BRANCHES EVERYWHERE
ANGLE TAB
VISIBLE-NAME
GUIDES AND FOLDERS
CATALOG NO. 50939

LIBRARY BUREAU DEPARTMENT

PRODUCT OF
MADE IN U.S.A.







1'/\0«/%@,% }ﬂﬂ Hockes

Hi'chs eh 17 Vteeal £ the Production flom.
18-85 % e TMVMYUW %W/O/(“, wirne f —trees, oA
a) 75 «@ O%M//Wm
b. LO’W-V\L'/@/»«W%. _ ' ——
ooty fooe syl k- ohal ’W
this o of TR mpetome in qiley, L mish vy Hagok ecid.
I 7 e
Loy Loy Lo+, mW%;‘W»aWMM it e ponie
Mtﬁzmd( Tome ) (Hichs ags s pcch o Mowian  mpan &l o
prods T /y{hﬂ//w%a W/,Mwlz m/,wrﬁc/m%@
2 2% 1 Tt tvo weuk to VVMA(/A VVL/MAJAW MW\/MM.’ (ZM
W@f?‘\% %/ddté/u/é%« ¢ _-LMV(;,MM/I/ML‘W.




M(\ RLM/ - Cf rj
S Ay ke o8

] i)

m & _E_
€ = /)
I/(/(k:/&«tk’ju/)
i At
\




%(:M%/LIQ ;vlulf'f) S B

m

D T o (-7

w
/éVL((’C'> < 0 | Ao WW ?W(/A /3 /&VW% ;C’

Now L $>0

w Rf’j
5 VSRR R

Ly widd tu
w ¥ R C("A 3
" = o

WM = A[/&((«r) Esd o 2 sha (ﬂro

_/74.4, MM\L‘;? s Z,aw/,




M;b’% LW W
WWWW«nWVoLM 47 vl
oS =R
Ruk)




j

(PT"S)e/Mr = fﬁ/%} 43,

P i)

Wik aake Fax, a/t/—we, c s Mo off
8 & ,%/uz;/ y .
_ﬂ T
//wafr/ _/A__‘/, o+
Ad m 5




%Ma/a«f o M W“( PlLio. &%M




0F99T)
:/ric é;) J/‘f"’“‘“ / Cg[

AW'MJV A'(‘.‘m af&»M 'S ,{ZJ(J

L owdl M mgl. ' “‘M\‘(& s /A/M f’d'“"l (Cﬂ)tl‘w-s-(/‘l.“

(: 5@:1«‘_()), ,LA FM'/ w/‘M MM A C,{,‘.M s







6.

cffect of changes and interest rates on durability.

Graphical demonstration.
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Figure 1

im , ] ‘ ;
Iet e be locus of future values having present value of unity at
discount rate = i.

At a lower rate, h < i, present values from the locus curve are

, an increasing fn. of m (i - h > 0), shown by ascending

y-intercepts above unity.

At a higher rate, j > i, present values from locus curve are
im g
S @ e(l-J)m decreasing T f m (i-j < 0), shown by descending
]m s a CC-ee‘uln:\) n- Ol E 1 J /, S \‘m J [~ 164 (08 L)
e(_

y-intercepts below unity.

So if capital is scarce, interest rates rise, causing shorter

H

M

investments to look better. This speeds capital turnover, substituting

labor for capital (ef 2, 3) and vice versa.




10.

Figure 2

Figure 2 shows rise of wage rate with no change in value of product.

o

im | e § : " ;
Pe is locus of values yielding interest of i when payroll cost is P.
Higher wage rates raise cost to P(1L + g). Dash lines show growth of
investment at internal rate of return. Higher slopes mean higher rates.

Let r = internal rate

rm Pe

rm=im - M (1 + g)

. m(1+g) y .
TRkt o r————e— an increasin

RO me
m —

So higher wage rates cause longer lives to be preferred, thus substituting

capital for labor (cf 2, 3). And of course vice versa.
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Thus lower wage rates and highe

in a free market (if we had one).

entrepreneur that are controlling. Here is where institutional bias intercedes.

Labor costs employers much more than labor takes home in pay. But capital

and land cost employers less, at least comparatively.
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BUILDING TAXATION AND SITE VALUE TAXATION--
HOW THEY AFFECT DEVELOPMENT OF LAND
FROM A LOWER TO A HIGHER USE
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BUILDING TAXATION AND SITE VALUE TAXATION--
HOW THEY AFFECT DEVELOPMENT OF
LAND FROM A LOWER TO A HIGHER USE

A1l economists are concerned about allocation of resources,
More specifically, they are concerned about optimal or efficient
allocation of resources. It is the effort of this paper to show
that present taxes on buildings do not allocate resources effici-
ently--and more specifically, they cause gross misallocation of
one of our major resources, land.

The model that will be used to analyze the effects of the two
types of taxes has its origin in Wilksell's famous wine model.
But buildings are not like wine, they do not grow at some rate
and then be harvested when the rate of growth of wine (trees) is
equal to the rate of interest. This approaches Ely's ripening
costs theory, but we do not want to maximize the present value,
rather equal the present value of nth year to i (assuming for the
moment a one cycle only.) The model that must be used is the one
that has been developed by Gaffney. I[n this model it is assumed
that costs are made at the initial period, tos and are a function
only of durability. As durability increases, costs increase but
at a decreasing rate to where eventually additional durability
can be had for small incremental costs. The revenues then are
considered under the spectrum of choices of durability and then
are discounted, The costs do not have to be discounted as they

occur in year zero. The graph below illustrates this,
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PVR' = alii%ill—— and as L approaches infinity (l+i)-L

approaches zero, the limit. The present value of the stream of
E

revenue and costs is % [Rn(l+i)-n]. This is the PVNR*OF one
generation. But land can be used again. [t is non-depreciating
while buildings do depreciate. So we must not find only the opti-
mal life of one building but the optimal life of that building
when land is to be used again. I[n the early years, the Rn(l+i)—n
may be negative as this includes both costs and revenues.

To find the optimal life of one building when land is to be
used agaiq:}s done by the following method. First, find the PVNR

of the first generation. The first generation is the one that is

built to last to the point where ZRn(Hi)-n is a maximum, We then
i

and make this
=%k ™

make this into an annuity by py\e

into a perpetuity by dividing by i,

PVNR =
=t )" = . &

*PVR: Present Value of Revenue
*PVNR: Present Value of Net Revenue
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L is the life of one cycle and must assume that all subsequent L's
are of the same length. [f there are infinite generations and

L=10, i = 7.2, the first generation accounts for fifty percent

L

L -
of the value of the perpetuity. I[n the graph above, the %Rm(l+i)
is PVR-Co or the g Rn(l+i)-n for each n where n is any year but L
is optimal year. At the maximum of the ZRm(l+i)-L, the rate of
growth is the same as the rate of interest. Then, if there is only
one generation of buildings we maximize at top of the PVNR or where
PVR-C is at a maximum, [f there is an infinite number of genera-
tions, multiply by the capital recovery factor and divide by i to
form a perpetuity,

L .y -L
b Rn(l+|)
l-(l+i)'L
Or, it is the PVNR discounted. When there are many generations,

then maximize the curve again by

ZRm(l—{-i)_L
T Cheds)
and then the optimal 1ife becomes even shorter,.
L S
¢ ¢ £Rm (142)

L=Ci+i)""

¥

PVNR

o
N
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PVNR for one generation, tells us the optimal life of the building.

Then the maximum of the for many generations, or the

But when do we begin construction of the building? We have now
found when to demolish it but when do we build it? This is an
important point of our analysis and as we shall see, site value
taxation and building taxation will affect the optimal date of
construction of the building.

But before it is shown that these two types of taxation will
affect the optimal date of construction, we must go a circuitous
route--begin at the end by looking at how taxation affects the
demolition of buildings. This is not as circuitous as it may
seem for the demolition of one building makes way for the construc-
tion of a higher and better use building. And by this route we
shall not only show how L (life of the building) is affected but
also shall determine year zero, the year for construction of the
building.

Looking at the PVNR curve, the optimal date of demolition of

one building generation land use is at the ma ximum of the PVNR
L

L

curve, the % Rm(l+i)' The maximum tells us when to tear down

the building.
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How do the two types of taxes affect L? The building tax is
a larger percentage when the building is new but as the base erodes,
the building depreciates. The tax is reduced. Buildings that
have long lives pay a smaller percentage of value in taxes as
do buildings that have a short life. Buildings of long life re-
duce their taxes through the building itself depreciating and by
depreciating, writing off the building at a faster than normal
depreciated rate.

With the building tax, as the building or base erodes, the
tax declines and thus the building tax prohibits the highest and
best use from being achieved at the time of construction, but by
declining in taxation as time passes, it causes the lower use to
exist for longer than optimal. It thus causes a double sin--it
chooses a building less than the highest and best use prescribes
and then attaches the building to the site for a more than optimal
time by charging little tax in later years. Thus buildings of
short lives cannot avoid later taxes as well as buildings of
longer lives. Though taxes in early years, present tax liabilities,
are heavier taxes than those in later years, in later years renewal
would mean heavy present tax liabilities since we must consider
that the site can be reused. Not to renew is to avoid a heavy tax
liability and thus not renewing avoids the potential tax liability.
And this is not considering that under the income tax laws, build-
ings may be written off many times and thus completely avoid much
of the tax. At any rate, the building tax on buildings of long

lives is a smaller percentage of total value than the tax on




i

buildings of short lives. This affects the PVNR curveby pushing
L to L'. 1t distorts the PVNR curve as illustrated by the PVNR'
and pushes L to L'.

The site value tax however does not erode through time but
rather as the site moves to higher uses the tax becomes heavier
on the present use. Thus, buildings that have long lives
pay a heavier penalty for their existence than buildings of short
lives. Buildings of short lives can avoid the penalty by giving
up their claim to the site that has moved to a higher use. Build-
ings that refuse to lie down and die are penalized by paying each
year heavier taxes as the site moves to a higher use. The site
value tax has an opposite effect of that of the building tax. The
building tax favors longevity while the site value tax penalizes
longevity. Thus, buildings of short lives pay a smaller percentage
of value in the form of taxes under the site value tax than do
buildings of longer lives. The PVNR curve becomes the PVNR" curve
and L moves to L',

| f the site was going to be used for another building of the
same kind, one generation is like the next, and all of the same
life, we could multiply the PVNR by the capital recovery factor

i where L is the life (using L for the no tax case, L'
P

for building tax) and then divide by the rate of interest, i, to

form a perpetuity, we get

PVNR PVNR' PVNR"
[=(1+i)°C * T=(lxi)-t  » and Ty °




time

Thus, when the site is to be used again, the optimal 1life of
the building is shortened but the site value tax gives us L", no
tax gives us L and the building tax gives us L'; and L" is sooner
than L, and L is sooner than L',

The assumption that all generations are alike is not a realis-

tic assumption, It is more realistic to assume that the site should
not prepare itself for a twin brother of the building it now
supports, but for a building of a higher and better use. In other
words, the following buildings will not be like the present one.
[f the present construction is a single family dwelling, we may
expect the next site occupier to be a small apartment house and
the one after that, a multi-storied office building as the land
ripens from residential to urban use.

We must make one assumption about the future generations,
Though they are all different in type, use, and construction, we
must assume that each lasts the same number of years. In working
with annuity tables, we need some common exponent for time, L, L'
and L". This assumption might not seem tamunrealistic when we

consider that a single dwelling unit can last 60 years while
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multi-storied office buildings are often torn down after 60 years.
The Rockefeller Center in New York was constructed on
leased land for 99 years. Single dwelling units last for 99 years.
Thus looking to the L, L' and L", we must project these
through higher and better uses., The sites will not be used for
another building of its kind but for a higher use. Taking the
maximum points of these curves and projecting them to higher uses,
we get moving present value curves, MPVt For the no tax case, we

get the MPV curve, for the building tax case we get the MPth, and

for the site value tax we get the MPV

ts®
MeV ?
# A Q*’;l,)»\ & . mMPY (\ 4 d)ﬂ. L
(i)™ "
cost
) 7 T

If there is no tax, it is optimal to put the site to the

higher and better use then‘e%%¥ = (1+i)" or the growth of the
site value is equal to the growth of the compound interest curve-
time 0. |If there is a site value tax, the rate of return need is

higher, or the tax is capitalized into the site value and reduces

*MPV Moving Present Value




-9-

the site value but grows faster. For the same building to be

builf qnder the site value tax, it is done when (1+i" is equal

to e;;%%i or when the rate of growth of the site under its
highest and best use is equal to the rate of growth of the compound
interest and tax rate, or time 0'". For the same building to be
constructed under the building tax, the same follows, the building
is constructed when 'eggéfﬁ is equal to (1+i")" or time 0'. Thus,
0" is sooner than 0 and 0 is sooner than 0'.

The impliciation of the taxes moving the site into higher
and better uses is obvious, The site value tax encourages urban
renewal. It encourages short lives while the building tax en-
courages longevity. The site value tax gives us L" while the
building tax gives us L' which comes after L. The building tax
makes one hold onto something long after it should be renewed.
This is because the base for the tax erodes. As the building de-
preciates, the tax is reduced. But the building tax commits the
second crime, it makes the land move into higher uses later. This
is really saying the same thing as if it makes the site cling
to an unoptimal use longer, it lets the higher use come later,

The two taxes also have capital rationing implications. The
site value tax favors the disadvantaged in the capital market, the
less wealthy. Those unable to accumulate capital at favored rates
can still survive since the life of the building is shorter,
it satisfies the need of a higher rate, that the capital be
returned sooner,

So far, it has been assumed that the two bases allow the same

building to be constructed only that the building tax makes the
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time for construction come later, It will be shown that the build-
ing tax causes the site to be put to a lower use. Thus it makes
the site cling to something longer, prevents the land from being
used sooner, and when it does permit use, it permits use in a

lower form than the highest and best use,.

The building tax should really fall on the cost curve, Coo
and not on the PVNR., The site tax is a tax on rent and is cor-
rectly placed on the PVNR curve.

By taxing the costs, it prevents the highest use from being
constructed as in the one generation curve, as costs increase,

durability and higher uses increase.

# \

/fjj\ IR

i g ang,

Since taxing the costs gives us a building that has supposedly

o

less life means it is a lower use than L. But this is only part
of the crime. We have now decided what building to construct, a
lesser building than the highest and best use building. The

tax increases as the new building costs increase but the tax erodes
as the building passes through time. Thus, having chosen the
building to last L" years, where L' is shorter life than L, it

makes the building last L"" where L'"" is after L. The building
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tax is a higher percentage in early years but a smaller percentage

in later years. Thus, PVNR'"' < pVNR"!

}

PYNR

ol Z qu

We should then think of the MPth curve as an inferior choice
to the MPV and MPVts curves. In reality then, summing up the case
against the building tax, it causes a lesser than optimal building
to be constructed and it causes the less than optimal building to
be held onto too long, preventing the site from moving into its
higher use. The verdict weighs heavily against the building tax.

When we consider that under the present tax structure, a
building can be depreciated more than oﬁce, the end of the unopti-
mal construction is postponed even more. Another mark against the
building tax,

The bias involved in the building tax is shown mathematically

by Consigney and Gaffney in Tax-lInduced Slow Turnover of Capital.

Here Rmis the ratio of revenue in year m to construction costs CO-—
or the revenue per dollar costs given that Cj = - |

Then (1+r)™ = Rm(l-t) where r is the ratio of return after
taxes. The tax takes a fixed percentage of gross
value (our MPV). The tax is biased in that it taxes capital

recovery.
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Rewriting the above equation

(1+r)™ = (1+i)™ (1-¢)

/m _4

r= (1+i) (1-t)
Since (1-t) <1, the value of r varies from a low when m = 1

to a high when m = e,

Ifm=1, then r (1+i) (1-t) -1 = i(1-t) -t.

[f m =, then r = (1+i) (1-t)° -1 = i,

In the last equation it can be seen that i = r. This is not what
is being shown in the diagram in this paper. The curves in this
paper represent costs that the highest and best use must return
before the site can change use.

As long as the model has been developed to its present stage,
it is interesting to consider a problem not directly related to
taxes, but a factor that does affect timing decisions of moving
land into higher uses. Interim use of land affects land's moving
into higher use. Consider the case of a vacant lot in the
central business district that will be ripe for a high rise in
sax/¢gars. Does the land stand vacant or useless for 10 years?
No. It can be put to some interim use and earn the owner a re-
turn. But it is interesting to note that the interim use post-
pones the time when the highest and best use is constructed, it
makes building come after 10 years and since it does that, it
causes the land to move into even a higher and beftruse. How
nicely the pieces fall together,

The interim use reduces the rate at which the owner must

borrow in the capital market as it reduces his costs. A lower




|

L
rate of growth in the compound interest table means that the

present value of the site is dearer than a higher rate, V02>'VoI
and this is as it should be since the site is earning an interim
rent. And since it reduces the capital cost it postpones the 10
years and by postponing the 10 years the site has ripened into
an even higher and best use. We can think of the interim rent
as increasing the rate of return to the holder.

A+ + (1+0)"r, = R
where Rm is the return to owner and r is the interim rent,
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So far nothing has been said about shifting the tax. A tax
can be shifted only by reducing the supply. A neutral tax cannot
be shifted since it does not reduce the supply. The site value
tax does not reduce the supply, and might even be said to increase
the supply of buildings. [t is obvious however that anything
that causes a reduction in the optimal buildings constructed and
postpones the sub-optimal building's construction period, is
reducing the supply.

The shifting of the building tax can occur by reducing the
supply of buildings. This is created by a shifting away from
buildings into other investments until the rate of return on
buildings is increased to the rate on other investments. Or there
may be a complete shift away from all capital which would bring
r, the rate of return after taxes, back up to the old interest
rate but cause the interest rate to increase to a new level,

What affect then does shifting have on the model? [|f there
is a shift away from capital, then the rate of interest increases
and this causes the optimal time to be sooner. The optimal time
of the new construction moves from A to A'., The taxes have been

™~
e [
sl R
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shifted so they do not appear,~'that is, if they have been entirely
shifted. However, the model assuming that property taxes have
not been shifted may not be too unrealistic an assumption when
we consider the fact that property taxes are a local tax and the
demand for housing in a small jurisdiction must have a high co-
efficient of elasticity. In that case, the tax shift would not
occur but would be shifted in a lower MPV, a lower land rent.

It is interesting to note that the conclusion drawn here
about site value taxation can be shown in the model constructed

by Turvey in The Economics of Real Property.

YA

e N
e ANR,

\\ MNR A

o A’ 'S ovt lm)

The ANR, curve is before taxation on outlay. |If the taxation

A
is a constant percentage it will pull the ANRA to ANRB and the
corresponding MNRg interest, the marginal cost or rate of interest
and outlay is reduced from A to A'. And, if part of the tax is
shifted, or the entire tax is shifted such that ANR, again be-
comes the proper curve, the rate of interest will increase and

outlay will be reduced. The property tax once again is shown to

prohibit the construction of the highest and best use building.
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Some Welfare Comments on Building Taxes and Site Value Taxation:

othar
imvestment

A 2 < € "B juuine
I f we have apjincome tax (site value tax under highest and best

use) and an excise tax (kuilding tax) to yield the same income,
the investor is still better off with the site value tax, assuming
that the building is under it highest and best use., When the

building tax is levied, the budget line goes through P I the

2.
income is to be the same under the site value tax as under the

building tax, the budget line for the site value tax also
goes through P2 but it is DE instead of AC. He can buy the same
bundle of goods, P2,.under either tax so the income must be the
same. But with the budget line DE he purchases P3 and not P2'
Thus the individual obtains a higher level of satisfaction and
from the individual it can be generalized to the whole community.
However, Milton Friedman does not accept this conclusion, He
states that we cannot generalize from the individual to the whole.
He accepts the reverse situation, that the excise tax is better
than the income tax.] "It is often concluded on the basis of

the individual and generalized to the community as a whole to

lFriedman, Milton, Price Theory, Aldin, 1962, pp. 56-67,




'] s

yield the proposition that all members of the community would

be better off (on a higher indifference curve) if the excise tax
were replaced by an income tax so levied that each member pays
the same amount as an income tax that he formerly paid as an
excise tax.”2 If Friedman is correct, all land value tax
supporters are fighting for the wrong victory. We should sup-
port the present building tax and put '"thumbs down'" to the

site value tax. Friedman's

claim makes our position uneasy.

To remove the uneasiness lets venture to see if Friedman
is correct., We have a conflict of views and when the conflict
arises from such high levels, we watch for the results with
greater anxiety,

Friedman's model assumes that all consumers have identical
tagtes and preferences and identical kind and quantity of resources
owned by each individual., Everyone has the same income. This
implies that all can be represented by one.

Given the resources, there is some set of combinations of

X and Y that can be produced--the production function,

21bid. p. 59.
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P] is an individual equilibrium but since all are alike, the
position applies to everyone. Here the rate of substitution in
consumption (slope of the indifference curve) is equal to the rate
of substitution in purchase (slope of price line) is equal to
the rate of substitution in production (slope of production func-
tion).

Friedman states that an excise tax does not change the pro-
duction possibilities curve. '"The excise tax does not by itself
lessen the physical resources available to the community.“3 But
surely the building tax, excise tax must affect the production
possibility curve., |If it prevents land from going to a higher
use, then the production function is less than it would be if the
site value tax were used. The building tax affects resources in
two ways--it affects the amount of construction and the longevity
of the building and thus has a double misallocation. But even
if we agree with Friedman on this point, that excise tax does

not affect the amount of resources available for production, it

31bid. p. 60.
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is not clear that the remainder of his proof is correct. Yet
this is a strong point to our side when site value taxation does
increase the availability of resources, land, not horizontally

as that is fixed, but vertically.

Y

o H B
Mm.Fricoman, Pricg THeory = p. ey

The excise tax causes the divergence of the price between
what the producer receives and the consumer pays. The point
where all rates are equal is P6 and P6 is clearly inferior to P].
LJ is the budget line for the consumer and KL is the constant
receipts line for the producer. And the two diverge because of
the excise tax on X.

Friedman then argues that suppose P6 is the initial position
due not to taxation but monopoly on the production of X. Now levy
the excise tax on Y. Then Friedman says that the excise tax on

Y offsets the monopoly on X, and argues that P] is the final
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equilibrium as the ratios of prices are then equalized by the
excise tax on Y and the monopoly in X. But it is unclear how,
if Pg is the initial position due to monopoly and then there is
an excise tax levied on Y, how P] becomes the equilibrium. It
seems to this writer that this is double harm and that equili-
brium would come at some point less than P6'

Equilibrium would come as a result of monopoly in X and

excise tax on Y at some point less than P6 as illustrated below.

. X
tax paid by consumer

The correct analysis must ask, however, who pays most of the excise

tax? |f it is the consumer, then we must shift the budget line.
If it is the producer then we must shift the receipts line. Both,
however, may move, But if either moves because of an excise tax
on Y, this write(\cannot find an equilibrium at P, but gets one
somewhere below Pg - Since our model considers no shifting of the
tax, we are concerned about the model that shows the tax being
paid by the producer (investor). This agrees with the earlier

statement that if the tax is paid by the producer it reduces the

production possibility curve. Al Sy Sy

O T P, will be the final equilibrium.
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Even in his dynamic assumption, Friedman does not appear to
be correct. He states on page 60 Ehat if prices were temporarily
rigid, the supply of money fixed except for the changes brought
about by the tax, and the proceeds of the tax impounded, unemploy-
ment would likely occur in the short run. But, prices would tend
to fall relative to money increases which shifts the budget line,
AC, to the right. But, if the excise tax or building tax force
longevity, unemployment may occur but price in the capital market
may rise as capital is tied up and becomes scarce. When capital
is scarce the rate of interest increases and the wealth effect
and income effect, or present value of incomes decreases, may
cause the AC to fall to the left. This is unclear and Friedman
even yields to this., He ways "It is clearly intended to be a
"long-run' analysis--comparative '"statics,'" not dynamics--as is
amply demonstrated by both the considerations just cited and
assumed complete shifting of the excise tax., We can therefore
abstract from any short-run price rigidities and suppose complete
adaptation

to new circumstances.”LP The new adaptation and new

circumstances are those that have already been discussed

Ibid.
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above--monopoly in the production of X and excise tax on Y. In
both cases agreement with Friedman is not reached. The income
tax, the same as the site value tax under highest and best use
and clearly the same for a property tax that takes a fixed
percentage, t, of net income, is superior to the excise tax,

as
the building tax, and this ispcommonly accepted by economists.
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The Decision to Repair or Scrap
a Machine

THOMAS A. LAMBE

University of Toronto

A simple algebraic formula for combining repair data with prior experience
determines the time when a machine should be replaced in order to minimize the
expected cost of equipment purchase and maintenance. A random sample from an
exponential distribution represents the cost of each repair, and a time-dependent
Poisson process represents the intervals between repairs. Bayes’ formula provides
the basis for combining data with previous judgement about the characteristics
of the equipment. Automobile maintenance records support the basic assumptions
of the model, and illustrate the method of deciding when to scrap a given machine.

INTRODUCTION

RISING repair costs frequently provide the incentive for replacing old equip-
ment. As a general rule, a machine should be scrapped when the cost of a
necessary repair exceeds the resulting gain in its value. However, a person
faced with the problem of deciding whether to repair or scrap an existing
machine has difficulty in determining the level of repair cost that is excessive.
The problem is particularly acute in the usual case where information on past
repairs of similar equipment is limited.

In addition to rising repair costs, many other factors affect the machine
replacement decision.! These include obsolescence, deterioration of quality of
service, rate of return on alternative investments and taxation. While such items
can be incorporated into the model described in this paper, they have been
excluded to simplify the presentation. Often rising repair costs are the major
factor affecting the decision to scrap a machine, in which case the theory to be
presented is adequate as it stands.

In early papers on equipment replacement, Clapham? and Eilon et al3
determined the optimal age for replacing any machine in a fleet by studying
the average rate at which annual repairs tend to increase with age. Their
analysis used linear regression techniques, and consequently assumed that
annual repairs are normally distributed with constant variance abdut a trend
line. The methods in these papers do not explicitly consider the random nature
of individual repairs to the equipment.

Drinkwater and Hastings developed a method for determining the upper
limit for any repair cost on a machine in a fleet of similar equipment.* The limit
decreases with the age of the machine. The model consists of two random
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variables: the cost of any future repair and the number of repairs in a future
period of use. The former is exponentially distributed and the latter is Poisson,
both having a mean that depends on the age of the machine. Records of past
repairs to a fleet of army trucks support the assumed distributions and provide
estimates for their parameters. Subsequent work by Hastings applied dynamic
programming to the model to improve the method for determining the repair
limits.® Although this method detects a machine having a very high cost for an
individual repair, it does not necessarily detect a machine having consistently
more frequent or higher repair costs than the average machine of its class.
Such differences in quality are a well-known phenomenon, and result from the
vagaries of equipment construction and use. In Eilon e al. the average variation
in repair cost between vehicles is plus or minus 30 per cent.3

The following model establishes a repair limit formula that uses data on past
repairs for the machine under study, plus whatever knowledge is available on
the general repair characteristic of its class of machine. Records of repairs from
a fleet of similar equipment are not required. The theoretical basis for the model
is presented in two sections. The first section develops a stochastic model of the
random characteristics of maintenance expenses and essentially is a continuous-
time version of the Drinkwater-Hastings model. Dynamic programming is
avoided, however, by assuming that, after being adjusted for inflation, repair
costs do not change with age, only their frequency does. Consequently the
resulting non-linear differential equation can be solved algebraically. The
second section introduces the Bayesian method for describing uncertainty about
the model’s parameters for any specific machine and for using data to reduce
this uncertainty. It also demonstrates the complete calculation with an example
of an equipment replacement decision, and briefly outlines opportunities for
future work.

THE MODEL

The characteristic pattern of expense for a machine consists of a large initial
purchase price that is followed by low maintenance costs which gradually grow
with increasing use of the machine until further repair becomes uneconomic.
Table 1 lists such a set of costs for a Canadian automobile. All repairs were
made as soon as required to keep the vehicle in good operating condition. The
actual costs have been divided by the current value of the Canadian Consumers
Price Index® and multiplied by the appropriate figure for 1970 to compensate
for changes in the value of money.

The random nature of the costs and the intervals between these costs presents
difficulties in deciding whether to repair or replace a machine when a component
fails. Not only does randomness introduce uncertainty about the timing and
the cost of future expenses, but also it obscures the evaluation of the quality of
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the machine from its past repair record. The problem is greatest with equipment
having infrequent, but costly, repairs.

An analysis of the repair costs in Table 1 suggests that it would not be un-
reasonable to assume that they belong to a random sample from a stable

TABLE 1. PURCHASE AND REPAIR EXPENSES FOR A 1956 FORD SEDAN

Mileage Expense Mileage Expense
(1000 1970 § (1000 1970 $
miles) Repair (Canadian) miles) Repair (Canadian)

0:0 New vehicle 3260 52.0 Ignition 19

4-0 Transmission 99 53:0  Adjusting lights 4
13.0 Ignition 34 55-5 Waterpump 29
212  Muffler 20 557 Muffler 14
23-5 Ignition 21 55-8  Seat covers 30
248  Battery 31 58:0 Wheel bearings 6
26:1 Headlight (left) 4 59:0 Headlight (right) 4
277  Pair of tyres (front) 46 59-1 Headlight (left) 4
28:0 Ignition 9 59-1 Licence light 1
28:8  Wheel alignment 21 597  Wiper arm 4
30-8 Tailplate 9 59-8 Tailpipe 15
310 Headlight (right) 4 59-8 Ignition 20
32-5 Pinion nut ¥/ 60-3  Wheel balance 12
32-8  Starter 24 60-5 Gear shift 2
32:9  Pair of tyres (rear) 55 66:0  Voltage regulator 10
347 Wiper arm 3 662  Brakes 2
34-8  Battery 37 68:0 Generator 29
349 Ignition 22 68-5 Radiator hose 4
350 Wheel balance 5 69-1 Clutch 149
375 Pinion 31 69-1 Fuel pump 18
38:0 Headlight (right) 4 70-0  Carburettor 17
39:-0 Headlight (left) 3 70:0  Fan belt 2
400 Muffler 21 70-3  Window 18
42:0 Wheel balance 4 706  Brake cylinder 35
43-0 Radiator 27 74-4  Brake switch 1
43-9  Ignition 10 76:0  Pair of tyres (front) 67
48-4 Tailpipe 10 76:0  Wheel balance 4
49-2  Starter 36 77-5 Muffler 20
49-5 Wheel alignment 21 77-5 Tailpipe 10
49-5 Brakes 108 78:0  Pair of tyres (rear) 60
49-7  Pair of tyres (front) 68 78:5 Pinion 106
49-8 Door handle 4 78:5  Wheel bearings 28
50:3  Pair of tyres (rear) 40 787 Heater valve 10
51-0 Window 6 790  Ignition 34
52:0 Camshaft 155 79-4  Carburettor 31
52:0 Radiator 19 Total 5099

distribution. The observation that 21 of the first 35 costs exceed the median of
$18 for the group of 70 repairs is equivalent to 21 heads in 35 tosses of a fair
coin. The chance of having at least as many heads in 35 tosses is 0-16, a not
uncommon event.
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When plotted in Figure 1, these costs exhibit the exponential distribution
found by Drinkwater and Hastings, which indicates that the components have
not been designed to standardize the cost of repair. Each repair cost has a

No. of | 41
repairs | 33 | 64 | 63

o|3s| 9|18 65

8|26 | 4 5 [32 61 rse I

6 | 25 3 27 ial30 . | 129 | | [5aT13a ]
Units 20's. 40's 60's 80's 100" s 120" s 140" s

Repair cost (S) in 1970 dollars
FiG. 1. Distribution of repair costs.

constant chance of exceeding any interval if it is not less than the interval. In
the limit as the intervals become very small, any repair bill S is a random
sample from an exponential probability density function:

Pdf (S|y) = yexp (—yS).

The parameter y is a characteristic of the repair costs for any particular
machine, and equals the reciprocal of the expected cost of a repair if y is known
precisely:

exp(S|y) = f;spdf(sm ds

=f°° Syexp(—yS)dS = 1/y.
S=0

Another aspect of the data in Table 1 is the timing of the repairs. (In this
case, mileage serves as an appropriate measure of the age of the machine at the
time of a failure.) Because there are many components in a machine, the intervals
between successive repairs to the machine as a whole are usually the intervals
between the failures of different components. Furthermore, the failure of one
component in a complex piece of equipment has little effect on the failure of
another. Therefore the intervals between each repair are essentially independent
of each other and form a Poisson process, as suggested by Drinkwater and
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Hastings. The probability of observing N repairs by age 4 when F(4) repairs
are expected is given by the well-known formula:

[F()IY
N!

Pr[N|F(4)] = exp [—F(4)]. (1)

If the length of an interval beginning at 4; and ending at 4; is measured in
terms of the expected number of repairs during the interval, the probability
that the intervals will exceed a given number becomes an exponential

distribution:
Pr [0] F(4,) — F(4))] = exp[— F(4,)) + F(4)]. @

The expected frequency of repair f(4), which is the derivative of the expected
number of repairs F(4), should increase with the age of the machine because
the equipment consists of a great variety of components, all of which are new
at the beginning and have different expected lives. The probability of a com-
ponent failing in a given increment of time therefore must increase as the more
durable components finally wear out, and the less durable ones undergo second,
third and fourth repairs. As a first approximation, the expected frequency of
repairs could be assumed to be proportional to age. Therefore f(4) = A,
where ) is a characteristic of the repair frequency for any particular machine.
The expected number of repairs during an interval between two ages 4; and 4;
becomes:

F(A)~F(4)) = NA3— 49/2= My 2. ©

Figure 2 supports the assumption that the occurrence of failures is essentially
a Poisson process with an expected number that is proportional to the square of
the age of the machine. This histogram of the intervals (/) between the square
of the mileages in Table 1 has an exponential distribution. The order of
occurrence of the intervals, as given by the numbers in Figure 2, is essentially
random. Of the 35 intervals that are shorter than the median of 60 x (10)~® miles?,
16 occur in the first 35 repairs. The probability of not having more intervals in
a stable distribution is 0-37.

From equations (2) and (3):

Pdf (7] X) = —(d/d]) [exp (— A/2)] = (A/2) exp (= Al}2). @

Both the cost and the frequency components of the model are needed to
represent the total repair expenses for the vehicle. The assumption that these
two components are statistically independent is supported by the observation
that 36 out of 70 pairs of costs and intervals are both above or both below their
respective medians. The chance of having 36 or more such pairs with independent
components is 0-45.

The basic rule for deciding when to replace a machine is to continue using it
until the cost for a prospective repair exceeds the expected net benefits from
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future use of the machine if it were repaired. In other words, the limit to the
amount that should be spent for a repair is equal to the implicit value of the
vehicle after repair, less the value of salvage if it was not repaired. The derivation
of the repair limit begins by noting that the average cost per mile, L, for purchase

69
68
67
64
62
59
58
57
55
51
49
47
46
44
43
40 [ 70
39 | 66
No. of 25 bies
repairs 35 | 54
31 | 53
30 | 48
29 | 45
28 | 33
20 | 32
18 | 27
17 | 25
16 | 24 | 56
14 |22 | 42
13 |21 | 37
12 | 34
9 7|15 |23 |63 |4l
8 6|10 |19 |61 |38 :
1 5 4 2 .]:82 3 | [Z6 ] | [60 ] [0 ] |
0-49 100- 200- 300~ 400- 500- 600- 700-
149 249 349 449 549 649 749

Difference in mileage squared 10° (7)

F1G. 2. Distribution of mileage intervals between repairs.
and repair of a series of machines is a constant that equals the current rate of
depreciation in the value of any specific machine, —d¥/d4, plus its expected
cost of repair or of loss due to scrapping during the interval AA. Because the

repair limit W equals the implicit value ¥ less a constant value for salvage, it
also decreases at the same rate. In mathematical terms:

dv w E
L=-g+ | [ srewyias+ [ wyew(-ys) as |

% _.((ij_Au_/+f(A)[1—exp(—yW)]/% ®)

Equation (5) is solved via the substitution ¥ = W+LA—F(A)/y to give the
repair limit W as a function of age 4:

W= (1/y)In :1 +Ly[exp (F(A)—yLA)] LiAexp (—F(x)+yLx) dx} . (6
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In the special case where the expected frequency of repair is proportional to
age, f(4) = A4, the formula for the repair limit becomes:
Ly Le

W=(1/y)ln{1+\/)\

[exp A(4 —yL/A)?/2] j exp (—x?%/2) dx} . (D

—v(A)(A—yL/A)

COMBINING DATA WITH PREVIOUS JUDGEMENT

The final step in using the model is to determine the repair characteristics for
any particular machine. Although knowledge of parameters like y and A
traditionally has been described by estimators, a probability distribution
provides a more satisfactory description of a person’s uncertainty. For example,
even before an automobile is used, the owner has some idea of the potential
range of repair costs. His uncertainty is broad however because he does not
know at this time whether the particular vehicle is a poor one or a good one. In
other words, he feels that there is an equal chance that y or A is small or large.
Nevertheless, as experience accumulates with the use of the automobile, the
developing record of repairs reduces his uncertainty about these parameters.
Bayes’ formula provides the mathematical method for making these adjustments.
If the record is good, he begins to realize that the particular vehicle probably
has better quality than average. If it is poor, he suspects the worst. He never
knows with certainty, because the good record might be the result of a lucky
chain of events with an inferior vehicle. Nevertheless, with a suitable analysis
of the chance of the various possibilities, a person can make decisions which
maximize the expected net benefits from the future. The remainder of this
section presents the mathematical basis for performing these calculations.

The algebraic structure of Bayes’ formula is simplified if a gamma function
is used to describe a person’s uncertainty about the cost characteristic . This
is a flexible class of functions that can have any positive average value and
variance, and therefore should be adequate for capturing the essential form of
a person’s uncertainty. In mathematical terms, the relative chance of any
specific value of y being characteristic of the machine is given by the following
probability density function, where a>—1, b>0, and I'(e+1)=a! if a is
integer:

(b)+1(y)*exp (—by)
P ®)

Pdf(y) =

Two useful statistics of the gamma distribution are the expected value and
the standard deviation:

Exp(y) = (a+1)/b, ©)

Std (y) = y(a+1)/b. (10)
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Suitable values for the gamma constants a and b at the time of purchasing
the machine should reflect previous experience with comparable equipment.
Usually people think in terms of average repair costs, instead of . For example,
the owner of an automobile might feel that the average cost of a repair probably
would be some number between $15 and $30 per repair, depending on the
quality of the vehicle. In terms of y, the range would be essentially 0-067-0-033
because the average of a very large number of measurements corresponds to
the expected value, which is the reciprocal of y. This range suggests that the
uncertainty about y has a mean of 0-050 and a standard deviation of 0-017, or
thereabouts. The substitution of these values into equations (9) and (10) yields
a =8 and b = 180.

The accumulation of repair data for a specific machine subsequently revises
the initial view of the value of its parameter . With N repairs costing a total of
D dollars, Bayes’ formula converts equation (8) into a new gamma distribution:

(b— D)**M(y)**Nexp [~ y(b + D)]

T(@a+N+1) (1)

Pdf(y|N, D) =

When the repair costs of Table 1 are applied to the preceding formula, the
record of N = 70 repairs costing D = 1839 dollars raises the constants of the
gamma function from @ =8 to a+ N = 78 and from b = 180 to b+ D = 2019.
Thus the record of repairs for this particular vehicle has reduced the uncertainty
about its y from a standard deviation of 0-017 to /(79)/2019 = 0-0044, while
changing the mean from 0-050 to 79/2019 = 0-039. The expected cost of
future repairs therefore will be higher than originally was anticipated. Further-
more, if extensive repair data were available from a number of similar machines,
the resulting range of these means would give a good indication of the prior
uncertainty about y for a future machine, as described in the previous paragraph.

A gamma distribution also can describe uncertainty about A, the parameter for
a repair frequency that is proportional to age, f(4) = A4. In the automobile
example, past experience with similar equipment might suggest that the expected
frequency of repairs per 10,000 miles could lie between two and three times the
mileage in 10,000-mile units, depending on the quality of the vehicle. In other
words, if the automobile is driven 10,000 miles per year, the expected number
of repairs per year would lie between two and three times the age of the vehicle.
With A having a mean of 2-5 x (10)~® repairs per mile? and a standard deviation
of 0-5 x (10)78, appropriate values for the gamma function would be d = 24 and
e = (10)°.

The subsequent record of N repairs in U miles revises the gamma function
for A to produce:

(e+ U22)+NH (NN exp [ e+ U22)] £
T@+N+1) ' (12)
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For the automobile in Table 1, the record of N = 70 repairs in 80,000 miles
increases the constants of the gamma function from d = 24 to d+ N = 94, and
from e = (10)° to e+ U?/2 = 42 x (10)8. Thus the uncertainty about the value of
A for this particular vehicle has been reduced to a mean of 95/42 = 2-26 x (10)—8
repairs per mile squared with a standard deviation of J(95)/42 = 0-23 x (10)-8,
In the more general case where the expected number of repairs is described by
AG(4), the substitution of G(U) for U?/2 in equation (12) provides an identical
procedure for incorporating data with previous experience on the scale para-
meter A.

The foregoing description of the state of knowledge for y and A provides the
basis for adjusting the repair limit formulas for uncertainty about the para-
meters. The repair limit formula, equation (7), represents the expected value of
the machine by age 4 if y and A are known, while the probability distributions
for y and A represent the state of knowledge about these parameters at age U.
(If the repair record extends to age A4, then U = A). The unqualified expected
value for W is given by the formulas of the previous section when weighted by
the probability of various values of their parameters and summed. For example,
in the special case where the repair frequency is proportional to age, equation
(7) is multiplied by equations (11) and (12) before the product is integrated
(numerically) over the ranges of y and A:

e,)(p(WIdata):fco on (W|y, ) Pdf(A| data) Pdf (y | data) dA dy. (13)
y=0JA=0

The expected value at the time of purchase should equal the expected net
price P of buying another machine. Therefore the substitution of P for
exp (W |data) when 4 = D = N = U =0 yields an expression for L, the long-
term average cost of purchase and repair for many similar machines.

The application of the foregoing theory to repair data on three different
vehicles in Table 2 produces repair limits for each at several stages in its life.”
At zero mileage, each machine has the same limit of $3000, the expected net
cost of purchase after deducting $200 for salvage. The substitution of this
figure, the preceding values for the parameters (a,b,c,d)and 4 = D= N= U =0
in equation (13) produces the solution L = $0-0529 per mile after a few iterations.
Then as experience accumulates, each vehicle develops a different value for the
repair limit which reflects the current assessment of its quality. When
A =D =N =U=20,000 miles, the limits have changed to $2640, $1460 and
$2130 respectively for the three vehicles. The initial repair record evidently
has indicated that the first automobile is better than either of the other two.
Subsequent repairs tend to confirm the early evidence because by 80,000 miles
the first vehicle has a repair limit of $770 while the others have dropped to
$180 and $130 respectively. Eventually a time occurs when the potential cost of
a necessary repair exceeds the limit and indicates that the vehicle should be
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scrapped. As a matter of record, the latter two automobiles in Table 2 were
sold while needing repair for around $200 soon after 80,000 miles, but the first
automobile was still giving satisfactory service after another 20,000 miles.

TABLE 2. RECORD OF REPAIRS AND REPAIR LIMITS FOR THREE FORD SEDANS N

Accumulated Accumulated

Accumulated No. of cost of Repair limits
mileage repairs repairs Exact Approx. o
Year of 0) (N) (D) w) w)
mileage (miles) (units) (dollars) (dollars) (dollars)
1955 0 0 0 3000 3000
1958 20,000 13 101 2640 2670
1961 40,000 30 519 1010 1020
1964 60,000 47 768 950 970
1967 80,000 68 1152 770 790
1956 0 0 0 3000 3000
1958 20,000 2 133 1460 1430
1961 40,000 22 512 900 890
1964 60,000 47 1170 340 310
1967 80,000 70 1839 180 140
1958 0 0 0 3000 3000
1960 20,000 8 116 2130 2140
1963 40,000 40 798 520 510
1965 60,000 64 1385 220 200
1967 80,000 92 2026 130 100

A convenient approximate solution to equation (13) can be obtained by
substituting the expected values for y and A into equation (7). This procedure
corresponds to the use of estimators for y and A which are continuously
modified as new repair information becomes available. The expected values

for  and A are:
y=exp (y|data) = (a+ N+1)/(b+ D), (14

A=exp (A|data) = (d+ N+ 1)/(e+ U?/2). (15)

The substitution of equations (14) and (15) into equation (7) gives slightly
different results from equation (13). The value for L must be $0-0541 per mile
to make the initial repair limit equal the net purchase price of $3000. Table 2
shows that by 80,000 miles the limits are $790, $140 and $100 respectively for
the three vehicles. These values are sufficiently accurate for practical use because
they lie within a few dollars of the exact solution.

When the expected cost of a repair is much lower than the value of the
vehicle, equation (7) becomes:

(W|y, A) = A422y—LA+yL?[2)

=i 3
+(1/y)In [ y /\LM(A_YL/Mexp( x2/2) dx]. (16) .
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Substitution of equation (16) into equation (13) consequently only requires
numerical integration for the last term. Furthermore, little error is generated if
the expected values from equations (14) and (15) are substituted for the y and
A terms within the logarithm. Therefore equation (13) becomes:

(b+D)@+N+DA | @+N+1)(e+ U212
2@@+N)(e+ U%2) 2+ D)@+ N)

(b+ D) E_‘}_f 2 g
" (@a+N) ia [JA L:J\(A—}L/X)exp( o dx] ! 4

Equation (17) gives identical results to those of equation (13) for the examples
in Table 2.

The absence of a complete record of repairs raises no difficulty in the analysis.
In the case of uncertainty about y, any N repairs costing a total of D dollars
can be used in equation (11) if the decision to record each repair was not based
on its cost. The data need not start with a new machine, nor need it cover a
continuous period. In a similar manner, U2 in equation (12) can be replaced by
the sum of the differences between the square of the ages bounding any N
intervals between repairs. Furthermore, the N associated with d in equation (12)
need not be the same as the N associated with @ in equation (11). If different,
they should be suitably labelled in the repair limit formula of equation (17).
Complete records are preferable, of course, because they provide the broadest
base for inferring the quality of the equipment.

The use of a proportional function for the expected frequency of repair and
a stable exponential distribution for the costs simplifies the calculation, and
should be sufficiently accurate for most equipment replacement decisions.
Nevertheless, the accumulation of more data may lead to refinements that more
faithfully reflect the general characteristics of equipment repairs. No difficulty
arises in substituting G(4) for U??2 in the frequency expression, as has been
outlined in previous paragraphs. Modification of the cost function, however,
probably necessitates a numerical solution for the differential equation corre-
sponding to equation (5). (The incorporation of obsolesence, rate of return on
investments, etc. would have a similar effect.) If repair costs were represented
by an age-dependent exponential distribution, for example, the differential
equation becomes:

exp (W|data) =

1
L= —GrH Wi —exp [y WHAD 1, 19)
where
RAF(S] 7, ) = yH(A)exp [ ySH(A)] 19)

Uncertainty about y can be represented by a gamma function as before, with
the incorporation of cost data substituting 3% .S; H(4,) for D(= NS in
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equation (11). The introduction of uncertainty about y and A into the repair
limit formula again proceeds numerically in equation (13), the function (W|y, )
having been obtained in tabular rather than algebraic form by numerical inte-
gration from W—0 at 4—co back to 4 = 0. The procedure for determining L
is unchanged. Finally, the previously described methods for obtaining approxi-
mate solutions can be used if a suitably large constant age A is inserted in only
the exponential term of equation (18) so that an algebraic solution becomes
available.
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