Thus, hi i pull im into

products of quick payout : hamburgers.

of how to meet not payroll.

w.

im into fact-pay capt;_thus solverproblem

Hi i pulls im. into here.

made Keynesian pessimists, how to find
Law i partier in slow-pay - solver problem that..

how to find in outten___
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2.

Co

E =

K = C₂~f(+)Coif

A model, after Brems,

K= Capl.Stack

E = Empl.
W =

||²

-N- 3

E.W

L = Life

K

Wificat

Wage rate

storit
-Co L

employ_laber w._given stock of capt., redure L.

orig.
3. This focuses study on replacement policyreplacement policy --& includes...

in policy that determines built-in life.
will retum. I expand....
Avoid bianes to longevity, i.c. capl._intensity.

__Esply. in interite sector,quetambalanced....

F
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B. Translate macro

inv._Replint- freg. is autonomous determinant of
model overlooks regards x.f. as pliable, determined by spending.

have leverage.to und& prop great

grossinv.
But_x.f. is autonomous.

consummas inc.

mean

More

- № . 4

to

model to usual term , centered on spending.

Micro & macro integrated.
fastar tumover, replacement.

nat.. Inc., ļ

Cons. isn't.

ThisCapt. owner inwest to replace stock as it matures .

buyit. Spending nicely synchr. w output.w.

we can equi

w. given stock of capl.

equilibrate, get along

gross Keynesian

W

Factor propus. lean. on capl.
Meam more gros in.

Replacement need downinates.
Net in..

giver

cap. stock we have...
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A

{

B. Spending terms

Invertor in short- lived goods cashes in fact, I spends M.to
replace. Then buys the goods as sold.

Investing in longgoods has no need to replace. The

_he_viverted gets spent on cons., but it's not real cous, only inflectionary.
Long inverter adds m. to spending but no goods

emnerge. Infl. becan
1.w. programs a

when spending to entence unisonment.
a bad offender . Watch it,

W.

to

mmygut

we can

environmental quality ?__ That's problem.
equilibrate. Bent is this facter tumover_compatible

}

I



~Identity problem ?

II .

|

1

We

it less intencively

have feeling of

Do we have the land ?

peoplecan we land more

depops , and unban sprawl.

€ 1.m.M.

-N-$2.5

be recovered in

This is gurly compat. tamning capl. facter.w.
fapt Longerous capl. ties up land as well as my capt. Laber

applied less often ..

Merely
Is

reverse trends of past decades.
more crowding, but the revene is occurring,

E.g. reverval of urban sits
2.g..ferest.

affect density

intensively. Or stop peopling
Note irony -

mural

E.g. replacement of

10

to be recovered in

In terms of service flow, Co

yes...reps.

of sewers.

env.

Co... of

20 ; etc.

$ 1m. designed to
interin land was clean..une

eductioninso people land more intensively,"remove toforced

fence required.Hence no.
biares tosprawl .I tsany.-istemity I live in agrics)

this compatible
cap.

quality

more intermin

Argument for sprawe is, aut reduce density, avoid

_congestion - pollution. Evaluate this. Is research.job..my.
This entails working...out user changes, see how they_system of
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IV. Spatial & temporal aspects of interite sector,
set of meStudy there, basis for recommending criteria for

chayer effluent changes, congestion changes, & assor. Fux policies,I
to use a scarce capl. I land to and enhance unviroment,

( Servers & transit are central qus. of wh. pollis & air pollu_)

A...Temporal
Therea

-bg.

-N-6

1.

and land

(&effleucent changes encourage that.)
save great caple, by replacz indir.facilities.

But can waite capt. when
extended into lean territing prematurely; when left unfinished

and

for your
The latter has been comman._ to timing of the essence.

m.f.s, in interite sector,
can

to

When to initicete

a.
(Like when to open a mine.)

to fior

Problem of 'ripening,

In general contract of
cost a

o

4. Problem of replacing old i.......

Decif. cost man

i. If all cost
witzt.

progressive Asolescence.

facility replang. Ag

ore borrows given by

If..cites.
ifIf infis

-_already
hot

t

in

facility. Detail to be worked out...

in

cant it.

of 4g & -4g cost giver enormous advanteze so
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Jana

On i.fis...

reptic tanks, autos.
rise.
icfis. by mass

Usual use

typically imposed

ii. Effect of user chargers

...Is mainmain thing maki; cout rice
Put.

On mass

so wier changes in shift balance encourace replacement of
fautition, m.f....facilities .
of

N.1

uner

facilition, mofes.
MC < ac, charges.low.
But m.f.s. cover wide onea, require

At funger, this houts them.

changes is buddy mis directed. They
m.f.s buses, phones mail, rails, utilitin .

betwem city.I country
undermed times.

1 In lean areas will help i.f.s.

bork

Wells

costs fall w. scale. Social contr

system

Save capital.

oueu

Also where density is low.
to

new criteria won't always_I everyw here. help_m.f.s.
Net result: sharper line

Conto Avoid long_half-finished, _

are

differentiation.

} 7
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2. How much life
Life" Adby Pure longevity,

- N.8 .

Theory (ripening).

to build in ?

size .. a vital element of life.
Trade-offs, mak

choice of watch., quality.

consected..

PVR - PUL in

Single horizon case.

Convert to perp- care, mult, by

This shortens_opt. life. Moves max. to left.

purp.

V
(

(- (lt.)

Integrate this w. replacement theory ; and to initiation

PVC

In general, argues for shorter life. Argues agamint

defensed mitication, bes. Stisterioase Don't know (

_3._Replacement policy under desig. costs.

PUR

This duplicates problem of initiation policy when i.f... one
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1

4 Level of me changes ( tempored)&
structures

Peak loud

Change over lifet,'me.

5.

№.9 -

Synchr
L. of intersite & onsite

Role of land taxes.
Initiation policy Cripening) again.

www.

6. Evaluation of present policies in terms of criteris established

Biares to low density
free

Zowing; bldg. Fuen: photos extrusion___

slow payout
Biaren to Bringwity,(capical intensity).

Too much lean temiting
Tax policy

Regulatory policy. bldy rate bare

_



IV, B.

Spatial aspect....
or

intensins
landme

Does hi density lower quality of un.?
synonymous.people, there are

the camer

cause

tramit.

-N.10 .

To the extent that it does, user chayer will
cars downtown.

of congen.

E.g.
But this is good e.g. of where rifting on specific

greater density. Receive triecinReserve sireen for massallows

The shotgun approach used now lower density

other things better.
is probly. l.v. p.s.f.

There are trade-offs. Duvily makes some thing wore;._
Net balance is what? Find criteria.

This riser W. density.
Et wort, demce creas pull people from other,

lower...dunity there....

To some

may.

rifle

cost.

1 rhinh Ŀ... see Tryingbasic tendency and aun
to formulate, basic principle that intensive land me is
compatible with, & in some basic sense integral to high
quality of eur.

of erw. quality is for, of.
-Servicing land: sewers, flood contid, pest control, five control...

The value of the services rises TheW. ofpeople sewed.no.

area (area- rencitin)
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-N. 11

laber-saving processes are
modem farming

DIS

often laund-ming, & uironment.wring

subst. of fuelpower for muscle power

littering

" Interins " use means using little land & environment per_

use better land intensively, space invasion of requel. lund.
Positive containment .

Developing regul. lund warter both capl.I land.

to study intensite sector. Effects on location, density.–
Set of men chayes & takes to optimize.



A No need to make work, force time of substur. of laber

for land & capt. But remove biases now fercing the

That we have biases is clean from corruption of

"productivity " & "efficiency". AP of leeber.
Betrays

whole style of thinkg I doing growing around idea labar

is only cost.

=

Require his complement of land & cap./manI
limits of ress.

revelse.

so we min. laber output. This entails max, cap. I land/output.
sind. require full empl , press on

4

if



2. How to Mange feuter mix, sub. luber for land &capl.
Apply larger inputs of laber, more often.
9. Larger impects of laber

Higher intensity oflackuse

This is fairly dbvious, & I won't laber it, untilget to

policy.
Bat
Also, there is a

thy, & model of4 cap

counter argument, that requirer cap.
substu.

The counter ag. is low

partial scarcity, can be

over more land.
intensity creates only

offset by extending p.w., spreading

To

cap.

T.

u

ausuun this counterargument, need model ofsubstu

Bcs. spreading out As
betw. & laber.

cap./laber, & that is why it clacuit works.



h. More frequent inputs of laber,
To A liber shave, reduce life of capt.

why

more chiver time?)

service or

of life.

laber. share of capt, in value of output is fir- of exces of

laber cost, & this is fr.of cluration

F

notjust replace machines by men ;(ar superhighways by

Bes. Machines & highways one produced by

caule flow

PIPO model.

Laber share falls w. life

l

over

Labon share =

[}

er

T

W
Weite

Cap. share - W(eit-1)
Weite

how to rubs, laber fer capl.

Weizt

w (eith_1)
W (Wage-bill)

e

IN

6

-ita

_ite
1-e



Staggering(normalizing, going concer)
Entire

sequence exists at once.
some think this changes things, Journ Robinson; Lutres;

cap. intensity
indleg of life.

many fereaten.
It doenit.Outundaumental propositions of cap. theory

wast
Oneof

If normalize, basis:
yrly.

To time,save

will be sloppy.

put

Output = Weite

Laber W
#t

= BesweinK.
To avoid integral, subutitute

KW

all

cic
But iiii
:: K = W_-_e

lut, bill,

Laber share

yearly

To save steps, note this callfor
fermula

fer sum of
annuitys.

whereg

- W

eit (1 +5)
K= { W Ll+j) =W²=+² (r=(ti)( ;)" -

4 = 0 1-6

it_|
ì

= Ki = W (eit-1) as before

befere. Lia Zys, down
to i)

Cay.where = W (ek-1) = (-e'i't as beforeWeit

Weite

7

K = W 1- (1+i)² = W.(1+i15-1w.
(-1 -j j

(Formula for aunit of annuity)

inte ar



If add lund to model, its shore abro rises with t.
much. ( This is peculiar to PIPO. With blogs,But not so much, ( This is

land shave As more.)

Read nos from App. I.
To sub. luber for cap.& land, shorten life.I

Lepreiz model

Can we generalize from treen ? Is BB's "agio "

It want be, ber. PIPO isabldg. black from
math.

miversal?

thy.which all cap.
single house.

Last & years.t

conver

Fields flow of $1./y₁.
n = suur of yely, service flows

in
1- e}int.

const.

n

= PV of"n

11712I IL

& ::

8

- wan anted outlay

eq. outlay to build.



Directly

Staggering

Annual flow

Laber input

Cap, cort^

K

Ki = t

as
residued

||

Adding site rent

E

Burimer

} laber

ľ

1- e-it

n

t- 1- e -it
i

~Ki =

t_1-
e -

it

cap.cout -

/-e - in

th - 1- e-it

n(Ita)

K = & V. » §4 *̀ = †[t −{c¨̂ ]={[+-+-~~][t
-in

V₂ e (2)i4= 0

(Build

Here, shareof land rises.

one each year)

9
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1

hink.
By subbing taber for cap. I land we speed_

This As gross in .replacement. demand for laber.

_Also As gross volume of output from given capl.

This A

balounced As .

maiw .

demand & agzug supply ins

9 a

aggreg. demand &

J



B. Effect of Tuxen.
Aldo care only

1. Closed ec
A. Theory

rh

Ar
erber

e

ilan
(1-0) te

R
ine

R((-E) ==

ALL -E)

Exsphicalproof.
Examples from tables

Leveralproofon request

B. Other factor. See p.2, Clemson notes,

n

10

= 14(1-6) (6-1)4

PVR = e ^^(1-2)e-rh

PV
approache.
ein rter

-PArte
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}}

1

the we must introduce laud.
-R-(n) -We'

ein

-1
Land value, S

e

11

ike

¡

at

STR
S& W

}
}

e

W

'h

ī

ih

stwe

-1

ch

2

_solve for S.

+ [

Ť

ih

-S

e (

(

/1

(t)

(~~)

ts

(2



-T
in

Angina lund sterilized.

so

so

Rival uses for lined reordered : less intensive over look better

forestry, this means use less referesting laberîn

either way,
are other to aspects of inc.

M

iuc,

are other taxesracen.
-tax_instm .

1
tax is biased vs. laber

12

inc, Fax.



1. Division ofproduct
2. Mgul. land ties up capt.
3. Criteria for timing life.

With mines, eapl. used to develop rich mines is recovered

facter bes, the ores value addo ujenz.

Re Mines

-PV

a =

b

A
B

A is rich meine ; B is ugul.

PV of lodeA
B.

so

1

$

A
L

B

L

A> B ;

'
|_

i

il

-it

but

so

1-2 -ih
Li

Co for both. A&B

opt.

Time taken to exhaust.

(assuming equid lives)

o ar L→ ∞0

ore

they couveye.

In addition, urgul_ mire will appres by higher To in

future. So if capl.if capt. input comes in several stegs, will allow

longer time between steps.

life of richer mine is shorter.
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1

This is atein to the principle that his l.v.

cause earlier clemos. to salvage site.

PubertyPability.There

2₁

is an algebraic solution..

Opt. L.is one that makes:_
T-e-il -takiLPV = A

= =[ A 1- ²²² -K]

1. By inspection,

of K , and the somver a max. is realed.

By differentiation :

PV mac when

K

v du
at

il

L

By inspection, the higher is A, the less the leverage.

u dv
ah

in
LA (0 -_ie-'() = (A 1-6-ih -K)

LA e-iL = A (1.014) -K

roughly.

I

2
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1

La evil ta

Le

A ²4 + 1) - 4 -K
Afe -4-1

*/*

7.'K
A

+

÷ +7

AN

A é
í

e- ikil4(L + =) - = =

7 ?

e

1 '7.'

-il

7.'"

A -K

7

KA

K
A

2 -42- +(1-0 )e

ik
A

Leil

K
A

(2/4/7-- (2₂.₁ -²--- -)-—

Final operable form ..

_The smaller_is "/At the earlier_it_fits.
L
eil

1

7

e
i

K/A fits here...

it

3
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s
5

10

(5

20

25

30

35

e k

40

45

Opt . life oflife of mine :

(1 )

ķ -Le
Takulate the rt.side; they find opt. from value of left.
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BUILDING TAXATION AND SITE VALUE TAXATION-
HOW THEY AFFECT DEVELOPMENT OF

LAND FROM A LOWER TO A HIGHER USE

All economists are concerned about allocation of resources .

More specifically , they are concerned about optimal or efficient
allocation of resources . It is the effort of this paper to show

that present taxes on buildings do not allocate resources effici
ently-- and more specifically , they cause gross misallocation of
one of our major resources , land .

The model that will be used to analyze the effects of the two

types of taxes has its origin in Wilksell's famous wine model .

But buildings are not like wine , they do not grow at some rate
and then be harvested when the rate of growth of wine ( trees ) is
equal to the rate of interest . This approaches Ely's ripening

costs theory , but we do not want to maximize the present value ,

rather equal the present value of nth year to i ( assuming for the

moment a one cycle only .) The model that must be used is the one

that has been developed by Gaffney . In this model it is assumed

that costs are made at the initial period , to , and are a function
only of durability . As durability increases , costs increase but

at a decreasing rate to where eventually additional durability
can be had for small incremental costs . The revenues then are

considered under the spectrum of choices of durability and then

are discounted . The costs do not have to be discounted as they

occur in year zero . The graph below illustrates this .
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1
|
1
|
1

= â
-L

1- ( 1+ i ) -L
i

-2

PVNR

1- ( 1+ i ) -L

J
= //R₂(1+i)=hPVNR =

and as L approaches infinity ( 1 + i ) -L

approaches zero , the limit . The present value of the stream. of

revenue and costs is [R ( 1 + i ) n] . This is the PVNR of one
L

n

generation . But land can be used again . It is non - depreciating
while buildings do depreciate . So we must not find only the opti

mal life of one building but the optimal life of that building

when land is to be used again . In the early years , the R ( 1 + i ) ¯n

may be negative as this includes both costs and revenues .

n

To find the optimal life of one building when land is to beit
used again, is done by the following method . First , find the PVNR

of the first generation . The first generation is the one that is
built to last to the point where ΣR ( 1 + i ) ¯n is a maximum. We then

make this into an annuity by

n
i and make this

1- ( 1+ i) -L =a ,PVNR

into a perpetuity by dividing by i ,

ī

*PVR : Present Value of Revenue
*PVNR : Present Value of Net Revenue

Co
PVR

-



L is the life of one cycle and must assume that all subsequent L's
are of the same length . If there are infinite generations and

L = 10 , i 7.2, the first generation accounts for fifty percent

m

'n
m

of the value of the perpetuity . In the graph above , the ER ( 1 + i ) =L

is PVR-C or the R ( 1 + i ) n for each n where n is any year but L

is optimal year . At the maximum of the ΣR ( 1 + i ) , the rate of

growth is the same as the rate of interest . Then , if there is only

one generation of buildings we maximize at top of the PVNR or where

PVR-C is at a maximum . If there is an infinite number of genera

tions , multiply by the capital recovery factor and divide by i to
form a perpetuity ,

-3

R₁ ( 1 + i ) =Ln
1- ( 1 + i ) -L

Or , it is the PVNR discounted . When there are many generations ,
then maximize the curve again by

~.

1/

ER ( 1+ i)=L
m

1- ( 1+i) -L

and then the optimal life becomes even shorter .

8 %
Rm (1+i)=b
1-(1+i)==

B

PVNR



ZR ( 1+ i)=LThen the maximum of the mER

1- ( 1+ i ) -L
PVNR for one generation , tells us the optimal life of the building .

But when do we begin construction of the building? We have now

found when to demolish it but when do we build it? This is an

important point of our analysis and as we shall see , site value

taxation and building taxation will affect the optimal date of

construction of the building .

But before it is shown that these two types of taxation will
affect the optimal date of construction , we must go a circuitous
route-- begin at the end by looking at how taxation affects the

demolition of buildings . This is not as circuitous as it may

seem for the demolition of one building makes way for the construc

tion of a higher and better use building . And by this route we

shall not only show how L ( life of the building ) is affected but

also shall determine year zero , the year for construction of the

building .

-4

L
20

Looking at the PVNR curve , the optimal date of demolition of

one building generation land use is at the maximum of the PVNR

The maximum tells us when to tear downcurve , the R (1+ i)-L.
m

the building .

PVND"

for many generations , or the

PVNR

PVNR'
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How do the two types of taxes affect L? The building tax is

a larger percentage when the building is new but as the base erodes ,

the building depreciates . The tax is reduced . Buildings that

have long lives pay a smaller percentage of value in taxes as

do buildings that have a short life . Buildings of long life re

duce their taxes through the building itself depreciating and by

depreciating , writing off the building at a faster than normal

depreciated rate .

With the building tax , as the building or base erodes , the
tax declines and thus the building tax prohibits the highest and

best use from being achieved at the time of construction , but by

declining in taxation as time passes , it causes the lower use to

exist for longer than optimal . It thus causes a double sin-- it
chooses a building less than the highest and best use prescribes

and then attaches the building to the site for a more than optimal

time by charging little tax in later years . Thus buildings of
short lives cannot avoid later taxes as well as buildings of
longer lives . Though taxes in early years , present tax liabilities ,

are heavier taxes than those in later years , in later years renewal

would mean heavy present tax liabilities since we must consider

that the site can be reused . Not to renew is to avoid a heavy tax

liability and thus not renewing avoids the potential tax liability .

And this is not considering that under the income tax laws , build

ings may be written off many times and thus completely avoid much

of the tax . At any rate , the building tax on buildings of long

lives is a smaller percentage of total value than the tax on



buildings of short lives . This affects the PVNR curve by pushing

L to L ' . It distorts the PVNR curve as illustrated by the PVNR '

and pushes L to L ' .

Thus ,

The site value tax however does not erode through time but

rather as the site moves to higher uses the tax becomes heavier

on the present use . buildings that have long lives

pay a heavier penalty for their existence than buildings of short

lives . Buildings of short lives can avoid the penalty by giving

up their claim to the site that has moved to a higher use . Build

ings that refuse to lie down and die are penalized by paying each

year heavier taxes as the site moves to a higher use . The site

value tax has an opposite effect of that of the building tax . The

building tax favors longevity while the site value tax penalizes

longevity . Thus , buildings of short lives pay a smaller percentage

of value in the form of taxes under the site value tax

buildings of longer lives . The PVNR curve becomes the PVNR " curve

and L moves to L" .

than do

-6

If the site was going to be used for another building of the

same kind , one generation is like the next , and all of the same

life , we could multiply the PVNR by the capital recovery factor
where L is the life ( using L for the no tax case, L 'i

1-1 ]+ i ) =L

for building tax ) and then divide by the rate of interest , i , to

form a perpetuity , we get

PVNR PVNR '
1- ( 1 + i ) -L › 1- ( 1 +i ) -L ²

PVNR"
and 1- ( 1 + i ) :L"
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1

PVNR

T-(
Hi)
~~

PWNR'
T-CH+i)=='
PVNR"
1-(1+i)-6"

time

Thus , when the site is to be used again , the optimal life of
the building is shortened but the site value tax gives us L " , no

tax gives us L and the building tax gives us L ' ; and L " is sooner

than L , and L is sooner than L ' .

The assumption that all generations are alike is not a realis
tic assumption . It is more realistic to assume that the site should

not prepare itself for a twin brother of the building it now

supports , but for a building of a higher and better use. In other

words , the following buildings will not be like the present one .

If the present construction is a single family dwelling , we may

expect the next site occupier to be a small apartment house and

the one after that , a multi - storied office building as the land

ripens from residential to urban use .

We must make one assumption about the future generations .

Though they are all different in type , use , and construction , we

must assume that each lasts the same number of years . In working

with annuity tables , we need some common exponent for time , L , L '

and L " . This assumption might not seem to unrealistic when we

consider that a single dwelling unit can last 60 years while
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multi - storied office buildings are often torn down after 60 years .
The Rockefeller Center in New York was constructed on

leased land for 99 years . Single dwelling units last for 99 years .

Thus looking to the L , L ' and L " , we must project these
through higher and better uses . The sites will not be used for
another building of its kind but for a higher use . Taking the
maximum points of these curves and projecting them to higher uses ,

we get moving present value curves , MPV . For the no tax case , we

get the MPV curve , for the building tax case we get the MPV

*

andtb '
for the site value tax we get the MPV

$ % MPY+3

(1+i)nHcost

ts *

=

MPV (Itä)
MPV

tB

Ind

If there is no tax , it is optimal to put the site to the

higher and better use then ( 1+ i) or the growth of the
n

of the compound interest curve

AMPV
MPV

site value is equal to the growth

time 0. If there is a site value tax , the rate of return need is

higher , or the tax is capitalized into the site value and reduces

*MPV Moving Present Value
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n
the site value but grows faster . For the same building to be

built under the site value tax , it is done when ( 1 + i ") " is equal
MPV ts or when the rate of growth of the site under its
MPVES

highest and best use is equal to the rate of growth of the compound

interest and tax rate , or time 0" . For the same building to be

ts
to

constructed under the building tax , the same follows , the building
AMPVtb is equal to ( 1 + i ' ) " or time 0¹ . Thus ,is constructed when MPVtb

0" is sooner than 0 and 0 is sooner than 0¹ .

The impliciation of the taxes moving the site into higher
and better uses is obvious . The site value tax encourages urban

renewal . It encourages short lives while the building tax en

courages longevity . The site value tax gives us L " while the

building tax gives us L ' which comes after L. The building tax

makes one hold onto something long after it should be renewed .

This is because the base for the tax erodes . As the building de

preciates , the tax is reduced . But the building tax commits the

second crime , it makes the land move into higher uses later . This

is really saying the same thing as if it makes the site cling
to an unoptimal use longer , it lets the higher use come later .

The two taxes also have capital rationing implications . The

site value tax favors the disadvantaged in the capital market , the

less wealthy. Those unable to accumulate capital at favored rates
can still survive since the life of the building is shorter ,

i't satisfies the need of a higher rate , that the capital be

returned sooner .

So far , it has been assumed that the two bases allow the same

building to be constructed only that the building tax makes the
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time for construction come later . It will be shown that the build

ing tax causes the site to be put to a lower use . Thus it makes

the site cling to something longer , prevents the land from being

used sooner , and when it does permit use , it permits use in a

lower form than the highest and best use .

The building tax should really fall on the cost curve , C

and not on the PVNR . The site tax is a tax on rent and is cor

rectly placed on the PVNR curve .

Co³

By taxing the costs , it prevents the highest use from being

constructed as in the one generation curve , as costs increase ,

durability and higher uses increase .
Co +Coto*1.

1

1
1

Co
PVR

X² L!" h PVNRPVNR"
Since taxing the costs gives us a building that has supposedly

less life means it is a lower use than L. But this is only part
of the crime . We have now decided what building to construct , a

lesser building than the highest and best use building . The

tax increases as the new building costs increase but the tax erodes

as the building passes through time . Thus , having chosen the

building to last L" years , where L'
makes the building last L where L"

is shorter life than L , it
is after L. The building1111



-11

tax is a higher percentage in early years but a smaller percentage
in later years . Thus , PVNR " < P VNR ¹!!!

A.

PVNR"

recovery .

PVNR !!!!

We should then think of the MPV curve as an inferior choicetb
to the MPV and MPV curves . In reality then , summing up the casets
against the building tax , it causes a lesser than optimal building

to be constructed and it causes the less than optimal building to

be held onto too long , preventing the site from moving into its
higher use . The verdict weighs heavily against the building tax .

When we consider that under the present tax structure , a

building can be depreciated more than once , the end of the unopti

mal construction is postponed even more . Another mark against the

building tax .

The bias involved in the building tax is shown mathematically

by Consigney and Gaffney in Tax - Induced Slow Turnover of Capital .

Here is the ratio of revenue in year m to construction costs C

$1.
C-

m

or the revenue per dollar costs given that C

m
Then ( 1 +r) = R ( 1 - t ) where r is the ratio of return after

m

taxes . The tax takes a fixed percentage of gross

value (our MPV ) . The tax is biased in that it taxes capital

=



Rewriting the above equation

( 1 + r) m = ( 1 + i )m ( 1 - t)

( 1 + i ) ( 1 - t ) 1/m

Since ( 1 - t ) < 1 , the value of r varies from a low when m = 1

to a high when m = ∞ .

If m = 1 , then r = ( 1+ i ) ( 1 - t ) -1 i ( 1 - t) -t .

If m = ∞0 , then r = ( 1 + i ) ( 1 - t ) ° -1 = ¡ .i .

In the last equation it can be seen that i = r . This is not what

is being shown in the diagram in this paper . The curves in this

paper represent costs that the highest and best use must return

before the site can change use .

As long as the model has been developed to its present stage ,

it is interesting to consider a problem not directly related to
but a factor that does affect timing decisions of moving

land into higher uses . Interim use of land affects land's moving

into higher use . Consider the case of a vacant lot in the

taxes ,

central business district that will be ripe for a high rise in
10

say/years . Does the land stand vacant or useless for 10 years?

No. It can be put to some interim use and earn the owner a re

turn . But it is interesting to note that the interim use post

pones the time when the highest and best use is constructed , t
makes building come after 10 years and since it does that , it
causes the land to move into even a higher and betteruse . How

nicely the pieces fall together .

=

-12

-1

The interim use reduces the rate at which the owner must

borrow in the capital market as it reduces his costs . A lower
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(1+x) (1+ ₂) MPV(Iti₂)^

Y i is

10

rate of growth in the compound interest table means that the

present value of the site is dearer than a higher rate , Vo₂> VO₁
and this is as it should be since the site is earning an interim
rent . And since it reduces the capital cost it postpones the 10

years and by postponing the 10 years the site has ripened into
an even higher and best use . We can think of the interim rent

as increasing the rate of return to the holder .

( l + i ) " + ( 1 + i ) " r; = R
m

10+

where R is the return to owner and r ; is the interim rent .m



So far nothing has been said about shifting the tax . A tax

can be shifted only by reducing the supply . A neutral tax cannot

be shifted since it does not reduce the supply . The site value

tax does not reduce the supply , and might even be said to increase

the supply of buildings . It is obvious however that anything

that causes a reduction in the optimal buildings constructed and

postpones the sub - optimal building's construction period , is

reducing the supply .

The shifting of the building tax can occur by reducing the

supply of buildings . This is created by a shifting away from

buildings into other investments until the rate of return on

buildings is increased to the rate on other investments . Or there

may be a complete shift away from all capital which would bring

r , the rate of return after taxes , back up to the old interest
rate but cause the interest rate to increase to a new level .

What affect then does shifting have on the model ? If there

is a shift away from capital , then the rate of interest increases

and this causes the optimal time to be sooner . The optimal time

of the new construction moves from A to A¹ . The taxes have been
(1+ iz)

15

-14

1

I

}

A'

(1+
x₁)̂

1

1

A

MPV

M
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shifted so they do not appear- that is , if they have been entirely
shifted . However , the model assuming that property taxes have

not been shifted may not be too unrealistic an assumption when

we consider the fact that property taxes are a local tax and the

demand for housing in a small jurisdiction must have a high co

efficient of elasticity. In that case , the tax shift would not

occur but would be shifted in a lower MPV , a lower land rent .

It is interesting to note that the conclusion drawn here

about site value taxation can be shown in the model constructed

by Turvey in The Economics of Real Property .

%

1
A

•MNRB

ANRA

MNRA
ANRO

O A'
The ANRA curve is before taxation on outlay.

is a constant percentage it will pull the ANR,A to ANRB and the

corresponding MNRB interest , the marginal cost or rate of interest
and outlay is reduced from A to A¹ . And , if part of the tax is

shifted , or the entire tax is shifted such that ANR again be

comes the proper curve , the rate of interest will increase and

outlay will be reduced . The property tax once again is shown to

prohibit the construction of the highest and best use building .

outlay
If the taxation
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D ?₁R

83

`B BUILDINGmet
If we have an income tax (site value tax under highest and best

use ) and an excise tax ( building tax ) to yield the same income ,

the investor is still better off with the site value tax , assuming

that the building is under it highest and best use . When the

building tax is levied , the budget line goes through P₂ .
If the

income is to be the same under the site value tax as under the

building tax , the budget line for the site value tax also

2goes through P₂ but it is DE instead of AC . He can buy the same

bundle of goods , P2 , under either tax so the income must be the

But with the budget line DE he purchases P3 and not P2 .2°

Thus the individual obtains a higher level of satisfaction and

from the individual it can be generalized to the whole community .

same .

However , Milton Friedman does not accept this conclusion, He

states that we cannot generalize from the individual to the whole .

He accepts the reverse situation , that the excise tax is better
1than the income tax . " It is often concluded on the basis of

the individual and generalized to the community as a whole to

2°

Friedman , Milton , Price Theory , Aldin , 1962 , pp . 56-67 .



yield the proposition that all members of the community would

be better off ( on a higher indifference curve ) if the excise tax

were replaced by an income tax so levied that each member pays

the same amount as an income tax that he formerly paid as an

excise tax . "² If Friedman is correct , all land value tax

We should supsupporters are fighting for the wrong victory .

port the present building tax and put " thumbs down " to the

M JA MÁsite value tax . Friedman'sMAL
WĄWIN
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claim makes our position uneasy .

To remove the uneasiness let's venture to see if Friedman

is correct . We have a conflict of views and when the conflict
arises from such high levels , we watch for the results with

greater anxiety .

Friedman's model assumes that all consumers have identical

tastes and preferences and identical kind and quantity of resources

owned by each individual . Everyone has the same income . This

implies that all can be represented by one .
Given the resources , there is some set of combinations of

X and Y that can be produced-- the production function .

21bid . p . 59 .
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P₁

H B

1P₁ is an individual equilibrium but since all are alike , the
position applies to everyone . Here the rate of substitution in

consumption ( slope of the indifference curve ) is equal to the rate
of substitution in purchase ( slope of price line ) is equal to
the rate of substitution in production ( slope of production func

tion ) .

P. 60 .

Friedman states that an excise tax does not change the pro

duction possibilities curve . " The excise tax does not by itself
lessen the physical resources available to the community . ³ But

surely the building tax , excise tax must affect the production

possibility curve . If it prevents land from going to a higher

use, then the production function is less than it would be if the
site value tax were used . The building tax affects resources in

two ways -- it affects the amount of construction and the longevity

of the building and thus has a double misallocation . But even

if we agree with Friedman on this point , that excise tax does

not affect the amount of resources available for production , it

31bid .



is not clear that the remainder of his proof is correct . Yet

this is a strong point to our side when site value taxation does

increase the availability of resources , land , not horizontally
as that is fixed , but vertically.

G

ö

-19

P

H
M.FRIEDMAN , Price THEORY P. 64

The excise tax causes the divergence of the price between

what the producer receives and the consumer pays . The point
where all rates are equal is PP6 and PP6 is clearly inferior to P

LJ is the budget line for the consumer and KL is the constant

receipts line for the producer . And the two diverge because of
the excise tax on X.

Friedman then argues that suppose P6 is the initial position
due not to taxation but monopoly on the production of X. Now levy
the excise tax on Y. Then Friedman says that the excise tax on

Y offsets the monopoly on X , and argues that P₁ is the final

1.



then equalized by the

But it is unclear how ,

P6 is the initial position due to monopoly and then there is
It

1an excise tax levied on Y , how P₁ becomes the equilibrium .

seems to this writer that this is double harm and that equili

brium would come at some point less than P6.

Equilibrium would come as a result of monopoly in X and

excise tax on Y at some point less than P6 as illustrated below .
6.

Y
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equilibrium as the ratios of prices are

excise tax on Y and the monopoly in X.

if P

CUTE

P

= X
tax paid by consumer

The correct analysis must ask, however , who pays most of the excise

tax? If it is the consumer , then we must shift the budget line.

If it is the producer then we must shift the receipts line . Both ,

however , may move . But if either moves because of an excise tax

on Y, this writer cannot find an equilibrium at P, but gets one

somewhere below P6. Since our model considers no shifting of the

tax , we are concerned about the model that shows the tax being

paid by the producer ( investor) . This agrees with the earlier.
statement that if the tax is paid by the producer it reduces the

production possibility curve .

P₁ will be the final equilibrium.
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P₁

—

B
X

tax paid by producer
Even in his dynamic assumption , Friedman does not appear to

be correct . He states on page 60 that if prices were temporarily
rigid , the supply of money fixed except for the changes brought

about by the tax , and the proceeds of the tax impounded , unemploy

ment would likely occur in the short run . But , prices would tend

to fall relative to money increases which shifts the budget line ,

AC , to the right . But , if the excise tax or building tax force

longevity , unemployment may occur but price in the capital market.
may rise as capital is tied up and becomes scarce. When capital
is scarce the rate of interest increases and the wealth effect
and income effect , or present value of incomes decreases , may

cause the AC to fall to the left . This is unclear and Friedman

even yields to this . He ways " It is clearly intended to be a

" long - run " analysis -- comparative " statics , " not dynamics --as is
amply demonstrated by both the considerations just cited and

assumed complete shifting of the excise tax . We can therefore

abstract from any short- run price rigidities and suppose complete
adaptation

1₁4to new circumstances . The new adaptation and new

circumstances are those that have already been discussed

CH
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above--monopoly in the production of X and excise tax on Y. In

both cases agreement with Friedman is not reached . The income

tax , the same as the site value tax under highest and best use

and clearly the same for a property tax that takes a fixed

percentage , t , of net income , is superior to the excise tax ,
as

the building tax , and this is commonly accepted by economists .
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The Decision to Repair or Scrap
a Machine

THOMAS A. LAMBE
University of Toronto

A simple algebraic formula for combining repair data with prior experience
determines the time when a machine should be replaced in order to minimize the
expected cost of equipment purchase and maintenance . A random sample from an
exponential distribution represents the cost of each repair , and a time-dependent
Poisson process represents the intervals between repairs . Bayes' formula provides
the basis for combining data with previous judgement about the characteristics
ofthe equipment . Automobile maintenance records support the basic assumptions
of the model, and illustrate the method of deciding when to scrap a given machine.

INTRODUCTION

RISING repair costs frequently provide the incentive for replacing old equip
ment . As a general rule , a machine should be scrapped when the cost of a
necessary repair exceeds the resulting gain in its value . However, a person
faced with the problem of deciding whether to repair or scrap an existing
machine has difficulty in determining the level of repair cost that is excessive.
The problem is particularly acute in the usual case where information on past
repairs of similar equipment is limited .

In addition to rising repair costs , many other factors affect the machine
replacement decision . These include obsolescence , deterioration of quality of
service, rate of return on alternative investments and taxation . While such items
can be incorporated into the model described in this paper, they have been
excluded to simplify the presentation . Often rising repair costs are the major
factor affecting the decision to scrap a machine, in which case the theory to be
presented is adequate as it stands.

In early papers on equipment replacement, Clapham² and Eilon et al.³
determined the optimal age for replacing any machine in a fleet by studying
the average rate at which annual repairs tend to increase with age . Their
analysis used linear regression techniques , and consequently assumed that
annual repairs are normally distributed with constant variance about a trend
line. The methods in these papers do not explicitly consider the random nature
of individual repairs to the equipment.

Drinkwater and Hastings developed a method for determining the upper
limit for any repair cost on a machine in a fleet of similar equipment . The limit
decreases with the age of the machine . The model consists of two random
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variables : the cost of any future repair and the number of repairs in a future
period of use. The former is exponentially distributed and the latter is Poisson,
both having a mean that depends on the age of the machine . Records of past
repairs to a fleet of army trucks support the assumed distributions and provide
estimates for their parameters . Subsequent work by Hastings applied dynamic
programming to the model to improve the method for determining the repair
limits. Although this method detects a machine having a very high cost for an
individual repair , it does not necessarily detect a machine having consistently
more frequent or higher repair costs than the average machine of its class.
Such differences in quality are a well-known phenomenon, and result from the
vagaries of equipment construction and use. In Eilon et al. the average variation
in repair cost between vehicles is plus or minus 30 per cent.³

The following model establishes a repair limit formula that uses data on past
repairs for the machine under study, plus whatever knowledge is available on
the general repair characteristic of its class of machine . Records of repairs from
a fleet of similar equipment are not required . The theoretical basis for the model
is presented in two sections. The first section develops a stochastic model of the
random characteristics of maintenance expenses and essentially is a continuous
time version of the Drinkwater-Hastings model . Dynamic programming is
avoided, however, by assuming that , after being adjusted for inflation , repair
costs do not change with age , only their frequency does . Consequently the
resulting non-linear differential equation can be solved algebraically. The
second section introduces the Bayesian method for describing uncertainty about
the model's parameters for any specific machine and for using data to reduce
this uncertainty . It also demonstrates the complete calculation with an example
of an equipment replacement decision , and briefly outlines opportunities for
future work.

THE MODEL

The characteristic pattern of expense for a machine consists of a large initial
purchase price that is followed by low maintenance costs which gradually grow
with increasing use of the machine until further repair becomes uneconomic.
Table 1 lists such a set of costs for a Canadian automobile . All repairs were
made as soon as required to keep the vehicle in good operating condition . The
actual costs have been divided by the current value of the Canadian Consumers
Price Index and multiplied by the appropriate figure for 1970 to compensate
for changes in the value of money.

The random nature of the costs and the intervals between these costs presents
difficulties in deciding whether to repair or replace a machine when a component
fails . Not only does randomness introduce uncertainty about the timing and
the cost of future expenses , but also it obscures the evaluation of the quality of
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the machine from its past repair record . The problem is greatest with equipment
having infrequent , but costly, repairs.

An analysis of the repair costs in Table 1 suggests that it would not be un
reasonable to assume that they belong to a random sample from a stable

Mileage
(1000
miles)

TABLE 1. PURCHASE AND REPAIR EXPENSES FOR A 1956 FORD SEDAN

Expense
1970 $

(Canadian)Repair

0-0 New vehicle
4.0 Transmission

13.0 Ignition
21.2 Muffler
23.5 Ignition
24.8 Battery
26.1
27-7
28.0
28.8
30-8
31.0
32.5
32-8
32.9
34.7
34.8
34.9
35.0
37.5
38.0 Headlight (right)
39.0 Headlight (left)
40-0
42.0
43-0
43.9
48.4
49-2
49.5
49.5
49.7
49.8
50-3
51.0 Window
52-0 Camshaft
52-0 Radiator

Headlight (left)
Pair of tyres (front)
Ignition
Wheel alignment
Tailplate
Headlight (right)
Pinion nut
Starter
Pair of tyres (rear)
Wiper arm
Battery
Ignition
Wheel balance
Pinion

Muffler
Wheel balance
Radiator
Ignition
Tailpipe
Starter
Wheel alignment
Brakes
Pair of tyres (front)
Door handle
Pair of tyres (rear)

3260
99
34
20

PETRONatrahunan

21
31
4

46
9

21
9
4
7

24
55
5

37
22
5

31
4
3

21
4

27
10
10
36
21

108
68

40
6

155
19

Mileage
(1000
miles)
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52.0
53.0
55.5

Repair

Ignition
Adjusting lights
Waterpump
Muffler
Seat covers
Wheel bearings

55-8
58-0
59.0 Headlight (right)
59.1 Headlight (left)
59.1 Licence light
59.7 Wiper arm
59.8 Tailpipe
59.8 Ignition
60.3
60.5 Gear shift

Wheel balance

66.0 Voltage regulator
66.2 Brakes
68.0 Generator
68.5 Radiator hose
69.1 Clutch
69.1 Fuel pump

Carburettor70-0
70.0 Fan belt
70-3 Window
70-6 Brake cylinder
74.4 Brake switch
76.0
76.0
77.5
77.5
78.0
78-5
78.5
78.7
79.0
79.4

Pair of tyres (front)
Wheel balance
Muffler
Tailpipe
Pair of tyres (rear)
Pinion
Wheel bearings
Heater valve
Ignition
Carburettor

Expense
1970 $

(Canadian)

19
4

29
14
30
6
4
4
1
4

15
20
12
2

10
2

29
4

149
18
17
2

18
35

1
67
4

20
10
60

106
28
10
34
31

Total 5099

distribution . The observation that 21 of the first 35 costs exceed the median of
$18 for the group of 70 repairs is equivalent to 21 heads in 35 tosses of a fair
coin. The chance of having at least as many heads in 35 tosses is 0.16 , a not
uncommon event.
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When plotted in Figure 1 , these costs exhibit the exponential distribution
found by Drinkwater and Hastings , which indicates that the components have
not been designed to standardize the cost of repair . Each repair cost has a

No. of
repairs

62
60
57
53
51
49
45
44
43
42
37 68 67
33 64 63
31 58 52
23 56 47
21 55 38 70
20 50 28 69
18 48 24 59
15 46 22 40

39 17 27
36 13 19
35 9 16

4 5
3 2

20's .

12
1 [
10
8
6

Units

26
25

32
7

40's
14

65
61
30

60' s

exp(Sy)=

80's
66

| 29

Repair cost (S) in 1970 dollars
FIG. 1. Distribution of repair costs.

S=0

100' s

constant chance of exceeding any interval if it is not less than the interval. In
the limit as the intervals become very small, any repair bill S is a random
sample from an exponential probability density function :

Pdf(Sy) = yexp(-yS).

The parametery is a characteristic of the repair costs for any particular
machine , and equals the reciprocal of the expected cost of a repair if y is known
precisely:

I
120' s

SPdf(Sy)dS

I54 | 34
140' s

=[ Syexp(-yS)dS= 1/y.

Another aspect of the data in Table 1 is the timing of the repairs . (In this
case, mileage serves as an appropriate measure of the age of the machine at the
time of a failure .) Because there are many components in a machine, the intervals
between successive repairs to the machine as a whole are usually the intervals
between the failures of different components . Furthermore, the failure of one
component in a complex piece of equipment has little effect on the failure of
another. Therefore the intervals between each repair are essentially independent
of each other and form a Poisson process , as suggested by Drinkwater and
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Hastings. The probability of observing N repairs by age A when F(A) repairs
are expected is given by the well-known formula :

Pr [N| F(A)] =
[F(A)]N

N! exp [-F(A)] . (1)

If the length of an interval beginning at A, and ending at A, is measured in
terms of the expected number of repairs during the interval, the probability
that the intervals will exceed a given number becomes an exponential
distribution :

Pr [0 | F(A;) — F(A ;)] = exp [−F(A;) + F(A;)]. (2)
The expected frequency of repair ƒ(A) , which is the derivative of the expected

number of repairs F(A) , should increase with the age of the machine because

the equipment consists of a great variety of components , all of which are new
at the beginning and have different expected lives . The probability of a com

ponent failing in a given increment of time therefore must increase as the more

durable components finally wear out, and the less durable ones undergo second,
third and fourth repairs . As a first approximation , the expected frequency of
repairs could be assumed to be proportional to age . Therefore ƒ(A) = \A,

where is a characteristic of the repair frequency for any particular machine.

The expected number of repairs during an interval between two ages A, and A
becomes :

F(A;)— F(A;) = \(A} — A})/2= \I;;/2. (3)

Figure 2 supports the assumption that the occurrence of failures is essentially
a Poisson process with an expected number that is proportional to the square of
the age of the machine . This histogram of the intervals (I) between the square
of the mileages in Table 1 has an exponential distribution . The order of
occurrence of the intervals , as given by the numbers in Figure 2 , is essentially
random . Ofthe 35 intervals that are shorter than the median of 60 x (10) -6 miles²,

16 occur in the first 35 repairs . The probability of not having more intervals in
a stable distribution is 0.37.

From equations (2) and (3) :

Pdf(IX) = (d/dl) [exp (- λ /2)] = (λ/2) exp (-AI/2) . (4)

Both the cost and the frequency components of the model are needed to
represent the total repair expenses for the vehicle . The assumption that these

two components are statistically independent is supported by the observation

that 36 out of 70 pairs of costs and intervals are both above or both below their
respective medians. The chance ofhaving 36 or more such pairs with independent
components is 0.45.

−

The basic rule for deciding when to replace a machine is to continue using it
until the cost for a prospective repair exceeds the expected net benefits from
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future use of the machine if it were repaired . In other words, the limit to the
amount that should be spent for a repair is equal to the implicit value of the
vehicle after repair, less the value of salvage if it was not repaired . The derivation
of the repair limit begins by noting that the average cost per mile , L, for purchase

No. of
repairs

69
68
67
64
62
59
58
57
55
51
49
47
46
44
43
40
39
36
35 54
31 53
30 48
29 45
28 33
20 32
18 27
17 25
16 24

22
13 21 37
31 34

9
8
[

0-49

70
66
65

L =

12
7
6
5

56
42

15
10
4

100
149

dW
dA

23
19

2

63 41
61 38
52 3

200
249

|
300
349

26
400
449

1

500
549

60

Difference in mileage squared 106 (1)
FIG. 2. Distribution of mileage intervals between repairs.

·+ƒ(4) [1 −exp (−yW)]/y,

600
649

and repair of a series of machines is a constant that equals the current rate of
depreciation in the value of any specific machine, −dV/dA , plus its expected
cost of repair or of loss due to scrapping during the interval AA . Because the
repair limit W equals the implicit value V less a constant value for salvage, it
also decreases at the same rate . In mathematical terms :

50
700
749

dv
dr+f(4)[f" Syexp(-ys)ds+ Wyexp(-ys)ds]SdĀ S=0 S=W

(5)

Equation (5) is solved via the substitution Y = W+LA−F(A)/y to give the
repair limit W as a function of age A :

W= (1/y) In {1 + Ly [exp (F(A) —yLA)] [* exp(-F(x)+yLx)dx). (6)
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In the special case where the expected frequency of repair is proportional to
age, f(A) = \A , the formula for the repair limit becomes :

exp (-x²/2)dx} . (7)W = (1/5) In {1 + 2(expA(A= yL/A94/21][ 724025
·[exp λ(A - yL/λ)²/2]

COMBINING DATA WITH PREVIOUS JUDGEMENT

The final step in using the model is to determine the repair characteristics for
any particular machine . Although knowledge of parameters like y and λ
traditionally has been described by estimators , a probability distribution
provides a more satisfactory description of a person's uncertainty . For example,

even before an automobile is used , the owner has some idea of the potential
range of repair costs . His uncertainty is broad however because he does not
know at this time whether the particular vehicle is a poor one or a good one . In
other words, he feels that there is an equal chance that y or λ is small or large.

Nevertheless, as experience accumulates with the use of the automobile, the
developing record of repairs reduces his uncertainty about these parameters.
Bayes' formula provides the mathematical method for making these adjustments.

If the record is good , he begins to realize that the particular vehicle probably
has better quality than average . If it is poor , he suspects the worst . He never
knows with certainty , because the good record might be the result of a lucky
chain of events with an inferior vehicle . Nevertheless, with a suitable analysis

of the chance of the various possibilities , a person can make decisions which
maximize the expected net benefits from the future . The remainder of this

section presents the mathematical basis for performing these calculations.

The algebraic structure of Bayes' formula is simplified if a gamma function

is used to describe a person's uncertainty about the cost characteristic y . This
is a flexible class of functions that can have any positive average value and
variance, and therefore should be adequate for capturing the essential form of
a person's uncertainty. In mathematical terms , the relative chance of any

specific value of y being characteristic of the machine is given by the following
probability density function , where a > -1 , b > 0, and F'(a + 1) = a ! if a is

integer :

(b)a+¹(y)ªexp(-by)
r(a+ 1)

Two useful statistics of the gamma distribution are the expected value and
the standard deviation :

Pdf(y) =

Exp (y) = (a+1)/b,

Std (y) = √(a+ 1)/b.
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Suitable values for the gamma constants a and b at the time of purchasing
the machine should reflect previous experience with comparable equipment.
Usually people think in terms of average repair costs , instead of y . For example,
the owner ofan automobile might feel that the average cost of a repair probably
would be some number between $ 15 and $30 per repair, depending on the
quality of the vehicle . In terms of y, the range would be essentially 0.067-0-033
because the average of a very large number of measurements corresponds to
the expected value , which is the reciprocal of y . This range suggests that the
uncertainty about y has a mean of 0.050 and a standard deviation of 0.017, or
thereabouts . The substitution of these values into equations (9) and (10) yields
a= 8 and b = 180 .

The accumulation of repair data for a specific machine subsequently revises
the initial view of the value of its parameter y . With N repairs costing a total of
D dollars, Bayes' formula converts equation (8) into a new gamma distribution :

(b− D)a+N+¹(y)a+Nexp [ -y(b + D)]Pdf(y |N, D) = r(a+ N+ 1)

When the repair costs of Table 1 are applied to the preceding formula, the
record of N = 70 repairs costing D = 1839 dollars raises the constants of the
gamma function from a = 8 to a + N = 78 and from b 180 to b + D = 2019 .

Thus the record of repairs for this particular vehicle has reduced the uncertainty
about its y from a standard deviation of 0.017 to √(79)/2019 = 0·0044, while
changing the mean from 0.050 to 79/2019 = 0.039 . The expected cost of
future repairs therefore will be higher than originally was anticipated . Further
more, if extensive repair data were available from a number of similar machines,
the resulting range of these means would give a good indication of the prior
uncertainty about y for a future machine, as described in the previous paragraph.

A gamma distribution also can describe uncertainty about A, the parameter for
a repair frequency that is proportional to age, ƒ(A) = \A . In the automobile
example, past experience with similar equipment might suggest that the expected
frequency of repairs per 10,000 miles could lie between two and three times the
mileage in 10,000-mile units , depending on the quality of the vehicle . In other
words, if the automobile is driven 10,000 miles per year , the expected number
of repairs per year would lie between two and three times the age of the vehicle.
With A having a mean of 2.5 × (10)-8 repairs per mile² and a standard deviation
of 0.5 × (10)-8, appropriate values for the gamma function would be d = 24 and
e = (10)⁹.

(11)

The subsequent record of N repairs in U miles revises the gamma function
for λ to produce:

Pdf(λ|N, U) = (e + U²/2)ª+ N+¹ (A)ª +N exp [−λ(e + U²/2)]
T(d+ N+ 1)
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For the automobile in Table 1 , the record of N = 70 repairs in 80,000 miles

increases the constants of the gamma function from d 24 to d + N = 94 , and
from e = (10)⁹ to e + U²/2 = 42 × (10)³ . Thus the uncertainty about the value of
Àfor this particular vehicle has been reduced to a mean of 95/42 = 2.26 x (10)-8
repairs per mile squared with a standard deviation of √(95)/42 = 0·23 × (10) −8 .
In the more general case where the expected number of repairs is described by
AG(A), the substitution of G(U) for U2/2 in equation (12) provides an identical
procedure for incorporating data with previous experience on the scale para
meter λ.

The foregoing description of the state of knowledge for y and À provides the
basis for adjusting the repair limit formulas for uncertainty about the para
meters. The repair limit formula, equation (7) , represents the expected value of
the machine by age A if y and λ are known , while the probability distributions
for y and λ represent the state of knowledge about these parameters at age U.
(If the repair record extends to age A, then U = A) . The unqualified expected
value for W is given by the formulas of the previous section when weighted by
the probability of various values of their parameters and summed . For example,
in the special case where the repair frequency is proportional to age, equation
(7) is multiplied by equations ( 11 ) and (12) before the product is integrated
(numerically) over the ranges of y and λ:

exp (W ]data) =f* (W| y, \) Pdf {\ | data) Pdf(y | data) dλdy . (13)
∞

The expected value at the time of purchase should equal the expected net
price P of buying another machine . Therefore the substitution of P for
exp (W| data) when A = D = N = U = 0 yields an expression for L, the long
term average cost of purchase and repair for many similar machines.

The application of the foregoing theory to repair data on three different
vehicles in Table 2 produces repair limits for each at several stages in its life."
At zero mileage , each machine has the same limit of $3000, the expected net
cost of purchase after deducting $200 for salvage. The substitution of this
figure, the preceding values for the parameters (a, b, c, d) and A = D = N = U = 0
in equation (13) produces the solution L = $0.0529 per mile after a few iterations.
Then as experience accumulates , each vehicle develops a different value for the
repair limit which reflects the current assessment of its quality . When
A = D = N = U = 20,000 miles , the limits have changed to $2640 , $ 1460 and
$2130 respectively for the three vehicles . The initial repair record evidently
has indicated that the first automobile is better than either of the other two .
Subsequent repairs tend to confirm the early evidence because by 80,000 miles
the first vehicle has a repair limit of $ 770 while the others have dropped to
$180 and $130 respectively . Eventually a time occurs when the potential cost of
a necessary repair exceeds the limit and indicates that the vehicle should be
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scrapped . As a matter of record, the latter two automobiles in Table 2 were
sold while needing repair for around $200 soon after 80,000 miles , but the first
automobile was still giving satisfactory service after another 20,000 miles.

TABLE 2. Record of REPAIRS AND REPAIR LIMITS FOR THREE FORD SEDANS

Accumulated Accumulated
No. of cost of

repairsrepairs
(N)

(units)
(D)

(dollars)
Year of
mileage

1955
1958
1961
1964
1967

1956
1958
1961
1964
1967

1958
1960
1963
1965
1967

Accumulated
mileage
(U)

(miles)

0
20,000
40,000
60,000
80,000

0
20,000
40,000
60,000
80,000

0
20,000
40,000
60,000
80,000

OMORE

ONNER

OG

0
13
30
47
68

0
2

22
47
70

0
8

40
64
92

0
101
517
768

1152

0
133
512

1170
1839

0
116
798

1385
2026

(W|y, λ) = XA²/2y-LA +yL²/2λ

Repair limits
Exact
(W)

(dollars)

3000
2640
1010
950
770

+(1/2) In[ 2√2\/4-7/2/2)

[Ly
x=√λ {A-yL/X)
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3000
1460
900
340
180

3000
2130
520
220
130

Approx .
(W)

(dollars)

3000
2670
1020
970
790

exp(-x²/2)dx] .

3000
1430

A convenient approximate solution to equation (13) can be obtained by
substituting the expected values for y and à into equation (7) . This procedure
corresponds to the use of estimators for y and λ which are continuously
modified as new repair information becomes available. The expected values
for y and λ are :

890
310
140

ỹ= exp (y |data) = (a + N + 1 )/(b + D),
λ= exp (λ | data) = (d + N+ 1)/(e + U²/2).

(14)

(15)

The substitution of equations ( 14) and (15) into equation (7) gives slightly
different results from equation (13) . The value for L must be $0.0541 per mile
to make the initial repair limit equal the net purchase price of $3000 . Table 2
shows that by 80,000 miles the limits are $790, $ 140 and $ 100 respectively for
the three vehicles . These values are sufficiently accurate for practical use because
they lie within a few dollars of the exact solution .

3000
2140
510
200
100

When the expected cost of a repair is much lower than the value of the
vehicle, equation (7) becomes :

(16)
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Substitution of equation (16) into equation ( 13) consequently only requires
numerical integration for the last term . Furthermore, little error is generated if
the expected values from equations ( 14) and (15) are substituted for the y and
À terms within the logarithm . Therefore equation (13) becomes :

exp (W| data) =

(b + D) (d+ N+ 1) A²
2(a+N) (e + U²/2)

where

+

(b+D)In(a +N) B
-LA +

dW
dĄ

(a+ N+ 1) (e + U²/2)L²
2(b + D) (d+N)

exp (−x²/2)dx-x²/2)dx] .|x=√λ(A—ỹL/λ)

Equation (17) gives identical results to those of equation (13) for the examples
in Table 2.

The absence ofa complete record of repairs raises no difficulty in the analysis .
In the case of uncertainty about y, any N repairs costing a total of D dollars
can be used in equation ( 11 ) if the decision to record each repair was not based
on its cost. The data need not start with a new machine, nor need it cover a
continuous period . In a similar manner, U² in equation ( 12) can be replaced by
the sum of the differences between the square of the ages bounding any N
intervals between repairs . Furthermore, the N associated with d in equation (12)
need not be the same as the N associated with a in equation (11) . If different,
they should be suitably labelled in the repair limit formula of equation (17).
Complete records are preferable , of course, because they provide the broadest
base for inferring the quality of the equipment.

The use of a proportional function for the expected frequency of repair and
a stable exponential distribution for the costs simplifies the calculation , and
should be sufficiently accurate for most equipment replacement decisions.

Nevertheless, the accumulation of more data may lead to refinements that more
faithfully reflect the general characteristics of equipment repairs . No difficulty
arises in substituting G(A) for U2/2 in the frequency expression , as has been
outlined in previous paragraphs . Modification of the cost function , however,
probably necessitates a numerical solution for the differential equation corre
sponding to equation (5) . (The incorporation of obsolesence, rate of return on
investments , etc. would have a similar effect .) If repair costs were represented
by an age-dependent exponential distribution, for example, the differential
equation becomes :

(17)

1L + λg(A) {1 − exp [−yWH(A)}} „H(A) ’

(18)

Pdf(S| y, A) = yH(A) exp [ —ySH(A)]. (19)
Uncertainty about y can be represented by a gamma function as before, with

the incorporation of cost data substituting ΣN S¿H(A;) for D (= ΣN S;) in
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equation (11) . The introduction of uncertainty about y and λ into the repair
limit formula again proceeds numerically in equation (13) , the function (W |y, λ)
having been obtained in tabular rather than algebraic form by numerical inte
gration from W→ 0 at A→ ∞o back to A = 0. The procedure for determining L
is unchanged . Finally, the previously described methods for obtaining approxi
mate solutions can be used if a suitably large constant age A is inserted in only
the exponential term of equation (18) so that an algebraic solution becomes
available.
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