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mixed partial completely explained in the
general situation, all need due is putyou

in the special words of the particular situation.

Then

If z is output por acre
X "1 men

money CS

ƏzNo
la

is a

graphed as a fan. of
labor us

Then

and is approximately the increase in output due to

adding one more man.
Now that increase depends

money per acre .
2²z
əyəx

fon of y Ci.e. dependa
value ofy )

(other than wages)

Since d'z

one more

on

in this marginal output due to adding
per acre .

on the

me laborer.
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y, so can be

y, say marginal outputof
(approximately)

a əz would be the change
ay ax

one moredollar

082 85414ay."it would also be the
(appr.)

J²z
aydx axdy

change in the marginal output of capital money
adding

Matt

due to



Dear Mase,
2²
andy

to

(andpossibly other variables) and that
two derivatives as follows: First,

on
y

holds x constant, so that zweg a fen, at y alone.y
then take the derivative of & ourt with expect

y(thisis called a partralderinaly
Your answer depends on and abso

of

means that

X1

Z 15 0

X

•function at x
andy.

and yo
fen.

fax and J y fi constant, a
This istake the derivative writ. x .

called the 2nd mixedpartial of a
writ. gen

that one

so it is a
&denoted az . Then take this neway

and hold

one takes

Pen. of both

c² (i.e. In2

one

xo

y₁.
There is a

2 (x,y)
theorem which says thatif

every practreal case)is

it doesn't matter in which order one

takes thederivatives. 2²z J²z
=Əxay əyƏx



example:

Then

z =

Əz
ay
2
ZJ²z

Jady

example2. Let

ƏZ
dx

Let y

Let z2

= xH

=

Z is

is

c2²Cat course

t

written 24
dx

X =

2x

course, atax

a derivative writ.

a

2
Iz
ax
2a²zZ
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P2.

output per acre.

function of x andy

readily interpreted- the increase in
outputdue to the addition ofonemore
laborer.

zxy

2X

322 depends on x and y,
y, .2²z

Əxdy
Iz also has a der, wr.t. x

number of laborers per acre on
a farm . Cassume for simplicity

vang continuonty)that x can

money per acre devoted to machine,ete

and has



terfirm prod-~frojust as validas
1.fns derivedfrom

interpersonal

cons.
& interiem.

are



5468 Heady, Salo "Techn. cake Relationships I

Farm Size Policy. " Sef 19 (3): 353-64

(Jan '53)
Comes to clear. returns to scale, by clast.

ofmoden method. again, hassame clust.over

wholerange. Recognizes thisas defect.But
at least returnsfall,wholerange

Hesitate to cite, bes comes to suchcliff.
answers.

Putin a note - I in bib.



iEzekiel on correl.n.



3 I have used group averages

changes W.

Labor
perfarm

is no.of

another. Caution.
7

acres per from

But that's not what I did? But I clicparallel things

Probly objections to averages
here rise from

Census dato are whole universe, so ok? Ezek. computes standand

deviation, o ·computed standardenor" is then where

W. census,

Besides, this is error of estimate.
predicting how individ case may turnout.

cases.

o0²/2x²n

1.118

5 of data from curve

41.

to show Airijo how one véle

nis

2/3 of universe falls w-in o of mean;

X
Take the 4 values

group average

meam, Ty. Now fr

furnity Typ . re Ty
Ty

Too smalla sample.

all thepts, Jy₁ =Jy

For horizontal regresss
Jy wd not be so much affected

verygreat, variI
Ún-i

where x is individ deviation from

> 0

rn-1

95% w -m

I'm not concernedncerned w.

Fit a curve to seatter then "standardenn

mean.

20.
•standarderrorofestimate is



Ezekiel,2
x² is " coeff-ofdetermination ", & mares theprop.ofvariation of

I causedby X -for math. reasomnotgiven.

To holdsomething constant:

9

X

Take a slice accross seatter, all individ cases

Then get & asf(x) for those cases.z
( MNP idea lets you

subtraction)

use

where y =y₁.

other cases, too, elim. changes in y by

14.2_ (Couthalsoget & as f(y) bygoingup verticalslice, thisgod inomofz
tque redredonskip find which is stronger)

coms.
Ezek. has inc. influenced by 1.ofacres43, no.of

ascons -As. Soplott's inc. in appears.
& acres, & as no.

for laves), little relation

So eliminates influence of cons, this: plots inc.us coms,"gets
Y = $694 + $20/coms).

regression, Y= The 694 is presumably due to other

factors, & influence of ment con is shown by weff.ofregression,
$20. ( I shd work out regression ofregression of income land 1900 data,on

Ery

my
way, must group::I

elim. influenceof complements this way, insteadofby.
rather crude method. Lump complements. Butno — can'tdo

it, bes to eliminate effects this
on complis, & they

complis, toget regression of inc .
grouped. Besides, a linear regression shows const. MP

Then tabulates inc. & acres

thruout range, not much value) takes
regression of acly.ins

& cors
on acres as

by farm,& suberaces #20x(coms) from inc.,
shows hon acres influence inc.

clato byaren't so



{

acres on income

a

means nothing
in a vacuum .

on

Ezekiel 3
dream ? Influence of"Isn't the statisticionpursuing

acre
income, after eliminating effectofcoms. Buteffectof
depends how many cons there are chewon it, &c.
"Effect of

con.

-classificationcross
& own a.

150-200 a .
100-150 acres
50-100 acres

acres

ate on

151 & above, describes "methodofsuccessive elimination"-get
cows oninc., subtract

effect of subtract from acres on inc.;
better

regression &subtract from cow- income, get

coeffsofregr; then come back & subtractfrom
until reachstable regression

inc.; then take

inc., w.higher
acre-inc; & repeat

But this method ofsuccessive elim." is laborious.

multiple correlation gives same result, quicker. (ch . 12)

Verygood. Methodof
p. 154. Verygood.

Income

aires

Methodof

no date to operate

inc.

Cows

from table. Distame betw. linesgives
Above graph comes from table.

of MP of land. (again, census gives

way. But might find some.)

idea

this

methodoftaky slices accross a seatter.
This isjust a variation a no.of cases, to
Weakness of method : requires very large sample,

fill up all the possible categories,getsignif. ave. in each ( but won't

to line ofave.s take careof this ?)
regression

Weeks mentions correlation coeffis, & measures ofdegreesof freedom, asformalstat method.



Egehiel 4

ch. 12, shows methodof deriving multiple regression

actual clata. It wd take me some stuchy to

they did I why. But it is basically same as

elimination, whichgives
ting successive elimination, which

la-
& come,& thenyou
thus

acres
one

no

zn

1you chop

Y = K + glaced) + h(corns).

fum
out what

figure

methodof
inc. asfnof

intercept &add the z
y-intercept

IN,
Is basedon ass. of linear relations thruout. (&seems so

cognizance of complementation betwon acrest.com)
me to take



Leg.
E.O. Heady , " Production Functions from a random sample of
Farms " , JFE , Nov 1956 , p . 989 .

To understand it , try Tintner , G. , "A note on the derivation
of production functions from farm records , " Econometrica ,
Jan 1944 pp . 26-34 .

I judge what they have done is take numerous farms of
different sizes , compare output on them , see how much the
additional resources add to output . But they don't describe
their methods . Nor their way of measuring land -- well , it
is land plus buildings , he ways and yet the question the
respondent was asked , was for land value Heady then assumes
he included buildings with it ! Pretty sloppy .

Brownlee & Tintner , JFE Aug ¹ , use land acreage .
sloppy .

Al so

Some of these data appear to help me ; others to hurt me .

Heady takes pains to emphasize those that hurt me that
mp of land is larger for larger farms but he doesn't define
what he means by large and small . And the MP he gets only.
refers to " the gemmetric mean " of the data . Une would have to
analyze the data assiduously to get any meaning from them ,

and then would probably find the methods were so sloppy theyaren't worth much . So ski it for now . Some day , pernaps .



p . 303 Cites Heady , "Froduction Functions from a Random Sample of
eg Farms" , JFE , Nov. 46. This one is a must . From 1939 data .

Heady found that for Iowa farms , they were too large .
increase in all inputs would increase output only .85% .

A 1%

p . 304. Heady also found marginal productivities per of
additional input .

Quote
this

Livestock feed
Misc . op . expenses
Equipment
Labor
Land

84¢
394
20¢
08%
046¢

Schultz : "One may infer from these data that in Iowa in 1939
more livestock and feed , operating items and equipment should have been
employed relative to labor & land . The capital market , however , in
Ia & also elsewhere , is better developed for renting & borrowing
funds to acquire additional land than it is to serve farmers in
obtaining the other physical inputs listed above . "

5173



5419

Ed.Bishop lexims mp ofland is

low on small NC. farms,

feed,equipment,etc, is hi

Check hisuseof "Cobb-Doughin

pu-fus.
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value of land
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1... Rate of turnover data output/assets

1
Beware in MP study,frings I

get. For assetsof smaller, called "land","
are more cap, tum overfaster . Butat
same time shd be higher costs, tomaintain,show up in costin cortfigs.



5460

80

acresCrop
per ferm

Under 80

120

Le
Fou

Ruden

160

"Ruden, WalterL. Farm Size & Its Relation to
Production op.s. Corts & Net Returns -
Nebr. Bull 346, 1945 .

200

p. 1

240 Lover

Total acres
perfarm

112

155

193

242

300

408

p8 Larger fona,

ExpensesReceipts
(incl. inventaris) (Incl.depT

$
1,542

1652

2009

2542

3055

4922

Iclept ofinv.)
(exd.from Labor)
incl.family

Southeasten Nebr., 1930-34

1047 + 65=
1047

911 + 56 =

1131 + 98 =

1422 + 164 =

1691 + 208 =

2935 + 254 =

Volunge

fm

was

Larger fons, bigger up& clown of for inc.

•actually lower

negative in thoseyrs.

of

Receipts
acie (1 )acre

(ANT

acre) (iffe4)inf

In ·318 · 32, inc/fm
langerfons -perfarm! (allwere



Size

Groups form
No.of|

Size No of Acres acrs 4(ams)
groups fins

Above is figurz MP directly. Simpler mightbe figig APface for

implies. Suppore know 2 APs, how figure MP ?Supposeyou
A₁ =[n
M =

acres

Tu

ģ

{acres{ Output{ValueJamnagvalueof
{bledigs |bladings

10%

Ln

TA+₁ - Tn =

forint from

given An & Anti

no.

? Ihowabout feedboughtofffem ?
Netoutput

AnetValue annual I & My Annual Live-(Annual)Laber {Fert.)Total (Net TA
annual(artput[net Joutput

quang
i{tatilfstock Livestock1&M

20 % costi output a arre
good fomn
Arm

(Anti)Latı - An Ln . Assuming

[nes?

is the acreage or value)groupgf offis in thegroup
acreage in group
totalproduct ofgroup

lomme

xona

AP
App = Pan - 13

fg+i bg

AP,per acre, = P₂

polit

fg

is one unit,but here it isn't.

ea.
group, figure what MP that

Alger lg₁i
fgri

20/19

Alg lg
69



So ideally we wd.

Livestock contribute to output. Cost is int. & depletion. Actually forms
maintain their stock, by pasturing &feeding.
countas a cost depletion ofstock, & as an

I 4'd value ofstockpastured.
output productsfed to stock,

dept.of stock n.a., nor on Avalue
Data on

So 2 alternatives:
1. Count no

on
depletion ofstock, but just int.on stock; Don't

count value of cropsfed to stock foras ouiput. This has weakness
that somefins bought feed offform, but is no figurefor this, suchfirmwillbethis
appear as higher output tham should. Probly smaller fins. But is compensated bynot count's feedhomegrown, which wd favor smallerfins(die topasture on lange)

&2. Figure depletion ofstock as cost, I replacement ofit as ouipul-_
1.e. the replacement that occurred on the fm. That means output
fed to stock. (a bigelement here wd.be horses, incid., this is homegrownfuel)Weakness is this allows nothing for pasturing, a method ofreplenishing stock.

frompasture.

safectway is choose method least favorable to hypothesis. Then

if hyporh. noves out, is sure. This meam allow generous cleprec. in cap.
thus A costsof smaller more . And disallow products fed to livestock,

of them. This means aresmallhave more assuming stock maintained,countnoassu

This willno
depreciations,orturnover, on stock. Assume are allproducedon form, also all their

feed. W. •figmes on feed or stockpurchase, have toass, that anyway

unduly amplify netoutput from those fine which buyfeeders, & depress output
forme in, raition them acreye, in manemarsofland

from win ranches, whichare more self-sufficient.
self- contained, so thesefize, lack ofdate on

rather

Laye hildigsgourly

off-forpurchases, will
make small look better than are.

more

any
criticum.

Anyway, don't count depr. or rept. of livestock (unless want to club in

est. of repl., make itas large as possibleon small, smallaspors.on large, thus elim.



Datu needed

(Why notget whole U.S. ? By value)

T



Critic say, maybeitis laber or thatcap.
is lessproductive on
larger fins.
Answer : labor &cap.
known to be more

productive on large,
all agree.



George Mehren says:

To find MP of land by size offm, get data, simul,fms

of diff sizes. Take output as for of various inputs, incl. land.
subtran costsofother inputs, thus have MP ofland -(ofa
sort, interfium)

Method, math: Output = 7(Aun, [laber, cap])
Compute do

JA

Suggests Sune Carlson, Erich Schneider, as so describig

math. of method. says Weeks can tellme easier than
wading the all that.

A cost

to all ? need are data
on acres,grossoutput, &other

of fins of diff sizes. Very simple.

E.g. of.

4 A = 10 ; 40 =

60 x 380

4Net Output
A N.O.

A A

50 acre

=

VS

60 acre

•fm, output $500/acre, costs $400/ace

60 × 480

1,ver = 100.

fom, output 480/ace, costs 380/ane.
- 50x500

- 50 x 400 = 22800

3,800 - 2,800 =

d

1,000

20000

28800

2,800

25000

corts,

3,800

Now get suchfigs for wide range,show MPfully.



Mehren,2.

O dub in a few figh from scattered evidence. Observe

offects of seale on proportions, nobly getsomething good there.
Workout algebra. Pregnant.



No.offens.
Boil clown: Sizegroups." Acres. Aoff (comp.). A acresffor(comp.)14.

Ouiput minus costs,Output. Specific costs. Costs totalled(comp.).
A net outpul/fm.or net output. A net output.

A net outpul/fm
1 acres/fm.



What data do we need? What cloesit prove?

of.
There is I land,A cost, Soutput

Thuis figure 4 net output from £409. Of to net oùiqui of /st40.

80 acre forms vs. 40a.

Then take 120a. 4 to 80. Or, cd. ofto 2 40s. Is certainly
sense to of to 80, if 40 is better them 80.120

Well, you cansay
Meaning thosefins that have

'the MP ofland between 80 a. & 120 a. is X/acre.
grown to 120 cd., in gmal, divindle back

to 80, & accomplish what others ch at80, so last 40 a. in themin

addingjust that muchover 80 that's ok, toyouknowIguess
what it means.

What data need? Are cift. acreage in ea.group ; are output ; are
costs. 1.e₁, all on a perfarm basis.

netproduct[or, on peracre basis? Larger gets bess/ave,not. So mgulaperacre iswhat it takes to reduce from whatave. it smaller
acreage.must know how many acres. So set upon perforbasis

Butyou must know howmany

Need: Size groups.Sizegroups. No.offorms. Acres.

no

4 net output . A acres.A

was on

A netoulful
A acres.

output, Output(fm ( comp.) . costs,specified Costs, Total (comp.)
costs/fm(comp.) Output minus costs (comp), total&perfm.

cases! for siz= (computed)Edate!



makes sense

" Value added " - it is netof rawmaterials, but notof laber. This

ifwe are try's to find nat. output. But as indexto

MP on site? Usualmgnl analysis of rutput & costs cloesn't

distinguish raw materials, 1.6. products ofother industries, from

other costs, or inputs. In production se, the "value added " concept

has little meaning.

Gunn & Douglas.
Mainpoints:

Theyfind constantretums toscale.
b. MP labor

MP "cap "

a.

= 3. But laber onlygets 60% N.?.

Methods crude. Skip valuation problem
Eliminate land!

quantityof
think itplays.noip negligible

re

cap.
role in mfr.

cf. contemp. ent.s of cliff.sizes ; also changes w. time,all
ent.s. Dubious



Leg:
Doughne,PaulHl., &Gunn, Gracet., "The

Production In for Am. Mfrig in 1919 " GER,
Mch 14 , pp 62-80. Crude. No recognition of

valuation problem infiguringquantityofcap." Omitland.
same , JPE, Ay¹42 ; & JPε Feb. 143

Emphasize

Tintner, Note on Derivation of Pin Fors

For records, Econometrina,fan 44.
Can't makemuch ofit. Probly and studyupsome

day.He cloes distinguish land & improvements

Bronfenbrenner, 'P-n firs: Cobb.Douglas,
Interfirm, Intrafirm', Econometrice,

Jan '44

Reder, Ec-mta July-Oct 143

Reder says Douglas says
there is no mnpsnate expl-n of laber!
But Icd. swear Dong,said there

was, thatwas wholepoint! Who's

nuts ?



M

myl



For that,

skip

indiff

show this much:

curves.
use

other

How many
have used them? (If toofew



Vain search.

e
Ja. A E5 Res.Bul 298; TWSchultz I

O. H.Brownlee, Effects of crop amage
coneral Features ofAAA on Feed

Proletn in 11 micw.states. ", 1942,
683 etc.p.

to AAA cutbacks.

Check
Browntle onAAA

Ascribe partofgreat4ofgrelds

Thela Farm Economist, 193889,

fordetailed articlesoncom reduction.

Schultz AER, Proc. 30: 136-141

Notthere, mis-cited.



pp. 22910.

5323
File under

regression
fallacies.
Here,frums

classified these
nu . ofby

men.

Cal, 135, Unpubl. Census data
5

No.offor
rpt's hired

help

acreage in

Men hired
on them

Hiru perni.
acresper hiredmom

27,424

5,499,207 1,040,159

6,24027,424

1, 248

5,500
27

1,040 257

q

246

2,214

2.2

10 Lover

257, 429 3,651,168

2,014

20, 140 or more

3,650
20 a more

Must figurein family laber to show more acres,1/mam



3
ļ land, which I have, & thisknow something about regression of

lond in later,which I lack. Then est. begining pt. of regr. of

" shetch out curve. regress oflandon later - projectedfrom 2pts.

regression oflaboron land

very
uniform

much diff. -good.

ave land &laber

to a stit. line,

the closer are the scattered pts
331p as I have

land, opp. reg.notthe nearer are the 2 regressions to ea. other. (thus,

uniform smooth linefor rege of later in

Either om regression- youx o xony... has same "n", iflinear.(Ezekiel, 0140-41)
(Ifnot linear, iscalledp. they differ)

find expression

aprednictNow I wonder if, by calc. conclation coeff,

of relationship not subject to bias ? "^ " = | means youI

4 perfectly from x, using the correct regr.eginyou

(Suppose y is constant ? WelWd

com

havefound.

thenget perf. concl?~ ^= / ?

thing? No-for 1styou must find regression eq.n relats

tox, as dependentuble)
Wd it ythen mean anyth

p. 411, com use "n" to compute regr. of xong from rege.ofyoux, simple

method.

But thru-out, says it isperfectly ok to take regression of

one vole on another, w/o any correction, ifthat is whatyou

want to know. But he might have other ideas, where, as

noportions offactors is what

in my case,
want to know.

you



2
But why

can't we

say, if

Sup

& then

am't of laber is 3men; & why isn't that same info: regression egingives?
vertical basis.

Least squares -fitting is entirely anyway.

Waugh,p.475, seems like casient exposition

As curve

we

on
depending

line depends

say,
have a form of10-20 a, most likely size is

curve

follow.
When you get a regression line, then, what does it

mean? It can't work both

5 acres, say
to expectalls you

expect Sacres? -no, expect 7.

Use Waugh 415 to ask gend of experts.

in

Waugh, p 298, says you

Macy-write Fordon

10-20 acres class, are

not

on

Thenfits one, p. 313

p.

329-333

what you
on whichyou

If you have evacu
ways.

thinking ofgrouped clate now.

1.2 men; ifhave 1.2 men,

to what does curve mean

p. 300, proceeds bytaking

plotting agegroups

Refers to linefitted to thosepoints

choose one variable as indep, other as dep.,
want to show. (I suspect maybe regression

indep ?)choose as

fm has 3 men.

To

ageto correlate

abscisso, & ave. Hoodpressures
as a

& blood pressure by
on ordinateires on

regression line,1303

way
Expliritly states, regression dependence is only

can't turn eq-n around, like ordinarymath.

egin . Regression ofXon't differs sharplyfrom

regression ofYou X. They cross at.pt. repigaverages

fm size,&ave.( In other words, 2 cd. take ave.
ofan'toflabor/fm, I spot that on regression line of laber oboth.

CASA



Labor

8004

5-6

1

2

1

1.e.

1

3

2

0-5 5-10 10-18

3

}

-/m

acres ofland

those lumped

acreage

distrib.

I~ |- |

But all I have are
in one

regression eg-n.

3

classes,Masus, as thisformula requires.

2 5

/

havg less men
aire;

Ifwe had data available broken down as above, there is a

correlation formulaforgrouped data ( croston &Conden, 0.676-77

that is neutral as to whichgroup is chosen as crit. ofsize

givestosome results as ifused individualpoints, fittedcurve to

them.

5

2a.

Here is e.g.
èper

1

Š

1

4a. 6a.
where youget langer acreages,

larger men-groups having
more men/aire.

frequencies in

aggregate, not separated into diff.laber
in classes ofacreage ...&

freg. by

If I wanted to spend time, cd break clown ea.

classes into diff.laber classes, bysome assumed normal

corsed segreti correl. coeff. &

From that get

But don't take time now. Justregret we lackclata to

work out regression of laber on land. Fallbackon

gross output.



II, 2, OK !!

Present data by land classes, for laber &

typer

To these data there

ways ofstat. observe that there will inevitably
may

VAA

be souvions random variations in props of land, laber & cap.

conceivably for valid ee.reasons

& resource

as

a

may

etc.

cap.
be some objection. in

reason

Some

of opig ec. in crops ofdiff.
& whatever factorFor we

requirements

mare of size, willbe a tendency forfigs to show

higher prop.ofit to others in fonsof large size, so mored

we take

Granted their is such a tendency; & it has made our

intensity
correlation of smallness w

wo be
otherwise. still it by

striking than it
follows that

is the only

The
correlation is much too

expl.

more

nomeans follows

the clata poved out as theydid.

ponouncedforsuchan

Let us lookat

size, when size is definedand noto
byBut lest anyone

doubt, &suspect..

anoth=__ relate intensity to
amore that is neutralas among diff.factors:

land, but by amore that is neutralas

gross output.



W. gross ourquí

Now if intensity varied haphazardly,might say

diff crops calling for diff.intensity. But when intensi

markedly related to size, suggests our other hypoth.

but certainty is consistent wit.
not prove it,

justduewas

is sosity

Even then does

to



I, 2.
Here are efforts to squeeze as much aspossiblefrom

the clats at hand. Maybe I try too hard for this

stage of diss. Better, just present basic evidence, say it

is consistent w. diff. MP.S.



th

maybe urged there is a certain random variation of intensity

to be expected from diff. requirements ofdiff. kindsofproduction.I+

willnat spreadover

&furthermine, those op'ns requing less cap/arre willnat..
thereare fewer

more acres, from perf.good of
reasons, a,

more land to complement

mgnut problemsper aire; & b, it requires

nec. items ofequipment in this line.

so we natchfind lossdonce fons which have higher prop ofland
to

also tend to have more land, forperf.good op's een..opig tobe
less intense.

therefactorsaloneandcausesomfondemey

skeptical that
Now is some truth in that the I am

then seeif that
carry it veryfor _ but let us

Let us mare
explains the contrasts of clensity. fonsize by

Iwdwhink itreasonable to

totalvalueof assets. so we sted expect, ifop.
can

bes

ers were

as

Arena[Doing

only factor at work, larger bundles of Total assets

...bes intensefor, things closer together,
unge)wd. be more intense

can administer more. (clubious - land easier to

Do so- large still less intense,

Then takegross output. Notehow that is vs.us bes includes



abstract from that factor by marigsize in other
so let us

by goss n.e. value; & by gross output.
Note that by doingso, we not only abstract from the

remove the favorable bias from our data, but introduce

·(so ? Ifso, express
it.)

orable one.
unfavora

Even so, data are in our

ways:

favor.



Laby
landr

LandSanelperfm.

100

X

Taks

1.

amitofland
perform

amit oflaber perfm.

Interreity(haben/loud)

Amit of Land in /open.

const

.

demieity

Takig

Landas
indep.

-Tukig

density

.T
'const-size

"Kand
Laber

Relationship issame, regardlessofwhich is

indep. vble. Until we start uss classes, instead
of ea. corresponding fm., & corresponding intensity.

Then, if land/from is inclepuble, willgetgreater

contrusts thamif intensity is indep.
For take largest group offrmm. -allover$10,000

oflemnd say. say their are density is I man/aure

Then rank by clensity, take lowestgroup,
extend themuntil are clensity is I manfare.

as
indep.

100 %.
offirst,

are finsize willbe less than are.

largest groupoffim. Bes some of largest

won't be in this least densegroup;
somaller ones willbe

Isome

Take smallestgroupby size. Say it has 50 men/acre. Then
take most clence fine, in order of density,in order of density, untilgetdown

density of 50. 7ms willbe larger.to ave.

Lab.
Bund

donarłychange. ~ Ølandas indep gives greater contrust ofsizes,us density charger. ~
density,denuity size



So by takis land as indep vele,

than

we are shows less changeofdensity

we wd. by Taki's density as indep. vole.
to

the contracts ofintensity fromfor

farm size.farm
1.e., we are understatin

eating

fm, & overstating their correlation w.

1.4. ifwe had duta rankedin order of intensity, we und findranit.
ofintensity

greater diffs."between the most intense & the least intense

& smaller diffs in size.
groups.

| Ideally, we undhave a I tol correspondenceforca. for. Then we have

exactly the same set ofpts, either way)



II, 2

size ofo-opforlandholdigs in themselves
These great contrasts of.of

tend land credence to idea that MP of landvaries from holdig to

scales.
hold's for it thatonemy cd use the footh acre to better effect tham another the10th.
shd va

is searcely plausible that opt.
so much.I assume,for cerg,hyp, opt op. scale tends to medium; then

vary
MP lowfor very large; hifor very small.

There is a 2d fact that supports
this interpretation: these

large hold's aregirly used much less intensively than the

1.e. prop.vary.small.
( That is consistent w hyp that very largeget lange bes of inv.

purchases ofland, rather than three eas in machines or

organizing
men.
Smachines

using more men.""Butput thisoffto pt.3--perhapsa buefallusion

enough)here is

give data, by

op.g

Ifinit were latter, they wilnot shy awayfrom

land classlimits. Laber,& cap.

Now a certain variation in intensity is to be

expected, due to diffop. needs, etc.

expect
land alone, were

size is moredby

Due simply tofact that 2 op'nsof

Furthermore, we should

thatvariation to be such that langer holdigs, when

used.
slightly less intensely

isgrow output, ifone

land intensive &another laber intensive, land intensive falls

in larger sizegroup.
(cont.)

same



But we shd hardly expect such extreme variations.

our

thinkHowever, lest anyone

favor .. Take another more

trickery stackg cards in
1



a certaina variation in
random

diff. op. needs, etc.)

But is there any
be related to size ?

That depends

the not so

on

intensity

reason,

muchas find.

is to be expected.(from

1.(from op. needs) to expect it to

howwe moresize. If take landas crit,yes-

But iftake neutral more, gross outpood, is no such bias in
size)crit, relate to

data . (or if take internity



Thesefacts do notprove MP land lower on larger for
holdings for notevery kind ofagric. callsfor same proportions

1

of factors, & maybe MP land few
of"size",bycomplements

an't of land, has been such asto call these naturally land

intensive op-ns 'lage'-.& this lead to desired conclusion.

as

way)

hi in one out as w.

in another w many

hatt noter AMHaig

&

Very well. We have not poved diff.MP. We did nothope

to w data at hand, but only to showevertiraditions everest

compatible w sucha conclusion, I highly suggestive ofit.
even limitedusion

we reached that conclusion

let us observeBut lest it be thought we reached

statistical prestidigitation,
merely by

am't
that it neednot be that way, merely by choosing

of landas criterion ofsize. It is quite

that larger landholdings shouldbe more

&
used than smallones. _Imanyhave said they

Besides, acreage

our misre

is not same as

quite conceivable

intensely

l.v. -- tho it inclines that



owner-op. landholdings " - alwaysuse

Introduce II,2.
owner-op.Expleson Explain briefly whatyou will show,Iwhat itproves.

oflandholdings,
Recall III. Great contrast ofsize ""We figure maybe reason is

land them can use best.more.
land mkt tie-in. - so some buy

true
the hyp.tive- there

less intense useoflarge

If that isso
then certainsinlyexpect lige live one manifestation

are less intensely usedl- combined w

smaller proportions of laber& cap. Now this doesnotprovewd. be that lage holdgo Broday

other possible explanations of

holdys. But it gertainly lends
& with credence to

hip., main

is extreme)cupientint,thatmefonddiffere

again, large

In

that term.

credence to it, esp. if disproportion is extreme?

are more intense, our

be noto-op l-hldgs

stat chance theymight

-& there is
wrong.hyp.must be

foregone conclusion otherwise)



Intensity varies

&

as proportion oflandAs, everything tends to

land most of all,of course, but also others.

This passing indicating that one cause

intensities is land holdings

I on other hand, holdings

Too small to

Too

ofdifferent

spread opt team

lange to minge

For otherwise why and intensity by so

size?

get bigger

closely related to

over;



II, 2
A. Evidence

B. Implications

A. A second basic fact suggesting thatMPoflandvaries

from oneholdingtocowther farm tofarm is the contrast

of use

great

intensity fromfarm to farm. Putting it conother way,

in which farmers combine land withlaberI
theproportions

capital vary markedly fromfarmtofarm. Andthese

variations are related to size: gmily, the larger thefarm,

byanycritengeofinges the mou-hovetjewaroflatenb

the less Labor & the less capital it employsper
respostate.
unitof land value.

may

Some readers, well-versed in farmproduction economics,
think that almost Too obvious to bother proving.

But there is a widespread beliefto the contrary,the contrary, even among
Levy, Comm. C., find others.

those whoshould know better. In so dealseparatelyw laber boep.?
ereaders, wise in the ways ofstatistics, may

take as thecriterion of
(but theysaylargeare cap intensive,not laber.So

some

the amount of land.of landarea orvalue in

a

Again,
observe "It all depends on whatyou

mare size bysize. If you

farm, naturally those forms whosefins mgrs have subbed landfor
also

0 ther resources willfallin theuppersize brackets,&abeland-
chose the am'toflabor asyour

intensive. But if you

criterion ofsize, you mightfind the largestfons,so mored,



are labor intensive

are

( It need not beso)

On that, 2 comments

1. That is exactly a st I am tuig to
often subbing

are

make: those
landfor

rather tham A's all3 together AigummarAsputput

the
who have large politgs

laber & cap,I cap,
-does not detract in the least from

-70 ma

can

less intensely used, ww

that lange hold's

land. Rather, tends to corroborate it.

suspicion

lower MP of

as we have revealedit
hypoth, atleastas briefly

this far does not require thatfor largerfrom be less
Our

size buyis moredby something other them the
intensely used when

am't of land. We have only said that those who

as an investment will tend to have more land

primarily

than they canput to best use. Sometimes that willbe

the they have littleland, theyarepreocupiedclie

often it willbe bes they have morebecause,
where. But more

most
mage

effectively, evengivingit
land them they

theirfullattention. So, gurty,attention. So gurly, we expect these

underused holdings to be larger, in terms ofland- in

alone



vble pops

Laber

12 Land

Labor

Iso-
outlay

curve

cdl. present

bigger. Then say

Isoquant

this nearnear

Land

Fa

begining,begining, show's landcheaper

this.
data areare consistent w

Takeiz land as indep.vile

Laber indep.vble

to

1



II, 2. 4. Evidence

B. Implications : MPhigher, where more complements handy. Voleprops.

A. If MPoflandreallydiffer from... increasesfromsmallto

large holdings; &ifour hip explains why; then expect

proportion of land/ or to 4 withsizeofhold's;&also,toa

lesser degree, landscape;& also

lue

labor

Must be carefulhow we more size. Ifby l.v., natch

expectlarger for, somned, to be more land intensive

That wd not prove much.

love
gross

outpul

So mare

whichcan beaddby
size bygrossoutfit-a neutralmeasure,.

more laber, cap, or land.

Theyondown,when we mire size by acreage. Present evidence.–

also, some who believe otherwise --e.g. fevy, Comm.Club.

come.

no matter
think thatnot signif.

But some may

what we Took as criterion ofsize, wd find that most

But not so. Fact is, no matter what we take,an

criterion,stillfind land most cone, the lessso.
But take a criterion that is rentaal as to

Gross output.... etc.

factors.

(But how prove fewerbldys themland? Tryold

census. Also,note particular lome intensive crops.
a criterion that is neutral as between

Take
Asto land& Helgs, take

the2: valueoflandplus bldigs.

1



MNP a hasn'tben med ne scule. But seams admirably suited to problem,Cespoo

integrate itw crad-nl evaluation in termsof eurent, & study implications re interfen

Everallsocial) effor,oflongare asaffected by seale.

Approach: Ihr examined works of-
framework excectly suited to analyz's present on.
very simple.

Cruxof matter is selecting uniton abscissa.1
surprised

leave thisout, express only admiration for thesemin.mone has developed MNP curme as toolof analys's eesofscate.Or

List works consulted:

( comes
close but
down'tget there)

S. Carlson (5425)
Chamberlin, E.H. (3426)

N'I

Stiglen, E., (5427, 428)
Samuelson ( 5429)

#FI

sottyte
Black,JD). (s 430, 431) 445

B64
£955

HATISH;

Block,JD1 Albert & Prod-~ Organ NY:

H. Holtl lo '39

HB 1:71

HD
14H &Heady

Jean Robinson
#

Leiner -HBB,wlesin50xscint ,Hosex Hoor15
Kaldin

Boulding HBTTD Sin.Sing . &S.

#C#72
<+TF

HB 201 soe.ser".
RT

is
1353

&find no analytical
Hence contive one -

Black, Clemson, AayedWilcox A1 CL, main cat
Weintraut .

Hicks

Machlup

Robertson

102c

Edgeworth

Mynli&chipute

2
Hopez

3/7

Bein.

L



Machlup, Fritz. "Marginal Analysis & Emporical Research !"
5465 AER 36(4) : 519-54. ( Sept '46)

H

ne 0,6.
of land

P.530 Uses mgnlnetproduct. " The use of the word " net " is
preferred in order to stress the fact that additional output will rarely be
produced efficiently by increasing the employment of one particular factor
while leaving all other outlays unchanged ; as a rule , some other adjustments
will be appropriate . That "marginal productiv ty " refers regularly to a net
revenue product has been clear to economic theorists for over fifty years .
Cites Marshall , Principles , 8th ed , p . 521 : " the net product . is the net
increase in the money value of total output after allowing for incidental
expenses .

# Allows in MP any adjustment; a pine subst-", no 4output;
Aother inputs, even to

b. 4 output, other factors nearly const.

where other inputs absorbmostofgross mp

p. 531-2, Mnp does not clecluct

As everywhere,

●

picture.
no

(₁

•

anycortofhiring factor itay.
thm to whole scale

hint of carry's



Put matter of ch.3 pp

Before

after

51-6 in

Carlson

Yo terms.

max ANP, A landby 190 (w.opt comple)& Aoutpul =190

< 190

2

That is rough. How handle other imports.? By subtracting their
cost from output.

a

Now it is no nown to achieve const.
to achieve const.partialreturns to one

unless others are all free.
But is a norm to achieve const. net returns to one

10% A net output.Let a 19⁰A lond bring

e factor,

factor.



Intro- bring in conflict in
title. Both seem right.

Conflict dueto indivis . O.c. of land is wilt basic. Other is individual.

I in society where indivisible, maybe social cost too.
o.c.of land, show how indivis. obstructs it.

Will take

trad-nl

o.c. ideas. _ 0.c. ofland,or funds in

of
land

A virtue of map.I analogy to mp, I is not misleadg. For

do change, just slower.
prop-ms

Here is a reasonfor referring map ofland to other inputs

¡



AreChain Santing timemA

Bain.Joes. Paicing Distribin,
& Employment NY;Henry
Holt & C. 148

No help on l.n. MP

There is labelforme-In.mpIam much surprised tofind that
noneoftheseauthorshasever developed

technigna justfitted toprecont



composite whits of land, laber &cap.
how composed. (in1894. Stig,medin& dishThis | 5427)

Wichsteed used "Cap- & -labor " composite.I

5430 p. 564. Black uses

but doesn't say1



Lernen unes MNP, pp.109,112,.
115. seems to feel no
expl. nee. Defines it as?
wd. Is given as solution.
where to alloen problem where
opt. bundles offactors vary
between alt. uses. No opt.
sige application Thatis
my contrib.n .



"On the Meaning 5463
Machlup,p. 172 Wieser & Pareto objectedto

hold's all const in MP. Moved toward

that name.Marshallnp . Hicks game it
first used term, but Marshalldidn't

Hicks "Theoryofseparate it from MP.
Wages " in Economica 12 (1932)

Hicks " PrincipleofVariation " let
proportions vary in ea. combo, mefor

long run .
is the

Marshall: " The netproduct

net increased in the money valueof..
totaloutput afterallowsfor incidental

expenses. ". Princ.ofEc, ethed,pp.521

to his "netproduct" is ignilnetproduct.



se-land

p.159. "Ifsome definite
itor(ofland) is Taken asthe
smallestunit, it is cloneso,
not bes of conry limited
divinsitity ofland,butbes

of the limited civ. ofits
- complefactors. "

5463

Machlup



Pigon, 5461

p. 121, uses mmp to define =mgnl, & max.social dividend.-but
altho has a chap.hd's on def.of map.

nowhere defines mnp. Only Leiner cloes so.



E

Stiglen, 5428(Thy ofP

102p.
"A difference between alternative cost and the value of the marginal
product in any firm or industry is proof of inefficiency , and the
magnitude of the difference is a clue to the extent of the inefficiency . "

"Efficiency he defines as actual output / maximum output , from given
resources .

He's very good , pp . 101 ff . , on efficiency , and alternative costs .
Leaves suspicion that his concept of alternative costs is a little crude .
He mentions using resources in other industries . More feasible alternatives
may often be , I would say , using them by other plants in this industry;
or using them better by same plant . This last is especially necessary
re forestry problem , e.g.)



p.227.ff.JB Clark,mgnbet
-pionees,in allongfullvaria

_bility ofform._

5464, Robertson

1



MP is slope ofa line,atapt. MNP &MP wd have diff.slopes,no?

Acres

But MP isn't slopeof MP line, but TP line .
JP, other imputs Ag

new

↑

-MNP

peres

MP is A output

This -soutput is EMP of laber moved to new

Xap

•ARTP, others inputs fixed
atthispi,notolive is same.

Jh
Acres

-bere,

on new acre

LNE

W. MNP

supply laberfrom outside, subiract its cost. This cost is same as

EMPof later from original louds which now needn't be mored.

only cliff. is re changedprops, which isno effect.
TP. complirports Sig.

reduced output
to new were.

NP, w compl.s Ag.

bothcurves

TP, compl.fixed

havesame no.of compl. inputs.

is formas Ti wo thicacous
here ANP= TP

A TP =

1020

on

4 MP
4 a

"to leftof thispt, u.u.

orig. acres.

PfromDave- AP on org..
sa ouj.aces

ANP = Pfrom sacre - costof hining complements
sa

As Aa +0, The 2 ds approach equality
When Aa > 0, to ats of this pt.of = d₁ ANP isgreater,

..fixedcompls, then
bes getgreater & fromsacre, &cost is less(besir.

ATP is greaterMP rises)



S428 , pp 2

p . 117 In defining mp , Stigler lets other factors , which are fixed,
be fixed in quantity , but adaptable in form . Thus , adding 11th ditch
digger with constant capital , can have 11 shovels , costing same as 10
original shovels . (But this makes it a long run concept , no ? And if that ,
why not let quantity of others vary as well as form? Actually , what I
have done in chap . 3 is unify solution of proportions and scale , and
take artificiality from it . Let all vary. One might define at least
3 different MP concepts : 1 , other factors fixed in form and quantity ; 2 ,
others factors fixed in quantity , not form ; 3 , others variable in both
form and quantity . (4 , others variable in quantity , not form ) .

I



Scale line approach, I cd.uas,
Bould's, eg,is common.

mes.
It really takes oulful as

incep voda, askswhat
inputsyou'lluse. Mustknow
their costs to answer.
My method let you notkunLandcost.

Validityofmy parameter type
concept corros,by Bldgp.262

-laba-land analysis.
Labelt.

Land



Qn.for Matt. re S. Carlion

Suppose

Want to know dx[whende

So get

X =

dx
da

7(a,b,c, d ....g)

dx
dg

Take A ofea. input

(over)

ma ,

a...g all4by const. 90, "m"]A

mult. x its mp, dx , addup get dxda

+ dx mgdx = Ix ... +ddg
dx ·ma-
da

Ax
A a

(A) :
need homog

to
make

work)

5. Carlson does this, p. 17.
Cd. irbe

infiniticimal?)(Yes,thatis
answer? think) ( Then

clon't

"And,2)as each input changes it changes

But: 1)m is fincte (editand,2)as each
other,but

Theseoffent oppose
mp ofothers.

do they offset ? dx
1. Since m is finite, da eth all change during movementetc.Ja

&hatter
doesn't but isprobly smaller,

due to dear. returns.
2. Pot When da, raises Am

dx
Ja ma,

dx
ob

ea.

etc.

So is (A) valid ?
egen

If not, what cdbe clone? Make m 4+0 ?
even then ?

fixed proportions too limiting

Isn't ass.

Is it validto conclude from (A) that x =

that when wedx = m₁ x = { mp ?.
X

m [√x
dx | da

of
A

dgd



+

Also: what is J²x
dv. dv.

(

S

?



#

Labor

1

v.v. for

Land

Pick fixed land, then ifbelow opt. scale combine much laber, for,an

land is fixed, must approach ec.ofscale by using it intensively.
laber.

starting w

Laber incep.

Along stepladder line,findig opt size

Land indep.

some acres, adding opt men, then taking

change.opt land, & so on until no more

to various anits

Ques

This
technique involves that for every

concept
am't of land is an ideal complement ofideal complement of other factors.

expounded in Bldg, p. 762Given that concept I can combine the dose, subtrail
cost of others. Let land be indep.uble, others reach best adjustmt

its ofit.

becomes

- Ngul

(Cd.plot Acostson 3d axis.But thisaddslittle to

plottg separately 2d axis.

Maulnetproductofland
SMP
assos.Costs

a matter of

fixed,addmen as

esteEllis
DiTor MNP chick Picon withinangi. Werfare costs.

This parallelmentinellofit.unto! doprin
ofM.NPagents Eigl.use it_

Lemursate



Leg . McPherson , W.W. , "Economic Concepts and Analysis of Costs " JFE
33 : 195



5427
Stigler , Production & Distribution Theories . Obviously unsympathetic to
Marshall , re "net product" . But a , doesn't really say what Marshall
was talking about ; b , concerns distribution & Euler's theorem , not problems
such as I'm especially concerned with right now ; c , is after various
quirks of Markkaal , not essential to present matter . Marshall was
struggling vs. mp theory somehow , by insisting that should let other
factors vary , & Stigler doesn't like this

p . 356 Stigler concludes that "Marshall's net and marginal products
are identical " . This means Marshall's use of the terms , that is all ,
From quotes , it does indeed seem that when Marshall wrote "net product "
he meant increased product from one more unit ; and at first he subtracted
some associated costs , and later did not . Stigler's conclusions refers
only to Marshall's terminology , which has some odd quirks and lack of
clear definition . In no way implies that general concepts of net and
marginal are identical .



At bottom of lrcost curve you have linearity , instantaneously , but
not nec . homogeneity . At top of my lranp of land curve , have linearity
in respect to net product of land . Homogeneity doesn't matter there .

Other resources are getting their mps , with this fixed land complement ;

the land is getting its p mnp , and perhaps also mp too . Perhaps
other factors are getting their mnps , too ? Perhaps at this point mnp of
other factors equals anp ? Figure this out , could be article . )



Weeksof agrees w Atiz& Marshall on "2d order ofsmalls?

I don't? What approached this ? Not assoc. costs, but
Weeks

recluced valuesofMPsofother factors, I think.
thinks Machlup's def.of MND ok.



is 461

p.436, Interest's ZA

y isoutput.
x +y+z =1, const
now bet prop-ns vary

y L* MYE³ where LM . are



Carlson's & is not so dx

same fixed %0, "m", & E = +m
I'd say, requins

Aby

(1sniaIsn't he misusing

simple. He assumes all inputs to

one

let one inputall inputs To Aby

9⁰ add opt. complements of others, subtract cort, maxinigs net.

point; but "m "isis a nate at a√x
calculus? JKdv.

a finite To, can't

No

same %.

•^^ in

Here is a rather artificial def.
Better to

•apply rate over that spread w/o change.)

dx dx
Xxl ) tănŹ d

Aby

: dx =_dk

pon.fr.chancam

specifies one as indep. vble l'unit)
Berry egin rewhich I hv dombe.hu

Upshot :

When dx > m, x > { mps , & v.v.

So when

several inputs, unles

Jx
dx =Ix mv.,...tIk mvn- médec

dx = m₁= m₁ x = {.K = mps.



Thoughts prodire

" The " podl-n for is, let x = output & V = inputs
X

X & (v₁, vn)

one

on

But can't graph that gives

ec ., from

5.Carlson

no unit on abscissa. Must take
meinput, Vine say, let that be the writ. Musthave

to graph.

s, Carlson.

goes

Carlson

15 makes explicit, in prod-nfr. allfactors

methodoforganing's factors changes w.scale

partial derivative. Ok, but now

=

Next he defines MP as

5425

p. 17. defines & (epaiton)E

com

a unit

( Incidentally,
If graph ca. input separately get just 2, on a

a 3-d graphgraph is much easier for

back, not out toward front)( Carlson's 3-d, p.18, reads veryeasily)
me

arevariable,(Stigler lettit change
evenw/o scale)

how letallvary?

3 -d graph.
toreadif3daies

dx
"function coiff.", 0% Axas X

du q.Av,"The de is whatyougetwhenall inputsA by same70, "m ".or elast.of prodon.The( Obviously if E =1, const. returns, etc

1.e.

1.e. MPL AP, ea. individfactor in stageFor eq, ELI for all factors,
const. ave.returns.

of clim. ave. ret. Simul, factors as whole in stage of

(Which means, & landby factors toMP =MC, & the go A

attaching

inputs, to compute ToA inputs.

one unit, & assoc.
# Acosts = % 4 output. But this involvesputting

otherto the land, to make commensurable w.

How define 904 inputs when incommens. ?)

a 'cost'



Chamberlin, EH. "Proportionality, Divisibility"Proportionality,
QJE 62 (2): 229-625426

a
p.252. Bottom of long

there coincide.

outpul

constantproportions curve

do
samy

perf. div. wd..simply mean

pt.

Land

sin costcurve, Euter applies at bottomof

Only at bottom of LRAC do

itsadds nothing

Other

inputs
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$519 , p . 8. Cobb-Douglas functions , classified inputs into 5 groups :
Cropland , labor , workstock and equipment , productive livestock and feed ,
and current operating expenses .

Note there is no separate buildings category . They must have
included it withincluded it with " cropland " . No wonder they conclude these farms don't
much need more " cropland " !

Find basic description of "Cobb -Douglas functions " .
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Figure 1. Isocline-isoquant map indicating least cost combinations of nutrients . Dashed lines
are ridge lines.

70

cussed by Doll³ , Heady and Pesek * , Mason " , and Stemberger . Also,
Hildreth' has used a maximum likelihood technique to estimate
crop response to fertilizer.

When presenting isoquant and isocline maps , it is often in
formative to depict ridge lines . Ridge lines define the limits of
substitution between the nutrients , e.g. the limits beyond which
yield cannot be maintained at a given level by replacing one nu
trient with the other . Beyond the ridge lines , both nutrients must
be added to maintain or increase the yield level . Ridge lines can be

¿Yderived by setting = 0 and by solving for N at variousON

levels of P, and by setting 0 and solving for P at
various levels of N. Ridge lines predicted by the quadratic equa
tion presented by Tolton et al . are shown in Figure 1 .

B

3J. P. Doll "Evaluation of Alternative Algebraic Forms for Production Functions." Un
published Ph.D. Thesis , Iowa State College, Ames.

4E . O. Heady and J. T. Pesek "Some Methodological Considerations in the Iowa-TVA
Research Project on Economics of Fertilizer Use" in Economic and Technical Analysis of Fer
tilizer Innovations and Resource Use ( ed. E. L. Baum , E. O. Heady , J. T. Pesek & C. G. Hil
dreth ) Iowa State College Press , Ames 1957 , pp . 158-166.

5D . D. Mason " Functional Models and Experimental Designs for Characterizing Response
Curves and Surfaces" in Methodological Procedures in the Economic Analysis of Fertilizer
Data (ed . E. L. Baum , E. O. Heady & John Blackmore) Iowa State College Press , Ames 1956 ,
pp. 78-98 .

6A . P. Stemberger Economic Implications of Using Alternative Production Functions for
Expressing Corn-Nitrogen Production Relationships North Carolina Agr . Expt. Sta . Tech . Bul.
126 , 1957 .

7C. G. Hildreth "Point Estimates of Ordinates of Concave Functions" Journal of the
American Statistical Association Vol . 49 , 1954 , pp . 598-619 .

= 0 and¿YBy setting and solving them si
ON

multaneously , the input rates at which the predicted maximum
yield occurs are obtained . This nutrient combination also defines
the point on the input plane where all isoclines , including ridge
lines , converge. This point for the data under consideration is
shown in Figure 1 ; the maximum predicted yield of 35.08 bushels
of barley per acre occurs when P₂O , and N are applied at 25.85
and 67.68 pounds per acre , respectively .

dy
¿P = 0=

The experiment from which the barley yields were derived was
replicated 10 times . Fertilizer experiments in which regression
analysis is to be used can be conducted utilizing more rates or com
binations of rates of the fertilizer nutrients with a reduction in
the number of replications . Box® and triple cube designs are now
being used in fertilizer response studies . These designs reduce
the number of treatment combinations and experimental plots nec
essary for conducting factorial experiments with 2 or 3 variables.
Also, regression equations permitting economic analyses of the
fertilizer rates can readily be fitted to the data from these designs.
The Box design reduces the number of treatment combinations of
a 5 x 5 x 5 factorial experiment from 125 to 15 treatments per
replication. Using the triple cube, a production surface of a
5 x 5 x 5 factorial can be estimated with 31 treatment combina
tions. Such designs can conserve research resources used in con
ducting fertilizer experiments in a given field , greenhouse, or
laboratory experiment.

The capital position of the farmer and the cost of applying fer
tilizer should be considered . Under an unlimited capital position it
would be desirable to apply the rates of fertilizer specified by the
maximum profit position . However, under a limited capital posi
tion lower rates should be applied . A method concerning this lat
ter problem has recently been developed by Pesek and Heady¹0. It
provides a means of estimating the lowest rate of fertilization that
should be recommended to a farmer . The lowest rate is stated to

8R . J. Hader, M. E. Harward , D. D. Mason , and D. P. Moor "An Investigation of Some
of the Relationships Between Copper , Iron , and Molybdenum in the Growth and Nutrition of
Lettuce : I. Experimental Design and Statistical Methods for Characterizing the ResponseSurface" Soil Science Society of America Proceedings Vol . 21 , 1957 , pp . 59-64.

3

T. E. Tramel " A Suggested Procedure for Agronomic-Economic Fertilizer Experiments"
in Economic and Technical Analysis of Fertilizer Innovations and Resource Use op . cit . , pp . 168
175.

10 John Pesek and E. O. Heady "Using Data on Crop Response to Fertilizers to CalculateRates Resulting in Highest Returns on Investments in Fertilizer and its Application " Soil
Science Society of America Proceedings Vol . 22 , 1958 , in press.



:

be the rate which returns the highest net return per dollar invested
considering prices and the cost of fertilizer application.

Finally, the inherent errors of experimentation should be fully
recognized. The predictions of economic optima are point esti
mates of unknown reliability . Confidence limits for such esti
mates define the degree of reliability of the estimates and should
be included in an analysis of experimental data.

—4

Mason Jaffrey

(Reprinted from Canadian Journal of Agricultural Economics,
Vol. VI, No. 1 , 1958)

NOTE ON PHYSICAL AND ECONOMIC RELATIONSHIPS
INVOLVED IN FERTILIZER USE'

ROBERT D. MUNSON and JOHN P. DOLL2

TOLTON , Gilson , and Hedlin's article deals with the economics
of fertilizer use, a subject in which there is growing interest .

Because it may be used as a model for future agronomic-economic
research , we would like to clarify a portion of their analysis and
provide further information which may be useful in planning and
conducting such research .

The isocline and isoquant map presented in their paper could
lead the reader to an erroneous conclusion concerning the shape of
isoclines derived from a quadratic equation . As explained in their
article, isocline equations are obtained by equating the marginal
rate of substitution to the inverse of the price ratio of the fertilizer
nutrients . When this is done for their equation
Y 16.4643 + 0.8114P + 0.2389N 0.0208P²

0.0039NP, the resulting isocline equation is :
¿Y

dP 0.2389 - 0.0050N + 0.0039P

0.0416P + 0.0039NdN 0.8114
=

ỒN

¿Y

dP

This equation can be simplified further by solving for N as a func
tion of P and the price ratio or by solving for P as a function of
N and the price ratio . However, it can be seen from examination
of isocline equation ( 1 ) that the relationship between the variables
is linear. Therefore , the quadratic equation presented in the arti
cle must predict linear isoclines which pass through the nutrient
axes and converge at the point of maximum yield . The isoclines
in Figure 1 , derived from their equation , show this relationship.

0.0025N² +

1By Tolton , Gilson & Hedlin . This Journal Vol . V , No. 2 , 1957.
2Tennessee Valley Authority

However , there are functions which predict curved isoclines .
These functions might include cubic terms , square root terms , or
other transformations of the original variables . Problems involved
in selecting functions for use in fertilizer research have been dis

1

Pn

Pp



Knetsch , Jack L. , and Parks , W.L. " Interpreting Results of Irrigation
Experiments a Progress Report . " TVA Report N ° T 59-1 AE . Knoxville ,
1958 .

Response of yields to fertilizer ( nitrogen ) plus water , latter
measured negatively as drought . Production isoquants result , also
give results as regression equation . Show yields respond to water
a good deal , mores at higher levels of fertilizer . The isoquants
appear quite useful in this case . 5€

45IT 2T 3.T

Fertiliza

Water

After a while, requires agood
And asmore wtr.

natch.

This

long way,
opt.

Field

distrib. net.

N

fertilizer

you get more wth, Alfertilizer is more

to get resultsfrom

effection,
more

tail outa
experiment suggests map schedulesofwho may

and this is at heartof theoretical determination of

2

= 3.01 + 0.1506 N + 0.00100 -0.0023№²-0.00070²-0.0005No

Field(Tons)

Where Nis Nitrogen, Dis Drought. Note that a little drought improms gields.



Knetsch's practicable methood of findig optima is interesting &easy.
Set derivatives ofyield on each input

solve simal.
Get yield asfor 2

price input
price yield

imput,

get 2 = m₁

This is no doubtdoubt s.o.p.
somewhere, but good to know



Knetsch , Jack L. , and Smallshaw , James . " The Occurrence of Drought in
the Tennessee Valley . " TVA , June 1958

They analyzed data from sample plots thruout Valley , and weather
stations , computed probability of so many days of drought per season .
Also of consecutive drought .

Probability of drought increased toward west , despite average rain
fall not increasing .

Defined drought as days on which soil moisture in root zone had fallen
to zero .

Don't do much else with it .



Heady , Earl O. , and Shaw , Russell . RESOURCE RETURNS AND PRODUCTIVITY COEFFICIENTS
IN SELECTED FARMING AREAS OF IOWA , MONTANA , AND ALABAMA . Ia . AES Research Bul .
No. 425 , April 1955.

P. 355 In Ala . sample , for example , returns to labor and capital are very
low on certain " low-labor " farms , but operator can afford to use them anyway ,
because he is not paying its mp for land , therefore " a portion of the marginal
product of land can be used to reward capital services and labor . "

Worth further study and quoting some time
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