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Rewrite using+ & analysis, exponential fur. this outlineAmsitivity
B

A40 = C [lic. are % changer]
A is the variableA: Whe,Butt.

RuleA1: B is t

( 08)
( c' = ab CoBC₁)

BA (PP.(7 p.3)Rule A -tut c =

B : When they : B.is the variable

Rule B -1
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Rule Culi
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a
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Rule
B-1

[In final write-up. Mange notation so:
B

Given an exp. fr. bracket
The Absolute 4 in bn.
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(Over, Top)
Proof:
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B

In general, A
B(*1 +6)

= ( (1+₁)

A

1
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|tc
B'lut = ln ( ltc) = c
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Rule zi

Lumana

D

(over)

Procedure. To find
Itom I + D for A, (where s = A - 1) !A

(1 + 0)⁰ = (
Blu (1 + 0) = mucdu

≈ du ccBD

eBA

e

vila

an exp. fn. (1 + 0)

Lamma A.

value ; they

Lumma B.

1,15-10

In practise,
c.q.
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new insights topul, rates, subit.
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me vitually interchangeable.

power magnifier

Lemma C
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But tode I+D = en lavuy close approx.)
:: (/+D)⁰ = eºB

8 DB
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4.4817
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D < .15
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e
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4,045558
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a
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B B ( lu 1 + 0)

(/ + D)

1- A

on the for.

in(1+ x) = P

This is exact

isI com
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Lumma D
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ule
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Rule : The

the vole.

A

C = A

de
daA

y=

h
the ps a fe

f
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B = c/ -A
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x/₁
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Š

7/₁2

a/x
¼/A

a =

= E

B
A

(1

al.& c

cí
C/A

W/o Calc.

}}

lu (( tc)B =

C.B
A

A²=
B

Allta) = ( ((+c)
(1 +4)³ = 1 + ctc
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Rule A.2

11 QU/L/LN ,

B
A = (

USN to XSyY

B

B[ACIN)] = CLEA)
(1+0)^ = 1 +0
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lu ( 1 + c)

in (174)

approx, when either

xsy Key.

Lumma C:

Thus, it has twice as

Lumma Di

c

A

=≈ äa
at a

Calc.
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hullt
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A: c = a BLeumma
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C
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Rule.

4² = (
A( 1 + 6 )

A

RuleB-2 A

A
Bb

Let

When the exponent varien, E = B (A-1) = BD

Then

Bb lut = ln Ll+c)

Blu A = M (!tu)
6

= 1 + c

((1 +c)

D = A -1

Blu(1 + 0)== E

Lumma A.

in (( tv) î E

BD = E

Lumma B

Lumma Ci

bosca -1 (= A16-1)

|tc = CoCo

C₁ = C₁ (1+₁) = C₁C²
(1+6)

d.Alt route leads to samw~v

11-0

Bent = ln c
teBlith) int = tu [CLI+c)] = MC + b [/Fo

1 + ln (1 +c) /inc1+b (over)
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hulle C -3

Rule A - 1
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e

e

J
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DB(d + b + bd)
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D ( / td ) B ( 1 + 6)

.10

31

d
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.15

10

.02

E.g

.

D B

.04

.08

e

9)"

DB (d + b + hd) = hu ( l+c) = clu

{ }}

Rule

with the exponent,

DB (d rb + bd)

B -2
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1.0
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-25

C₁
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20
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2 1.00 20
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.8
+( 25
.0625
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~

(d +b + bd)

[Race =1] ₁ is DB.
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20
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1

(1)

(2)

(1) = (4)/(1)

Now let b = 0. (partial def/4.)

(E). of exp. fu, to

20

Į



id falltc)
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For
cis
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D '=.01 . D

any
the same !
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D/D
DB -d =
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1

B D
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I

1
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I

1

you.

1

e

T

addF the 10

and BD'
B

( Remember: "Base"is A₁ i A²³ = C. A= I+D. A²= D')1+

i

Rule47 : The 904 in fu . = exponent & abrolute & bare;(or base x atrolute A exponent?)who 4
in( Reconcile w . Rule 1. If base = e, the To A is for.(c)

is abs.A exp. not that times .)
B

1

to D,
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B

c =[AC/+a)]" (1+₂)"- 1(Ita)

B(1+6)
c Alb (Ita)

Siampben is
B

1.00² = C

-1

to let A = I+ D

B ln (1.00) = You c ; BD = luc
* Butwe already know sluc =
#

DB

Try
c

AB = in.C

dD
B c4-6+40=4/0 0]D

dx dy

c = in

A ( 1 +d) B (1+6 ) = ln[C ( /+c)] = lnc + ln (1+i)in

(1 +4 )(1 +6) =

Itd. th + hd -1. = In ( IFC)
inc

mu (1+c) = in C (d +b + bd)
in C (d +b)

1 t in (I tc)
du c
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2

3

I

2

#

A

- 3 4

B

2

d
#

Not so good.
Let's

go

3

c

B 6

3

c

2(1.1)² =

[Alim) = C(1+)
nott

8

ors

,05

.08.

c = ( 1 +a)

3310

C₂
8

81

one vole at

(Ita)³ =
B

(Ita) -1

10.648

3

1.1 -1 . = . 3310

e

/m C(d +b)
5°2

1.61

a

|Fu

4

c

253

time.

C

A₁
A.
50

B.

3. = 81
3 (1.2) ² = 167.98

1.0736

2.1242

T

1.2 -1 = 1.0736
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2.

E =

a

ul.

b

ola

a

}

c is

1

1

and To

B

A

Ita

(Ita)

Bb

a

b

which is lunger ?
2 B q

(1+x)"-) }-A"
ua

(Ita) > A

-1

a>A²

Ba

For small I event
more sensitive to

a

value of B. has wo

Let a = b ; A > 1

fairly large

+ bt

A = 1.2

0.2.4.6

But:
For small

they are closevury to the same

For very large atb.. more inuitive to be them a
For A = 1, c is more sensitive to In fact, the

effect
at all on

af b

than b .

1.0

a .

C₁..

-(Ita)~~

1.299

a
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d
2= 6² -1 = =(² -1C orr

16

Then

If

²

e

e

e

e

you

.11.10

1

}}

double Da B, dor b = /

C₂ =

DoBo

C

20

=

D₂ B₂ (1+ x)

e

titxt

6-1
11.10

2.004

C₁ = C₂ (1 +₁) = 3,004 -3,004

elel

e 2,2

2

(TEx )

to

C₁ = C₁ ( 1+ c)
b

But Itc = C₂
:; c = co.co

e

1"

-

= 9,025

= 3,00 4

3.004

19 = (²+ 17)
Co

() -X+ 1)

Gi

( 9 + 1 )

:

(1

Co

2

C₂C² ( !)

C₂

X

DB

Coe
lectually, thatfollows directly from ( (1+r) = ((Ita)

Imut raise both rider to ( ( +x) power

(41)
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e

c
DB = ln (in

AB ( (+6) = ln
9

19²

103

,02

FO

AB

e

al

L

2 my 9 = (2+ 1) my

2 = ²+1241

c =

+ 1 = 9 + 1

05.20

.05.20 ( 1.1)

C

1- ₂?|

15.50

105171

C

e
.078

€

.162
252

.350

[( (1+C)]

lu (1 +0)
inc

= m

= 105111

1808

3,004 166

Multi (1+1)



F

The unuual range of valuer w . which I am

concerned is

1.01 < A < 1.6

.01

B

10:< 6 < 3.0

< a < .20

In that range,

do

q

and the values of

B

(Ita) -1

A
Bb

b

A = C

a

is more elastic to A than to

E che :



Ita > A

A²
A

a

1

10'
201

105
1

L

14

.8
1.0
1.6

3,2

Let A = 1,2
to

6.4
10.0

15.0

15.30
15.5

a > Aª -l-1

0001
.0001

Â

a1.2-1

4

10018

0036
.0092
-0184
1037
1016

3

157
2

1338

.792

I

2.21
5.2

14.41

15.27
15.88

.0002

f

10000

A == 2

2

1

1.

24

0

2.03



43

105

DB = lu C

D( /+ d) B( (+6) = ln[C ( 1 +c)] = ln ( + in(1tc)

2

( 1+d) (1 +6) = 1 +

=[18+ 1] w =^]
To

lu ( Ita)
in C

d + b +bd = in (1 +c)
luc

AB = C

= lu C[d + b +

B

20

C

C₂

1.0 e

ln([d +b +bd] = ls(1 )lul tc)

(d + b + bd) = the Itc

en _\
C₂

(d + b + bd)

( d + b + bal )

AB

(1 + d + b + bal)t
C.

d
LU

io

Ci

lu c
1.0

of3

e.g. e. 12.15 = 6₂ = 6.0496
-12-15 (17.04)( 17.14)

(1.09. 1.14)6.0496

= C₁ = 9362

9.362
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EFFI IENCY LINE No. 2636AMPAD
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1

1
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1.00
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I
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24

25

26

27

28

29

30

31

D = .11
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Co

I

A

X

o

e

1

.88
= 2.4009

2 C 3

2.432
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2.815
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4.464.
5.812

14.013
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i

C₂ =

1

C₁ = ₂08(1+x)
en e

1

!

(1+ x)

5

C₂

i

I

11

1

7 8 9
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haline) = (1+c)"lu

cyk

lux

(̂ux)

e
(1 + r)̂

Yu

(

7 ln t

1.22

22

√(177/7+ + 1)
11

=

= clity+

-

T

1.246

lu ( 1 + r)

})

i

in (ltr) =
~

!

(²+ )) by

}}

e

(ite) a Ittun

111

n

1.2200
1.2436

eri

1-3 €

lu(x-1)

=

2

3 + 1

hi(Ita)

for all !! ?

t

-1- lux

?

bu(1+c).
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of

Then

ti

ln ( ltd) = d

14 (lrd) = ked

Then

1

Itd = ed

+

1
ln (1 +d) = lukt d

d = lukln (ltd) - d

It (1 + d)(1 + d) = ed .-k

ed - (ltd) = k

luk = K

i

1

1

No

No
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Quick

Calc. is
tohappens

Mange ?

Calcula.

LAB = C +₁ b =

qu sensitivity analysis.ivity analysis. What.
solution when element ("engaments")

A ( 1 + a) B ( 1 +b) = ((1 +c)
Find S
(1+ a) (1 + 6) =Itarb.t. ba

Eigi

Calc. is when

c = arly ha

Itc

↓

| tu
20

ba

ln t r in B = lu.c
te
A'
Ą

crops out

c'
c

a =
A
A atc1



2. A
B

C

A (Ita)
B ( 1th)

Ita

q

}

1+ 1

1

C

C.(1 +1)

tu

Ita = 1 + ci+ b + bc.t
c = a = b = bc

(that what's winy ? If sich,
c + bc = a.b

1

a -b

9 +1

Calc. is when

lu t- lu B = luc
b = c

2

c stad be =0)

1th chops out.



3. A

A

{/

[A[1 +4)]t

{*+ 1) [19+ 178])

E.q.

B
A

2
[(9 +178 ]]

B

Ash (Ita)6 +16

2( 1.1)

2( 1.1)

B[A&{(lta)] (Ita)⁰ -1.
981

[19+ 1783]

32³ = 8
3(1.05)

bra 8(1 +c) =

30.05

2.2

= c ((+₂)

11.9848
8

3
1.1 -1 =

8( 1 +²) = 11.9848

-1

Ite =

"|

(3.15)

1.1255

(417 )

X

Bb
B

= [A ( Ita)] (Ita)⁰
(AB (Ita)³.)

c

A

11.9848

4981

1331-1= 1.4981-1 -.4981



1

[ B[ / + 6) ][lu A + in (Ita)]
B ( lth )(unt. + a)

=

I
lu C + lu (1+ c)

a) = m ( x c

£



e² = y

X

lule²) = x

e
luet

As

= * e²

xdb z x

e

+g)

e² -1 > x > hul1+x)

(4 ) 1
( 11 4 -+

X

X

(leg)
g

*
-1 > xg+p

(!+g)" }Į

(1+ $x) my

> X
ma

x hu ( ltg)

(ex -1) hu(1+x )

[[e²-illallmx]]
x²

X

xg +1

e
lu ( 1 +x)

296 .

xlu((tg) 2 in(xg +1)

-

2

not very

for g =

close

.2214
-1823

S = x₁
20

200913

ol

.991

:1.9957

Best approxs.
But simple mean

is as good



Calc

?

6

3
2

ol

= 8

!

d

102 106

,03

No !
A²:L

["Allta)]"
~ (Ita)

| dc
JAc

c =

luc

=

C₁= 2

B

(3 + B ')

8.168

(( (^ )̂

( ( tu)" -|

- = =

( 1 ta)

| tu

B

A
= Blu A

JA/JA
A

"!

C₁/8-1.
021

= B as

alt

a > 0

9/₂

2.1

2.123



Calc.

B
A = C
Å
A

A

C

A

(9 +170

98

B 6 = B

E.

= A

981

= 1 + 2ti

"!.

de
dx

c

1

R

C₂

1

Co.
1(1 + 6)

Va

( (1 +1) =

1

j/vo

4
luc

!!!

1

Blut

B is vble; A const.

13²²
C₂ (1 + c)

MuA JB
dy

olu

"//

(9+ 1 )

Co

dl = BA
JA

ZA

A

BA
AB

B

c/c

li ..

B/B

B -1

=

}

B -1

MA

C₁

i

B

BA

1

InA.B

N



7. Transition to

scale.
Elast. of produ.

AP

a .

Cobb. Doughes technique of analyzing ecs. of

I

opt.

· 3 ·

Is technique for analyzing

-

AP

go Ay
%u Ax

ofscale.

several, and product is net

I prefer the first method,
because it let proportions vary, which is essence of reale.

where MNP = AND of indep. vble, input.This is

#4--- 4A

If imput is just one

If input is all inputs.
of

= 2

ecs .

MP

8. In Coble.D. technique, you state relationship egn., where

elast.of produ. is parameter unknown, i.c. dependent variable.

J = ka²6B

show that I &B ore clarts. ofprodu.

Numerical example.
y = x²

If x doubler, y quadruples

1.e.

AP



6. Traphical

c .

y= k ·axDC

Logy|
Logk {[

s logy
A loga

to

That is, a

But the increase

8

dy
da
y

Differentiation

d logy
da

:

const .

d =

= L

11

Mo Ay

9. 4 a

so

11

in a

L

logy = logk + & loga

4 of a log is a

%0 Ay
%0 1 a

-4 .

+

log is the 90s of the uble.

loga

da
da

a

d
I log a

da

coust. % A of a vble.To



9. The basic idea is, if you can I outputinput

you're still realizing ees of scale.
You can set this up any way you

Problem is getting date.
Sencial bias of empirical studies, overstate ecs. of scale

10. Opt. scale,

where sum

by undentating output of small firm (psychic in come)

and unidentating inpects of large ( under alued land.)

to go dy
qos a

Then a

MNP

of

t

& & B = 1 .

want.

go Ay
to Ab

(

by I input,

190 4 of a and h → 120 dy

= 1
Using approach, opt. is where MND

ANI

The A of comply, imperts has been "paid off" by nettingfrom MNP.



MR

MR
sa

- || --

Elasticity of Production and Marginal Product

1Q/Q

AP/P

y= 12.40

•He

#

p
Pr

#

x = Q₁ ·AP

4 - x
AQ

q jr

Fa unit basis, divide by.AQ
AP that corresponds with 12'=1.

P - P

sa

P.AQ
Q.AP

P.AQ - Q.AP

P- Q.4
AQ

E of demand.
Ep

►

P.

E of production , on other hand,
Q - 4P
P.AQ

Q.AP
AQ

AP
Must explain this.I2AQ

P-1Q.AP
P.AQ

P- P

other hand, is reciprocal_of

Q -AP

p.sa

means the

P -Pe



H

+

=

-H

-11

to

Re

sa/a
AP/P

MP = ap- ap MP

2MP= ap

This makes no sense !

of demand,

AQ/AP

9/1

-2

Q/P is , say,

Unit problems
cue

100 buskels

=

$ 2.000 perturbed

confuring !

ap - MP

50 by² (?)bu.

ļ



OK.

S

H

÷
MR also

This is not wroy, but confurning, because unit is AP instead ofAQ.

-
R = P.Q

dR
dp

MR also

dR
dQ

MP =

a (P.Q)
do

}

d R
dP

d ( P.Q)
d Q

d (TP)
d Q

dk
da

= P + P

dp
dP

:

Now let P be Ave. Product; and Q be no.a
TP is Tatul product.

idasedQ

d ( P.Q)
dQ

Q.dp
P.dQ

Q=

NB. dP/dQ is not

da .P = Q +dp

+ Q derde

= Pae +PdQ
da

d(TP)
dQ

P + pap/p
dQ/Q

AP
= P + Q 4/1/20

dQ.P
dp

P+P

of workers.

QdD2 = P+ Qd20
dp dp
da dQ

dp/dQ

P/Q

and 1/₁ The IstragePla Q



Ht

Mp = de

P =

-H

Elast, of Produ., Ave.Prod. & Miquel, Prod.

H p/w

To

dp/dw

Wiwļ
|df = w(the W -²) + fw(de

prove

dp/p
dw/w

dp/dw

ap

2 apal =

P

P:!

21
du

- clest.I produs.

1

P = totalproduct

-1 +1 = duf

PdP/dw

P/w

So, it's not true! Except when 2

dodu

de
di.♥ P
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H

H

||

MP & ap

tt
H

#p= y

ETT

e

so

HF

AP

H

||40 = 4(96)( P/w)
AW AW

AW

HABAW .= MP =

= AW . ap + W. ACP

EMP = ap + W

ap

W

MP
ap

MP = e . up

+

AP

AP
AW

sap
AW

AP/AU== /₁²W

w

(Aap<0)

(Aap Lo)

- AP
AW
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-+ ax/x

H

tf

H

+ F

H

H

71

for

yı

1

I

The

-X.
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Whit,11
1911

1

ARAN

# %of
·H..

!

H.

Then _dp/da

and

B Pa².6² =

dal/da

Pla

apa = la

so, a

dP
da

Also,

a lua

ap/da

P/a

=

}\

+

d

B

6124² -1

d

-4

6²(~ .(-10)

q*-²6̂a

dayda

= elast. of prodon , when a increases.

a

2-1
a

Blub = lup

d

d
a

b

}



the

1. The exponential form
an otherwise complex relation.

compant way of expressing

Iobservation
You would , or someone would first establish by..

experiment the facts of production response:
MP, for given values of A.P.

Then having MP/αD , you know &(for that
range of 1/6 values only, however.)

+ record the findings in exponential form.
you or they then

Our purpose here is so

telling you,

The words that:themorals i

talking.

-5

3,

2. Knowing 2 values,
MP = & ap

of 271.
Inin efi

you
became this is

is a

you

d.<L.

can interpret what
a common way

now com

No

and more a... Ay returns...

cam.

.4 ...

dim, rets.
5. qu

eq: & + B =(.
a 190s of both a &b means ...a

find the 3d.

camefor

they.
of

for alarm, normal

Coust, retums to scale.
19. AP



6.

empl

Linear in the logs.

slup
s in a

linear, even

y
This facilitator manipulation.

-6

1

1. Tumes your

to changes, also useful.

are

(court. elast.)

Ina

y8. You

positively need them
other

saying

the mqul, retums one dimünistung.
The Sig: Ilus are

mind for t'runking in terms of
re

demand andysor
comp. interent

decreasing costs, 6 uule.

never we there took
Even if you

defensively tounderstand what
often that they are showning you.



3

+

9. Cautions

-1

& & ß
6. assumes inputs

coust . w. scale or

complement

are not const . w.
are

proper

df = 6²(α (²-1))a
du

If they are substituter, this is misleading.
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:__n
5#

10

#
PVG,

#

PUEG

H

H.

-14

H
#

H
#

i = 10

-H.
M

2

-H

'snot

PUEG

#
-tid G₁

du

E
300

500

- F

Elltil

PV

186.28

192.77

"(iki)"-1

3

100

150

-4-

Now subtrent Co

F - C₁ ( 1+i)
( 1+i)"

nd

90.91

129.91

F - Colltil"

(1+i)"- 1

a

49.14

36.37

E

1:477

a
100

F! -C₂ " LIEN "
itti

71.43

F

9/i
491
314 .

3/12

11.417

1000

714

PEN

Co

1



# 9. 9⁰ growth rates of denominators
H

-||

H

EG . 90A =

Ħ

-||
Htidő

dx

H

G₁ : %. A =

-H.-||

so ta PUG,

11

:||
!!

+ must be much higher.
a

:

u

grows an

illtil
( (+ i) "- |

V

dv
at tv

i((ti)
Cítil

1- (1+i)="

munk higher.To growth rate, so

dudx
u

long an...E!!F

du
dy

11

duat
V.

davadi

wre

V

dv
u 1x/v

F/F

2



F

||
IF.

H

H
H

10

H

11

TE

-||

H

5
6

10

5

-H-||

i = 10%

PV =

* Now of. 5yu, taken twice vs.

G₁

F

S =

100

111

100,
100

#1
265

Fu

21.47)

F₁
([ki)"

F.
·((Mi)"_T-I

1-₁1.41) = -5 11
2 (14 ))

F₁
( Iti)

62
63

24

62
39

101
+F

102

T

... nd

(41-)

For Glatz

24

a

16,38

14,39

16,38

16.63

=-1- ( 1 +i) = 4

! G₂
F+ ·F

16₁ +6₂ = n² = n =24·( 1H₂)

10

[2.1-4-1)+ 1]+(4+1)



275²7

-H

#
H

-||

to, if

+
||

G₁ + G₂

-||#
It
H
H

u
H
+ same go of S as

||

PV =

s =

IF
H

s

F
[( 1 +it" -1]

= Lt (iti) " -[iti) " - (( +i) =24

E

"

(-4 )) - 1

[{[(4+1)+7] ///21

E
().-(_

() -T

(?

[~ ₂ (²+ 1) - 1] [₁ ~( ²̂+ 1 ) + 1]

1- (-41) -1 =

tattet ".

LGof us, then 26 of u, giverU₂
one.

27

2

2.1.47) -1

(Iti)"



1

1

!

Items. 11/2, Time & lut.

|

! Repline. Pd....
3. Tog scales

3₁+ Problems.
I jotta weal s.r.

Sensitivity of periodic punts to offCo,i, tu
of law. wittuia.
5.

(
mae's quotients)...

subject for anticle...

1

|

1



T

1

fores2(14 )^ -3

Equity_slime.
:

6

T

all til " aqu
2

e
6

(1+²)" - (1+0)" ~[1 -(163)")(16 )

-[(1/²)̂ _̂)(16)ti

:

2(1474-2

eq. rate

eq. stake as %
borrowed no

liog" - bloi" = elior

gross growth rate
i.r.

2(1+i)"~|

i...

ķe liega

livi "

Lor".ë

1

I

1.
1



}

T

Numerical
2.072J.

lieg

ug,
b

e lor"

lugn

14/11.00
Ya

to above con

Log"

confirms.füms equ .
L.o.g."

l.or` = _loog`- blovi"
e

-610i"= e

n²01 9 ---1-

9 ' ? ' 7

liegn

(2)[not u]

e l.ora

..̂ ///
77

liova = 1.og a- k

"

1.

2

V

T

1.10

1
1.1

1.21

21

$ 1.20"

404
.30

.35°



i

!

1

1

4
0qin( 1) (₂)

n

1

2

3

š
10

20
21
30
40

g= .10
: 15

1.L
1.21
1.331

1.611

2.594

•

["

6.121
13
17,5
41

8
in of

2

S™

21
LU

e= .80
b= 20

61.00 "bloi
(3)

• 230

.265

.304.....
.402

.809

42.213
8,113.2

53

e.l.ox "

(2) - ( 3)
( 4 )

.870

.946
1,021
1.208

1.18.5

3.45.4....4,44,2
-8.3

LU

lior

((4)/e

"

1088

1.182

1.284

1.510

2.231

4,318.5,5
5,2

-10.4

21 30

(6)

1088

1087

.081
.086

108.4

1076

$2.0²

1051
-,060

1.10."

3074

1. ##

i

ez

3
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}

i

E

+

+

|
}
}

Lior"

1.00"
Į

1

or

appears...to..

dy
ith

y!= o

mus.

More

when y' =

glog ² - b.i.com "

_n.(M.1.00 __luling.)
l

mux

1.05

when.

n

>

roughly.
b.(₁+ing) = &

12 (105)" = == = 3

+ then plunge...t

10

y!=0

3

15
-_lugduring) =hang -bai-boob

= 27

in 203
in 1005

loog.

t
loog

2.21.5

y== log²-bloi"

b Lui
"

too relrough

?

4

1
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1

T

i

e

T.

I

1

}

1.

L.

Do....-Y-gnga x tingr

=

lør ".e

of best bei's Log"=

1.01.50it. 1.09

loi1.009.6

loga

No

4

1,645 + 14,358_ =

|

+ 14,358_ = 76.002
= 1.09047

50



E of PV

-P..= !- lor="

JP

dr

d.

n
n

E

-L inloor

n" 1.08-4-1

1-1.08-"

wre

st

4

+-"-").

u...

+

(Fior " =1) 1.05

= lort
Lor" -1

1

- vê deveral +

5



1

R = epu

ln.R = pu

T

S

of
de

f

£7R

E

Mu k
u

LAF

1
R

of

L
"
1

+
UR

di R/ n

-10

P

R

wet_ R =W

inR

q

(
R=MR

2.2

+m²/4 = tukR

in R

R
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I

A = π ==

dA
dr

(
A'
A

C
c'It

=

2TTV.
257

zar

i... __t =

-211...

2
~ /+



(Needs another reorg.

( semi- log scale:) some useful den wien properties.

1. The abscissa is all expoent. ( which is also a log)
Use when indep, vale. is an exportent, e.g.

growth rates over time .

2. Origin is

compound interest
doubling 2"

exponential decay , y = (1+ i)="
n = 0, but 1.y

I

eep. deway, falling curve.

4. Any given rise on ord, has:

or

-n

·

·10

(
1/10)

3. Const.Const. growth rate gives stic. line. (v.p.18)
Use log bone 2 to illustrate. Butall buses für

of const. J
fix

qf
show

y/y = 2x
Theslope of the

If aran = 1, the#is visefrom. H
-isa vise is my, insé i ne

Onewatmim
4

www.

increasing abro lute value as go up
coust. % value, ( from its bottom )

The rise shows the To
•

lover

2.

Ord, never = 0.

h

common scale, rising curve; also

(stijnisein

(1+i)="

war

Seep.IA

sume nos;nos?

growth ofy,

Scule shows this

curveg.ise gi

meplummer.west.

1

ifran

5. Parallel lives have equal to growth.curve is
Upper count multiple of lower; lower is

count. fraction of uppu. (Useful for after(Useful for after the values)
common scale, where only horiz. 11 havecf. =g.



4.(cont.)
When y= 1, and An = 1₁ Ay = g, and dis .g.

HA

E

D
1

In general; ay= g.y.. (for An =1)
Let I refer to pripical shope, related to initial orcommen

value of scate starting from one, and then I is always g.
__For An > 1, ay = n.gy ; but I remeriens constant.



3, Appendit

Å To

li - e

1.

x = ln

prove lozy = kodny

V = 2
0

logy= buy logekday (k= loge)
Cloge = :)

NB. By extension, logs to mybase one simmesimilarly related
in 10 = 1...B.

-prove loze

4343-..)

!!.

0

3.

V

ww

e. = 4343

a = loge
b = ln 10in

10ª = e

C.. Mustration
1... 1.012

10.² = 10 %

= ¼/b
loge. In 10 =1

a

1.0.12

1.07234

gu

ů

La

y=

etki.

= 2. gu

= 2

lu.y
lny"

2

2.= 10

2
1

3

(
( =_. 2.3 ....

16¯¯

2

wa

6

3

2,

1

QED

a

û

ů

û

X

2X

3 x

= b

= b

1.J

zy
3

b

.6.
y

JP

10

by

1

h

a content; coefficient.

14 52

gu

:



e #3

if

set 4 =

X

Suppose y = Ab
logray = log₁0stThen

Then

we.

**

i

MalcLaurin serie
#lage(ita)

logioy

Mx + B
plot & agaimt x

X

Alternatively, suppose
Then bogy = loght + n logx

y.
K tņX

setCall logit = B
Call log₁0 b = M

by
x logrob

3-2²-4²3

A
n

we

x

↑

Y
log-log paper dear automaheodly,lotz X againt X

t

(x= log₁(+)

get a straight line!

for imtance y = P(iró)

& arbefore

x = log K

P- 1B

b =-TEXE
-1565-1

works very badly if fxt near 1.
Doemn't work at all if II >

Works beautifully if μl very,verysmallki
Suppose we increase A 28

by to (1.02)4
lage (11024) = loget + loge 1.02

loget + log(1 +₁02) = laget o
So loge increases by approximately 102

with an error bess Than#

3
lagert +102 -(02)² + (02)³

2 3
in ads,velae(sah(bat

0002 flout Arg

negalne

).
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To be

WARNS VA

6. Is same as

JHE|
7.

J

Any given slog
The todis

~

sup
Theate

VVIX

ý
¼/₁

But

16
~
4

plotting log on common scale

n = log₂y== k ·luy ; so muy= t ·n, a stet. live
isis always same ToA in

base, and
fu.

where .B

When plot ln, aln = 3/4 exactly. With
www.

1
un fixed.fixed ount 1S

then u =

2

Xove Ya

u

y

13/

= "_

//

I

5

u

Y

being exponents, I'heri vaimen

sichand to be
n

1.2

15

n

<-(1.2"-5)

www.j

g
proving fillustrating..

a smaller vert. distance is go up

1.2

n

Ø

gu=lny

1

n

L.e. buy isprop.ton

1ane

B -1.

Tools

i

of the fans?

2



8.
whenyouplot buy, slay= {/y curly, wherers other.exactly

st

V

is a
could be omitted here.
humistic showing. Ace 8A

Numerical table maker good drill or exercise for students.It also shows that relation is exact only for very
...surall As.

..0.1

¡

1.01

This is one reason

The proof

-2,3026

0.5-16931472

0.9. -1053605
_1,0 o...

00 99503

.0487952.
0953102

4054651

..6931472

1.0000

2.3025857

4.6051102

1.05

~

1,50
2.0

buy

e = 2.718

10.0

1100.0

1

}

siny...

•

for ming & prefering have e
fundamental prop, of diff: calc.,

But seek for a simple

.60943 19

5811861

..1053605

10094503

1.0388398

,0465200

3101549

Aye/y

.4

.8
+(!!!
.01000

10396040

10476190

.36.36 ...
.3333 ...

# 5914...
2816821

3068 528

1.3025851 -2.6181944
4.3025851 9..ovvv..

3

it+

~

Ay/y._ is always langer than Almy, bes. the in consegouds tof..0 .



8A. To show that aluy = 1/4
i) Continuous

44J inyegu
.01

lov
.03

104

.05
10

115

1

20

1/If yeetequ
=

= 1

yurs so g

(similarly, n = A
adug/ag...Note that dg is normally very

small, e.g. .01, is this is probably much more accurate.
E.g.₁ with n= 20;

Aluy

==

L

.4
6

8
1.0

2.0

3.0
4.0

4

0

1

2

eg(n +1)

/

2

2

1.05
1.80 25

2

2

egu tg

equ

1, 2214

1.49.18
1.822
2.225-5

2.1183

}

g = slug/an

g'/y

lessEven here, thesoutheAlm is 10% has than Ay/y.
So, for discrete Manges. All only approximates sy/y.

ii) Discrete
y₁ = ( (tg)"n

Ag = ( 1+g)"̂ "'_" ( l+g)"̂ = ( 1+g)"( 1 +g -1) = g([tg)"

Ay/y =ing exactly & always.(1,05) Ag/y
1

2214.
12214

2214...

105

105 (17:05) = 1 + ,05 7,05 +.0025

F
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9. I of line is growth rate of

of common scale, dis
Log scale, & is& is 41/4dT An

il. impurimpose.

+
12.

16

Rise , (a | when 14 =1) is ( B -1) , where B = base.
base (1 + g) , and growth rate,This express

y/y

8.
4

L

a

pas

common scale on ord.
2h

Slope of curve depends
Base = /

n

muams

S

sy/an

on

means horiz.
Growth rate is (B -1)
Falling cuve

n

bune

B </

g is

(or neg. exp.)

s
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11.
-Raup diverge, showing Ag

¨T

_

1,07

1.06 "

1,01

Algebranically, tis1.06

qu

n

T

diffs.

= 1,01²")

1



A = B

(1 +u) in[A(1+a)]
int

N lut = ln Bin

N(1 +u). in{A( Ita)] = in[B ( 1 +h)]]

en un
the B

N ( i + n) [mnt + hu ( 1+ a) ] = ln B _+ _ M.(1+ 6).

N[WA + in [1 + u)] + .Nu [ ] = NinA = lyts = ln (1 +6) -Mart

N lu ( Ita) + Nu [du A +.mn ( (tu)] = M.( 1+

N[du ( (tu).In M ((tu) + n du A] = du ((+6)

More simplifying weeded.
(1+ x)

1+6(1 +a)

10

10 (1.05)

lu (xy)

1.05

100
2 ( 1.08)

1,08

= mx + muy

= 2.16
10.5 =

No!

160. "

= 1.054 € 1.6061

= 100 (1+ .6061)

so No !



Eu. 162, Mermo, Nov. 10, 1981, by.M.Kallay
Dedicated to Priscilla Douglas, who asked the rightquestion.

This is|| for more serious students who want

+ really and fully to undustand replacement
planning, and valuation of durable
the basic math. took weeded. property,

t
1.t an oversimplified model of a

H.|
Hi structure to

--++

H

‡‡ ##

We are considering buying

generatie cash flow.

G₁

a = annual cash flow
( Cash flow

n =_ end of life
C =

-cta
S =

G₁[ ₁ = ( 1+i)="]

-C
1-(1+i)="

|- Liti5 "
(

-+

typical

or

Capital cost time zero.
G₁ = PV of Generation # 1

Site Value inS =
perpetuity

a

al asset.

building

gross receipts

a site we own.

and

less

a

running costs.)

( 1)

( 2)



l

-It
H

#

+

#t

#finite maximum w.r.t.
Hif a

les often

hi

the same

-|

of$
The trouble with this overnimplified model is^

it has no

#.

#

H

with

with G...alone, Vigr2x²n

a simple but cxdequate model of a typical
with decaying cash flow.Hasset

#t
d = decay factor, such that

cash flow = a[i+a +_(ind)² +- +[+ ]+...itd (1+d)" (itd)

will run on
indefin

better.we replace,
To correct. for this, we mochmodify the

model and let cash flow declive , or "
decay

",
n..

just says thethen the

S =

G₁ = -( + a_² - [( 1+i)(1 +d)]="

dit i(1 +d)

-C|- ||+||="

that

t a [ ~[(1+ i)(1+α)]~ "

d+ i(ltd) | - (|+i) ".

(3)

(4)

2



{
H

+--
i
4

3.
+
# Finding

5
carefully, and probably

max and then falling, with a.
let us wail it down firme....

++

#
# yourself.

H

H

++

a skilled mathematician could inspect (4)
to a

‡‡‡‡
#

H

humerator

It is intuitive, and
that

grows by

tiratio.

denominator;
7. Manger

3)=

the max

V

u

max of

d u
ex

Ratio constant when:

dudax

Remember

can demonstrate

a ratio rises in value when thevation you

larger to than the

aund stops growning when the two
ene... the same.

a ratio

}}

a ratio..

dydx

look up
Unally you foundusually

du
dx

V

rising

dv
dX

However,

ou

(5)

the derivative of a

(6)

3



1

Ħ
But we

may
confirms (5) .

##

+ device is

1.

H.

* Maximizing ..S

To

inpop

++
dn

duxvV

H

dv

This may

up

:))

rewrite (6).

dyode

a

drilltd) n ..

you feel better. Our intuitive

just implified differensial calculus.
make you

(1+) ) ;

maximize S, solve ( 5), using (4a)
-C +

1-[((till/+d)]
drilltd)S=

[
a ( 1 +i) ( 1+d)]

-4

so it immediate
imediately

dudue
dv

= =[4 - 2/4] (7)de

1- (1+i)="

-
.n

(44)

[[(P+ 1):+ P]_[(P + ))(391)]_—

(8)

4

(9)



#

H

dyandn

||

u

a[LI+KI+d)]
-cta

allti)" -1

M

1- [((+i)(/+d )]_"
d + i(ltd)

"

[(1+i)(1+d)]
| - [( 1 + i ) ( (+ d )]

dri(Ita)

-4

a
6

dudn

c

u →

1)

slowly.

||i

when

in
illtil
|- (1 +i)

(

duan and ConceThe left side represents u

the denommator_yo) the derivative is positivetive sosilory
when v = 0

as the left side is
and for

grows

It clearly is
a reach of n -values quen -values quatro than

But then it clearlythat, as it
wust peak and fall, because:

V on poplate .
(1+d)"

(1+i)"-1

(10)

5

or constant value

and keeps getting smaller.



5. a simple, marginal view

H

1

a

#1 G₁.

The tangle of (10) can becom

clear and wident when we reamange terms in

come
suddenly

11 says

such
to make it clear that the condition.

that G, should be replaced in the
when the decaying cash flow
interest on site välue.

The denominator of (10)
Substituting,

a !!Mit "-I
(1+i) "(ltd)"

a
(1 +d)"

of how to max w.v.t.

=

to

G₁|- (1 +i)

what most peop

year
ceases to eam

G₁ .

on the left side is

n

L

1

L S

(11)

14 (12) , the condition for max s is seen
as a requirement that the curent cash flow,
the left side, just cover

cover interentinterest on the site
This makes intuitive sease in its own risright,

(12)

6

people do (if they think this



S

tthroughthrayle at all) is to figure they will demolish &
replace capital when its caule flow no longer

the value of 5. This is apays interest on

useful rule of thumb to remember
6. The ultimate need to max s_w.x.t. A

5 is unknown, it is what
The trouble is, logically it is circular, because

are determiningwhat we are

Most people just take market value for 5, and
make out all right, but someone has to#
do the original thinking for other to follow.
This person earus extra income, by being first.
the or he can spot bargains, avoid turkeys, etc.

This leads us back to (10) . We need to
The best is to set upsolve it for 1. way- some standand tables, based on

Let:values.

a

a =

d

low

i = # .05.
C = 100

20
= .08

Now we figure left side as function of a
4

7

typical parameter

or real rate of interect has the#
Uring

a rise annually due to inflation . Thereare alternativealternative

e effect as letting
adjustments for inflation.



|__n__

H
#
+2₂
1.23
11

-H24

||
24,5

HE

-H

ff

#

11

41

F

at

Here,

20925.
3.072

3,225
3.305

S =

1005 " (1.05 × 1.08)" u

so s is

}}

-100

- 100

15.90
18.03

20.45

21.18

as a
max 5,

max

+.20

1

20

1.303

J

•

at

24.5

• 95

134

3.305

5.i =

2.42

2.30

2.18

2,12

21.18

· 134

60₁8.05 = 3,040
20 ( 1.08)] = 3.035

v

a
(/td)"

"

39.87

40.98

41.96

42.40

n = 24.5

check, recall from 45, above, that

(12)

.0607
,0561

0519

.0499

8

42.4
.691

is.S8

= 60.8



HE That's putty close, considering rounding and
Hother approximations used here.
H
||

2. tumitivity analyanalysis:

time (n) affected by Manges in parcumeters

( a, C₁_i, and d) ?

it

it
sensitivities.

+ (10)( 10) on

i|quickly by
experience. It

find

H

much

?

Hd.

an easier

how is optimal replacement

appund some rudimen
tentaryI did this by programming

HP.38E , so I could proveed
Withtrial t amor.

better algebra,
way.

a

The outstanding finding
more sensitive to a/c

feu nome,

practise t
no doubt we could

is

all the cases

that n is
than to in

lu

+tables covering you

time of making investment & replacement decisions.
#

one could work up a set of
would meet in a life

9



CareMit a/c

1

#
2H

3Q

_cust

4a

-++--

Ħ

||
-#

·

#H

H

20

2₁₁.30
.30

ett

25

.30
.30

.30

.30

?
_-_-_301

105

.05

,04

10.3

.02
,01

.05

d..
108.
.10

.../5

115

.15
./1
.(5

.15
14

A

13
*/²
all
.10
109
08

107

.06

"

24

19.

LE

14
13
13

15.4

15.3²

15.2
15.2
: 5.3

:5.5
: 5.8
16.3

67.5

10⁰

Semnitivity Andypi

1



2

Ć

Case

5
ait
H

‡‡‡#
J...

#
!1

H.

H

-#

H

·||

%
304

.28

26

24
.22

21.
20

i
.05

d
+ 15=

n

15.4.
17

19 °
22

29

41

t

Conclusion: u

but highly sensitive to 9/
is insemitive to itd.....

ll

(But when I (ita), a becomes semitions to itd)*



useful
semmi.log scall, characteristics.

1. Same go plotting log m
14. (mist.Mise was increasingtvame.

not numerical valuéAdistance up, not
2,3.^ add is to growth, y/y =g.

(Ao, ... isAlay. Show by algebra t calculator)
( Use loybae by as e.g.)

3. Strt. live/has const. %

for common mail, exp. grow o'r & decay.
slope of time is growth rate4,

When An = 1, Axon And. is y/y = g

5. ll liter have.
of.Com

%

6. Ond. never
Lines de
For cyaver

common scale.

growch

growth, a

g...
Common sede, where horiz. 11.. have = g.

For begin from o
not

cyover beginning fromfrom one,
%

growth :/(Ord. - 1) × 100 =.90 growth...%

thenKet V₁ = value at 4 =0,Vo

toot ist V₂ -Vo=
V₂

y/y =1

1

= 100

ord, it shows

(V₁/V₂ -1)-10

1. Usiful when exponent # is in
in de. vble. hiver st. line.

(Thisalso tell us something about logs : anygiven & log is thatcameto1infe.
8. Falling curve means have < /



-#

+
sto

nel

To prove : A logy

y=a"
logy = n log a
if a is base of logs,

= a

a

q

n

-a".

n

l+gLet a = 1+

Then à^(^ -1) = a

1/4

then log yloyyou
a" (2-1).

g...

g

If g20 g decays.
'

1

2
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+

64
32
16

af

L

+

T

J
n =

dy

dy = log 2du

= |--
J'y

(!ri)"

du

Fy

To

2 34
2"

log vij

56

= i

prove

202

Spez"= 2

~

ex = Iti
X

luL.1ti)

(1

in (1+i)

( Iti) " ln (1+i). =_ i(1+i)"

1

=

1

2

n.

3



y =_ a '

+Ay

Let .a =

+
Ay
y

Ay = a²g

+Alay
Fluen
+ 16

sl

0

But g= lu(l+g)

muy = x lu a

1

3

4

4

a
Xti

(

-ax

_.ltg

2

= g ( = a -₁)

2" Mody

4

8

16

= + 1 !--== mua Ax...

2² = g (i+₁)" = y

100

à la

10

( (tg) .g

100

n

1.02
1

1.02

1.04
1.06

1.08

2. - 1).

do Av

.02

.02

.02

4



T!

y = ed

dy
du....

dg

to

egu

.01

.02
103

ega

egn.

e &

1

1,01
1.02
1.03

;

=

J

n

.50
1

by = qu

du vy

F:

100%

.01

.01 100 90

Interpu. of y/y

100 %

e

= 4

50 %

1

1.50
2.

= 50

diyea
.50

.505

y

ő/y
How does w = 50 become 50 % ?

50 % , regardless ofof wher g

y/y.
.50
52

.50

is.

5



Qui

Variations

#

{

What is slope

gett

bottom

St

1.

Ad

Qu... Man Is

But if

Discrete growth

4y =
sy = gy

since.Sy::.

ju

y,
2. Cont. growth,

Eraphing the3.

1

rise of semi log scale.?

y= (1+g)"
a " (α -i)

When..

a

FOL

?is the stope "actually gThe shape

A DA

TY

log

is alway
a const, To

Ay is always same rise on

equ

#trise Vis

:

y =1₁ 4y =g

In general. Ay = g.y
thim Ay

An

1

a
"
a

common scale.

J

lis ay = goy

i

=I of its

boyscale...

y g

in what sense ?

g =y_ ( for An =1)
the bizthis wouM

6

tan.



1. Reciprocal of log

y=

of no use ?

E.j.

a n

3. Logs

log₁0e
line 10

Log

n =

½

1/₁4343 ...

2₁ . Log scale is an , a direct proof.
A. Disuete form

# y = (1 +g) "

1.1

B. Continuous form
ed" = (es)"y = et

n =

ng.= muy

t

CommonsI

= log₁rgy = log₁rge my.= kluy
¼/k = log₂ (1+g) = ln (1+g) = g. :: n =buy/g

roots

$ 43 43.
2.3 ......

loga

logy.

logy las & muy buy/last = mg/gloges.Y = log e lu
my

yüen

fysi

ay
a

yắ .
- e

-n

in

j =e
n= muy

y+ =6e.. (me? or (tg))(not

Thus we get stet. live by.Mine
Yes,

yoplotting.
but the live is hong.

7

with root of



3, Logs

!!!

Logs & roots,

11

& roots, cout .
Now make g

A. Discrete form

għ -1 ==f

the slope

y = ([+g)"

seems to lead nowture.

M

n.

8



y = ( ( tg)

y = equ

gn = my
slope is gun
in is indep. vble., g

parallel, on graph y

athay) = x
Il n

I0.
1
1,05

1.10
1.20

Athe alu = 4y₁

1.50

1,75

7.00

X

~

·10

-4

=

buy

{

$ -00

0

0481902
0953 192

(+)

big(6)"

n

_is
of

muy.

Tzu

is const., heuse

is dy/dn '
the rule. This seems to say that

True. for verysmall

481902

0465200

a

n

g
partial.

tu are not.

sy

logy Alozy

0
10211893.



to ** T

1

1,01
1,012

31.01³

##

of

hinz

A
amy

-Aluy.
_Au...

n
1.01

n . ln n

= .. 01 .' An . =
}}

g
= 1 ·10'= 0/1/²41= (10.1)my

gian
n.S=

#



Log seaber

LogEL

4

+

64
32
16K4 2 3 4 5 6 7 8

şas

1

2

_3

4

bry 2(hr.w)
w itself, ... this curve bends to right..

W
By W lu

0

5

6

1

= W

8

|

b

1
4

y =
wa

9

16

64.

d

0

W

y

*

But low rises much slower than

1



¨¨?

f

+

To

1.

2...

3.

get

+3, A

Logy

Logy/

Logy

a.

buy =

V

(1 + w)² =** Itw =

My & Awimybu ( 1+ w) = W

LW

y.=. ex

stret..line_3_-ways

LW

lu ....

log w

lu(1+w)
W

e.

W

awe

KAS A

ZA

Growth camer

enV

Elasticity

-(-w < , 15)W

W.

*



:

64

Do

y

-

16
8

0 1 2 3

Ar

Fy

4

=

= 2

5

The physical slope, A. is const
l

The vallue slope, syAn ľ
ni

(1. +g)
g = yt -I is count...

y'/y is court

Note that is logey, and .."
n

y' 2 lu 2

kly,zin 2

n.

(

keeps rising.

ķ

#0

Call this the"toslope". It also = Alu
kluy

Alay.n =

thay = log₁y = kluy

luz = n (t) = n.k₁ (another compt.)
That shows that my = C ~

a coust

4/17

+
|



1

n.

i

(notes)
To

Let

Y

prove

y
y

how logs to different baserX
=e.
= kax

e² = k₁²ka
= luk + x lu a

?

y =
egn

gu = buy

y. =. 2

..d of curve is always

"

luy

For
every

always g

eår

n

J

An. = 1, sy = 2y , 10. sy/y

n

i are related....

= 2

!

I B

:



A

+

*

dy

# That shows that sy = gyAn

n

y = (1 +g)

( tg) ut ! _ (ltg)" = ( 1 +g) "(1 +g -1) = g (ltg) " = gig
=

Every time an =1, ay/y is a court. To.
But:

Const. X

on a log seals, everyfrise is a
log

a

b. on a
E.S.₁

log(ing)

if
1

If the base is e,

coust ... do

2in is the dogs ofy₁. the 90,3 lov

¨ ( 1 +g)
-n is J

then loge

IC

is a
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1

4

E

1

b

y
6 " A(6")

30 900
31 961

32 1024

33 1089

34 1156156
35.1225

42

61.
63

65

67..

69

2/2

27.0

.068*

990'

.063.

.062
,060

PD

]

29.8

32.8PI 3.0

3.1
35.9tefti
38,3Var
42.9

3'1

166')
3½

2.8 10.4

3.4 .
3.6

101'

1095

1095

1092

3½

h/h

6.5
(

I



x)

0

2

b

17

1,2
1,3

} 104 2,05
.4

.5 .25

2
3

4

+

4

5

(g)

X

0
.01

1.0 1,0

ho¹

91'

16

,81

11'1

4

4

16

14

25

.01.
.03

50 2500

57 2601

52 2704

53 2809

57 2916

55 3025

Loi

.09

.19

1.44

1.69 +25

12

.23

3
5
1

q

101

103

105

107

2 X.AX

102

.04

.06

so'

.10

.18

.40
22

24.
inb

4

9

8

07

100

201

104

901

108

110

syly

3.0

1.25

.7778

5625

23 46

-100

.1901

1936

3.0

1.2500

.7778

5625

.0404

,0396

,0388
,0381

.0374

1

(

·

d/x2.dk

2.000

1.000

.6667

.5000

4000

7111

1000

.1818
1667

1538

4′1
2999¹

·

5000

4000

lug

2017

-4.6052

}

·3.2189

-2.4074

-6.8326

-1.3863
DA

-

4441

LN

LA

-.210.7....
0

1906

.3646
5249

7.8240
392

sluy

I

D

7.3863JGA

8110
5754
+4

1.4463

.2107

.. 1906

1740
.1601

1.3863 1.3863

2.1972 .8109

2.1126

3.2189

5754
.4463

T

.0400

10392 7.8637

10385 7.9025

.0377 1.9406
10390 7.9780
10364 8.0147 .0367

.0396

.0388

.0381

.8314

1 1
1



1 1
Į

A

Susitivity

In discounting. We divide, so
to change : I'bull+i) "]

du... & di

+

"
1

12

20

50

bu (1 +i)" = _n_bull+i) = up

d.d (up) = n.
ds

Af
.01

AP.
.01
.10

20

.50

bu...Rulin me approximate bu

you eus iipatieare patient.eut w .
"wwithmetic needed tu.
make them more

{.₂.

Use calus. ln (1+i)._=_i

1.08
1.07

Se

1-0150

exact
The rule uudustates the sensitivity

we are interested in

Start

=

Logis

46.902
29,457

1.64 *

S -1

27.459
46,702

= 1.59

1



2-5

|-=

up

d (up)

11

B

{

3



Î

ļ

!

Į 1

li
a

ta ti)

=-+ - (-(+₁)= "

Pi

if

= ( 1 +i)

ok..

a

1

_abu ( 1+i) = -ha ( 1 -1(1-4)a

of i =0

-n

In- - lu (1-44)
in (1+i)

Pipil

M
a

__nlu[lti) = ln a-
+

0 , n .

û

1

"

Pi

:

1

- by I
in I

a
a.

- lio

in.(a-li)

Pi

in(11 )

(Mimar ixo)

1
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||

.......

2,

Review.
15 min, before midtum.

u
Yu =y (1+#) = q(1+ g -d).

E.g. y
g
d.= 13I

Precisely

yu

y

d.In
dx

Ju

y=

Ec₁ 162 A, 10/21/82

x.

I

e
6X =

%0 are a way of standardizung info
We are interested in to changer lot.

is to change of a fr..

20

1.7.202.13 = 1.07

1, 20

1713
= 1.062

a practical application, compound interest.
14 X

buy
4 (ix) = 9⁰ Maype in y

u

1

1
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~

1

:

+

a. If x is the veniable

d (ix)
dx

Big deal!deal! We already.
b. If i

ľ

If_i is the veniable.
d (ix)
di

16. x.=

d(ix) =

X....

X = 20. and si = 10%.

knew that.

di-x = ₁01 ·20 = 20

Now this is a mreful rule !
Change 1... by 100, reduce PVX by

1

-x %

20 %

2
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q.
#

1. 1-d ? TAHIti td

=+

#leied

105

1- d

Iti

144)

Leied -d -di - d'

at i = 105,t
25

0_1

1.00

1- d
1.05
9048.

vs.

.7143
3226

0

itird

O z -

i - d

Iti

7

-d ļi
.- d.< i

•

1

1.05 Ed

<-third

.9091
♦ 1692
.6452
4878$4

1
vs. ((1+4) (1+i)

1,05 (1 +d)
9070
7619
6349
4762
+9

Remarkably close

(



'f

2it

H.I.kird . z di

t
H

-4

3

itird

||
|

Iti ted

Conclusion.

I

(1Fd)((Fi)

(

id)( ( ti)

However, this difference is very_small..

¿

di yo

Hird

small, all 3

To adjuct for duay, tower butte
Rarelythe sustent I from num.
Usually add d to descom ..I

use.Eve generality me (ly)(1+0)
under 10 % and u?.f.1.f- d.is

all 3 -forms
are nearly the samme.

For langer values of 'I + u, (1-d)
2H

todecays muchfaster than the other

is

Ath The other 2 are remarkably close_

2



d.
Ol 1429

..?.. .4333
10.3. 9238

.04 ...

.05

.06.

Į 10

,15

10718851

30

150

i = .05

= ool......
.05.

l - d

1.05

•

·20... 76.19...
.6661.

4162

· .10

.30

50

9048

8511
8095
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